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Abstract

Individuals behave differently when they know the objective probability of events
and when they do not. The smooth ambiguity model accommodates both ambiguity
(uncertainty) and risk. We consider an individual who trades financial assets to maxi-
mize a smooth ambiguity utility over two dates. For an incomplete, competitive asset
market, we give sufficient conditions for consumption and asset demand functions
generated by smooth ambiguity preferences to identify the ambiguity and risk indices
as well as the ambiguity probability measure. Restrictions imposed on asset payoffs
play an important role in separating risk and ambiguity preferences, and linear inde-
pendence of indirect marginal utility functions over assets pins down the ambiguity
beliefs. The identification procedure can determine whether the individual possesses
smooth ambiguity, Kreps-Porteus-Selden or expected utility preferences. Also, our
argument applies even if the conditional probability distributions in the support of the
ambiguity probability measure are not observed.
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1 Introduction

Ambiguity preferences distinguish between uncertainty, where an individual cannot
assign unambiguous probabilities to specific events, and risk, where such an assign-
ment is possible.! Indeed, over the years following the critical contributions of Ellsberg
(1961) in response to von Neumann and Morgenstern (1947) and Savage (1954), lab-
oratory data have demonstrated that choices of individuals often do not conform to
expected utility that does not distinguish between risk and uncertainty, and there has
been continued interest in experimental tests that focus on this and related questions.”
A number of utility models have been proposed to distinguish between uncertainty and
risk: the seminal formulation of multiple priors and maxmin preferences of Gilboa and
Schmeidler (1989), multiplier preferences of Anderson et al. (2003), smooth ambigu-
ity preferences of Klibanoff et al. (2005), variational preferences of Maccheroni et al.
(2006) and uncertainty averse preferences of Cerreia-Vioglio et al. (2011).

The identification of ambiguity preferences from observable data is essential for
drawing either positive or normative conclusions in an environment with ambiguity.
The above mentioned decision theory papers give unique utility representations, hence
identification, by putting axiomatic restrictions on hypothetically observed pairwise
rankings of Savage or Anscombe-Aumann acts. In this paper we consider an alternative
approach based on identification of ambiguity preferences from asset demands. This
identification is useful. As argued by Mas-Colell (1977), demand functions are a
valuable source of information about the consumer, and identification from demand
functions ensures that the assumed underlying utility representation is unique.

We focus on the model of smooth ambiguity preferences of Klibanoff et al. (2005).
In the smooth ambiguity model, an individual has a set of probabilities over asset pay-
offs, and is uncertain which probability distribution is the true one. The individual
has a subjective ambiguity belief over these distributions. Each probability measure
can be regarded as a conditional probability distribution, conditional on realizations
of some randomizing device (e.g., a horse race). The subjectively relevant conditional
probabilities are the support of the subjective ambiguity probability. In the application
of Klibanoff et al. (2005) in portfolio choice, the expected utility of a portfolio is com-
puted based on the set of conditional probabilities, and the overall ambiguity utility of
the portfolio is the expected utility of these expected utilities based on the subjective
ambiguity probability. As Klibanoff et al. (2005) note, their model achieves a sepa-
ration of ambiguity as characterized by their uncertainty beliefs and their aversion to
uncertainty. The smooth ambiguity model has been used in asset demand analysis,
such as Gollier (2011) and Iwaki and Osaki (2014).4

! Ghirardato (2004), p. 36.
2 Camerer and Weber (1992) and Attanasi et al. (2014) and the references cited therein.
3 See also Seo (2009) and Nascimento and Riella (2013).

4 As one referee pointed out, smoothness as promoted by Klibanoff et al. (2005) and adopted here is not
an innocuous technical assumption. Epstein and Schneider (2010, p. 316) illustrate the limitations of the
smooth ambiguity model.
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1.1 Main results

In this paper, we assume that the consumption and asset demand functions are observ-
able and generated by some two-period smooth ambiguity preferences, and we derive
sufficient conditions for the identification of an individual’s distinct preferences over
uncertainty and risk as well as the individual’s subjective ambiguity beliefs. Impor-
tantly, the argument for identification applies to incomplete asset markets.

We consider three utility representations of two-period smooth ambiguity pref-
erences: the first representation axiomatized by Klibanoff et al. (2009), also called
recursive smooth ambiguity utility, separates risk aversion from ambiguity aversion,
henceforth referred to as KMM; the second representation accommodates KPS (Kreps
and Porteus 1978; Selden 1978) preferences as a special case which separates risk
aversion from intertemporal substitution, henceforth referred to as KPS*; the third rep-
resentation proposed by Hayashi and Miao (2011) is a generalized recursive smooth
ambiguity utility with intertemporal substitution, risk aversion and ambiguity aversion
disentangled, henceforth referred to as HM.> Both KMM and KPS* representations
are special cases of the HM utility representation.

In Section 3, we first show the challenge of identifying the smooth ambiguity pref-
erences through examples in which even when some of the preference parameters are
known, the identification may still fail since the sufficient conditions are not satisfied.

Our main results are the sufficient conditions for unique identification of the three
smooth ambiguity utility representations, and the explicit procedure to recover the pref-
erences and beliefs. In identifying the KPS* utility representation, one key innovation
in the extension of prior results under pure risk is the introduction of an ambiguity free
asset, with payoff distributions that coincide across ambiguity states. The presence of
an ambiguity free asset separates the risk attitudes from the ambiguity attitudes, since
the composition of a portfolio involving only the risk free asset and the ambiguity
free asset is determined by the risk attitudes only. In identifying the KMM utility
representation, a quasi-ambiguous asset is introduced, with conditional mean returns
and variances differing in only one ambiguity state. Here again, we exploit the payoff
structure to disentangle the risk attitudes from the ambiguity attitudes. Identifica-
tion of the HM utility representation can be achieved with the existence of both an
ambiguity free asset and a quasi-ambiguous asset. If the indirect marginal utilities
over assets (i.e., marginal utilities as functions of asset quantities) across ambiguity
states are linearly independent, then the ambiguity belief can be uniquely identified.
We give a constructive recovery procedure when the linear independence condition is
strengthened to differentiable linear independence.

For the identification, we only require that the actual conditional probabilities, i.e.,
the support of the ambiguity probability measure, lie in a set of candidate conditional
probabilities. Indeed, once the ambiguity probability measure is uniquely identified,
it will determine which conditional probability distributions are employed by the
individual. As a result, the inability to observe the specific conditional probabilities
an individual uses in his demand optimization does not interfere with our recovery
process.

5 The KMM, KPS* and HM representations are formally defined by Equations (3)-(5).
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1.2 Related literature

The identification of fundamentals from observable demand functions can be posed,
most simply, in the context of certainty. There, Mas-Colell (1977) demonstrates that
the demand function or correspondence identifies the preferences of the consumer.
Importantly, the argument for identification is local: if prices are restricted to an open
neighborhood, they identify fundamentals in an associated neighborhood. Evidently,
the arguments extend to economies under pure risk, but with a complete system of
markets in elementary securities. Identification becomes problematic, and more inter-
esting, when the set of observations is restricted. Under pure risk, this arises when
the asset market is incomplete and the payoffs to investors are restricted to a subspace
of possible payoffs. Nevertheless, Green et al. (1979), Dybvig and Polemarchakis
(1981) and Geanakoplos and Polemarchakis (1990) demonstrate that identification is
possible as long as the utility function has an expected utility representation with a
state-independent cardinal utility index, and the distribution of asset payoffs is known.
Polemarchakis (1983) extends the argument to the joint identification of tastes and
beliefs. The argument relies crucially on the presence of a risk free asset and, more
importantly, does not allow risk due to future endowments.® Polemarchakis and Selden
(1984) identify the risk and time indices in the context of Selden (1978) preferences.

This paper contributes to the identification literature by extending the identification
of expected utility preferences to the case of ambiguity preferences. First, we introduce
an ambiguity free asset and a quasi-ambiguous asset to separate risk attitudes from
ambiguity attitudes, which enables us to utilize the techniques developed in Kiibler
and Polemarchakis (2017) for identifying expected utility preferences with income risk
to achieve identification of smooth ambiguity preferences with capital risk. Without
disentangling risk preferences from ambiguity preferences, the techniques in Kiibler
and Polemarchakis (2017) could not be used to identify beliefs for the smooth ambi-
guity preferences since the indirect marginal utilities over assets would be unknown
and the condition of linear independence would be indeterminate. Furthermore, our
identification argument is constructive in the sense that we start with explicit consump-
tion and asset demand functions and give a procedure to construct the utility indices
and beliefs that rationalize the demands. We show that our differentiable linear inde-
pendence assumption is sufficient for this construction. This differs from Kiibler and
Polemarchakis (2017) which only gives sufficient conditions for the uniqueness of
beliefs rather than providing a constructive procedure. Finally, our analysis allows
the individual to have smooth ambiguity, KPS or expected utility preferences and our
identification argument can determine which of the three preferences the individual
possesses without having to know this in advance of the identification process, whereas
Kiibler and Polemarchakis (2017) restrict their analysis to expected utility.

The rest of the paper is organized as follows. Section 2 introduces the setup and
the three two-period smooth ambiguity models. Section 3 starts with examples to
show the challenge of identification and then presents the main identification results
for the three smooth ambiguity utility models. Concluding comments are given in

6 Kiibler and Polemarchakis (2017) derive conditions that guarantee identification with no knowledge either
of the cardinal utility index (attitudes towards risk) or of the distribution of future endowments or payoffs
of assets. The argument applies even if the asset market is incomplete and demand is observed only locally.
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Section 4. Appendix A presents an example to illustrate our recovery procedure for
KPS* representation and demonstrate that our argument applies even if the condi-
tional probability distributions in the support of the ambiguity probability measure are
not observed. This example also shows that whether the set of candidate conditional
probabilities contains the actual ones can be tested. Appendix B provides an example
to illustrate the recovery process for the KMM representation. Appendix C shows how
KPS preferences can be identified using our recovery procedure.

2 Setup

There are two dates: date 0 and date 1, and uncertainty at date 1 is represented by
states of the world. States of the world are w € 2, where 2 is a finite set and has
the following product structure: 2 = A x S, where a € A are ambiguity states, and
s € S are risk states. €2 can be interpreted as a set of possible outcomes of two-stage
lotteries. In this case, elements in A and S are, respectively, outcomes of first and
second stage lotteries.” We assume risk states are contingent on which asset payoffs
and consumption values are realized.® A probability measure on the set of states of the
world, T € A(2), can be expressed as T = u ® v, where u € A(A) is a probability
measure over states of uncertainty, v : A — A(S) is afamily of conditional probability
measures over states of risk, and 7,3 = p,v,s. The ambiguity probability measure u
represents the uncertainty about which conditional probability distribution in {v,} 2‘:1
is the true one. The support of u is the set of conditional probability measures to which
I assigns strictly positive probabilities, and it is the conditional probability measures
in the support of p that are actually used by the individual when making decision.
A distribution of wealth across risk states at date 1 is

S
X = (x5 .) €RS,.

In a static setting, Klibanoff et al. (2005) provide a set of axioms that are necessary
and sufficient for the existence of a risk index, an ambiguity index, and a probability

measure, ;
u:Riy - R, ¢:u®iy) —> R and g,

respectively, such that 3
Ux) = E,qu(Evau(xs)) (1)

TA product state space is also used in Nau (2006) and Ergin and Gul (2009), and is similar to a two-stage
lottery in Anscombe and Aumann (1963), though as a referee pointed out that our terminology is not typical.
Segal (1990) gives arguments for the potential superiority of the Anscombe and Aumann (1963) over the
Savage (1954) setup in the analysis of ambiguity attitudes.

8 If asset payoffs and consumption are contingent on both ambiguity states and risk states, results here go
through with some notational change. The assumption made here makes the argument stronger, and it is
consistent with observations in practice.
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9

represents ambiguity preferences.” Alternatively, if

¢=$ou, ¢ :Riy — R,

then (1) takes the form

U(x) = E,@(u‘ (Evau(xs))). (2)

For the representation (1), a positive affine transformation of the risk index u does
not change preferences if and only if a compensating transformation is applied to
é. In contrast, the preferences corresponding to (2) are invariant to a positive affine
transformation of the risk index.!? Under the formulation (2), an individual is strictly
ambiguity averse if ¢ is strictly more concave than u.

When considering a two-period model, we consider three representations.

The KMM utility representation is a recursive smooth ambiguity model based on
equation (1) proposed by Klibanoff et al. (2009):

U(xo, x) = u(xo) + B~ (E,L&(Evau(xs))). 3)

In this representation, preference under certainty and risk is determined by u, and
preference under uncertainty is determined by ¢. If there is no ambiguity, i.e., only
one probability measure v is in the support of g or ¢ is a linear function, the KMM
representation becomes the expected utility:

U (xo0, x) = u(xo) + BEyu(xy).

The KPS* utility representation is a two-period smooth ambiguity model based on
equation (2):

U (x0, X) = ¢ (x0) + ,BEIL¢<”_1 (Evau(xa)) 4)

In this representation, preference under certainty and uncertainty is determined by
¢, and preference under risk is determined by u.
If there is no ambiguity, the KPS* representation becomes the KPS utility:

U(x0. x) = ¢(x0) + B¢ (Ml (Evu(xs))>.

9 As defined earlier, index a in the representation refers to a typical ambiguity state, the probability measure
1 is over ambiguity states, and v is the probability measure conditional on each ambiguity state a.

10 This point is discussed in Klibanoff, Marinacci, and Mukerji (2005, p. 1858).
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Furthermore, if ¢ = u, then the KPS utility specializes to the expected utility form.
Therefore, both KPS and expected utilities become special cases of KPS* representa-
tion.!!

The HM utility representation is a generalized recursive smooth ambiguity model
proposed by Hayashi and Miao (2011):

U (x0, ¥) = u1(x0) + u2<<¢3 ° u)‘l(E,L&(Eumxs)))). ®)

This representation allows for a separation among intertemporal substitution u7,
risk aversion u, and ambiguity aversion ¢. If u; = up = u, then the above utility
function becomes KMM representation (3); if u; = up = ¢ = é o u, then the above
utility function becomes KPS* representation (4).

The utility function over date O consumption and distributions of date 1 wealth

U(xg,x) : Rifrl - R

is twice differentiable, strictly monotonically increasing and strictly quasi-concave in
xp and x, and satisfies a boundary condition: the closure of the indifference curve
through any strictly positive distribution is contained in the strictly positive orthant or

(%o, %) e RYY = Cl {(x0. %) : U(xo. x) = U(%o. %)} S RYY.

At date 0, the consumption good and financial assets are traded. Assets are j € J.
Payoffs of asset j at date 1 defined across risk states are

!

rj = (, rsj, ) N

a column vector, conditional on risk state s. Payoffs of the set of assets are Ry =
(..., 7sj, ...), arow vector, and the matrix of asset is

that has full column rank or, equivalently, payoffs of assets, {r;}, are linearly inde-
pendent.!?

A portfolio of assetsis y = (..., y;, ...) and it generates the distributions of wealth
across risk states x = Ry. The set of portfolios that generate strictly positive x is
non-empty,

Y={y:Ry> 0} +#0,

that is open. The domain of asset prices not allowing for arbitrage is

P={p:Ry>0= py>0l={p=qR,q>0].

11 Equation (4) has similarities to KPS utility, but it can’t separate intertemporal substitution from ambiguity
version; in contrast, KPS utility separates intertemporal substitution from risk aversion.

12 For notational ease, we assume asset payoffs do not change across observations. However, all our results
hold if asset payoffs vary, but are observable.
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Given the consumption price py, asset price vector p = (py, ..., pj), asset payoffs

R and conditional probability measures {va};“zl, the optimization problem of the
individual is
max U (xo, Ry), s.t. po-xo+p-y =<1 (6)

x0>0,yeY

A solution to the optimization problem, xo(po, p) and y(po, p), exists, satisfies
x0(po, p) > 0and Ry(po, p) > 0, and is unique. It defines the demand function for
consumption and assets,

xo0: (po,p) > Ryq, and y:(po,p) —> Y.

Importantly, the demand functions are invertible under our assumptions.

The following provides a simple example of the consumption-portfolio choice prob-
lem using our notation and setup. Assume there are four risk states, and three assets
with payoffs: r{ = (1, 1,1, 1), r, = (1,2,0,0),and r3 = (0,0, 0, 1), i.e.,

110
120
100
101

There are two ambiguity states with conditional probabilities v; = (%, gl), é, %) and
vy =4, L 1Ly
2=\ 312/ 1
If we know the individual’s discount factor 8 = %, risk index u(x) = x2, ambi-

guity index ¢ (x) = x7 and ambiguity probability measure p = (%, %) with vy and
v, being its support, then the individual utility according to KMM representation is

U (xo, Ry) = xé—i—
9 (11 1 1 1 1 1 1 1.1
E{§[§(y1 +y2)7 4 cOr+232)2 + D2 + 01 +y3)2 ]
21 11 11 11 )
30132+ 01+ 2)7 + 02+ 5O +y3)2]4} ;
and the individual utility according to KPS* representation is

1
U (xo0, Ry) = x5+
ot + Lo+ 2t + L0t + Lon + )t
1013 2)’1 Y2 6)’1 2 6)’1 6)’1 y3

21 i 1 1 1 | 1 1.1
iz 74— 2v9)2 4 — 74 212 4.
+ 3[2()’1 + )2 + 6()’1 +2y2)2 + 4(y1) + 12()’1 +y3)2] }
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3 Identification

Inreality, an individual’s ambiguity preferences and beliefs are not observable; instead,
it is the consumption and portfolio choices that are observable in principle.
Assume we have a set

0= {xo(po, p). y(po, p), (va}i_,, R}

of observations of consumption and asset (inverse) demand functions xo(pg, p) and
y(po, p), families of finite conditional probability distributions {v,} ;4:1, and the asset
payoff matrix R.

We address the following question: suppose that our observations ) are consis-
tent with the existence of KMM, KPS* or HM representation of two-period smooth
ambiguity preferences.'> Can the underlying unobservable preferences and beliefs be
uniquely identified?

The identification literature since Mas-Colell (1977) assumes the existence of
some preferences underlying observable demand functions, and try to determine
the uniqueness from the demand functions. Notice that assuming the existence of
smooth ambiguity preferences does not trivialize the research question we address
here, since there could exist multiple smooth ambiguity preferences which rational-
ize the observed consumption and asset demand functions. The following example,
which modifies an example in Dybvig and Polemarchakis (1981) in the context of
static smooth ambiguity preferences (1), shows that two smooth ambiguity prefer-
ences generate the same asset demand.

Example 1 Suppose the asset payoff matrix is

c d
e"ced
d c
e"d e"c

R =

There are two ambiguity states with conditional probability measures v| =
(711, 712, 13, T14) and vy = (w21, 722, W23, W24), TESPECtively.
Then it can be verified that the smooth ambiguity preferences with ¢ (x) = In(x) and

! ~
u(x) = x2 and the the smooth ambiguity preferences with ¢(x) = In(x) and u(x) =
1 Lo, . :
x2 4 x2 sin(In(x)) will generate the same asset demand if the two preferences share
o . ! I
the same probability measures p, v and vy with w1 = w2(e™)2, w13 = wa(e™)2,
1 1

71 = m(e™)? and 73 = 7mo4(e™)2.

The assumption that finitely many conditional probability measures {va};?:] are

observable does not require that we know the conditional probability measures which
the individual actually uses when making consumption-portfolio choice; it only

13 When markets are incomplete, there may exist non-smooth ambiguity preferences to rationalize the
consumption and asset demand.
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requires that the actual conditional probabilities lie in some finite probability set
{va}g‘: 1.14 Indeed, once the ambiguity probability measure u is identified, the con-
ditional probability measures in its support will also be identified. From a theoretical
point of view, whether the candidate probability set {va}g‘:1 contains the actual con-
ditional probability measures can be tested. When the smooth ambiguity utility is
identified from the observed demand functions, the newly derived demand functions
from maximizing the identified utility can be compared with the observed demand
functions. If the actual conditional probability measures are not in the candidate set,
then the newly derived demand functions will be different from the observed demand
functions. Therefore, if the identified ambiguity belief is inconsistent with the observed
demand functions, we can try a different finite set and verify whether it contains actual
conditional probabilities.

Before presenting the identification result, we give two simple examples in which
the identification of p fails even if the risk index u, the ambiguity index ¢ and the
discount factor B are known. Note that we are concerned with the more demanding
case: the joint identification of u, ¢, § and u.

Example 2 Suppose ¢ (x) = x%, u(x) = Inx, B = 1, there is only one ambiguous
asset, and its payoffs satisfy ) 7wy Inrg = ) mog Invy.
With KPS* utility, the investor solves the maximization problem

1
1 N\ 3
max (x 3 + (ezs Tas ]I'l(r;})) s
s (x0) Ea Ma

sit.po-xo+p-y=1.
The following first order condition characterizes demand for the asset,

N ok Hlny)% __m
a (x0)3 po
Since ZS s Inry = Zx mos Inrg, ;1 and po cannot be separately identified.
Note that the functional form of the ambiguity index is immaterial.
Example 3 Suppose ¢ (x) = x%, u(x) = Inx, B = 1, there are two ambiguous assets

with 1] = r21 = r1p =, w11 + w12 = W21 + W22, Ty = W5 fors =3, ..., 8.
With KPS* utility, the investor solves the maximization problem

1
max (XO)% + E Ma (ezlY Tas ln(r15)71+r2sy2)> 3 ,
a

X0,¥1,¥2

st.po-xo+pr-yit+p2-y2=1

14 The candidate probability set {v, }3: | could be arbitrarily large as long as the conditional probability
measures in this set generate one ambiguity free asset or quasi-ambiguous asset as defined in Definitions 2

and 5 below.
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The following first order conditions characterize demand for the two assets,

Z ,u/ae(ﬂal +ma2) Inry(y1 +y2)+Zf=3 Tas IN(r1sy1+r25y2)
a

1 S Ils
(QT‘” + a2 5y + 2 5=3 Tas r1x)’1+r2J)’2)
_2
(e(ﬂa1+7fa2) 7 (1Y) + 355 s ln(rlxy1+r2xy2)> 3 _
Pl
2
(x0)3 po

’

and

Z Mae(ﬂal +7102) NP1y (V1 42) + 355 Tas (15 y1 4725 ¥2)
a
_1 S s
((nal + 7a2) i T 2 53 Tas ris 1 +r2xy2)
_2
(e(ﬂal +742) Inr (1 +y2)+zf=3 Tas In(r1sy1 +r2xy2)> 3 —
P

—.
(x0)3 po

Since w1 + w2 = w1 + 72, Ty = Mg fors = 3, ..., S, u1 and py cannot be
separately identified.

Note that the functional forms of the ambiguity or the risk index is immaterial. It is
the distribution of asset payoffs that drives the argument.

3.1 Identification of KPS* representation

To present our identification results in logical flow, we start with the identification of
KPS* representation. The demand for consumption and assets satisfies the necessary
and sufficient first order conditions for the optimization problem (6),

DU (xo, Ry) = A(po, p), A >0,
@)
po-xo+p-y=1

Under KPS* representation, these conditions generate the family of marginal rates
of substitution of consumption and assets defined by

mjo(xo, y) =
!
. E Ry)r; 8
WEORY  BE, G (w0 (Eygu(Ry)) et BT ®
i u' @ (Ev, u(Ry)) -0
aU(xg,Ry) — 7
oy ¢ (x0)
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and

mj(xp, y) =

!
WOORY B¢ (4 (B u(Ry)) ot B ©)
Ty _ u' = (Evg u(Ry)) 0
WKy — e

’
_ Evqu (Ry)ry
», Epd =1 (Eyyu(Ry))) —2a EXTk
Yk ;L¢( (Epqu( y)))u/(u_l(Euuu(Ry)))

where p is the probability measure over ambiguity states, and v, is the probability
measure conditional on each ambiguity state associated with the distribution of returns
for each asset.

To obtain positive identification results, we introduce one risk free asset and one
ambiguity free asset.

Definition 1 An asset is risk free if it generates the same payoff across risk states.

Note that in Example 3, even if one asset is risk free, the identification of u is still
not possible.

Definition 2 An asset is ambiguity free if, conditional on each ambiguity state, it
generates the same distribution of returns.

Example 4 There are 3 risk states and 2 ambiguity states. The probability distributions
conditional on ambiguity states are (%, 0, %) and (%, % 0). An asset that pays (1, 1, 1)
across risk states is risk free. An asset that pays (1, a, a) across risk states is ambiguity
free, even if a # 1 and the asset is not risk free.

The introduction of an ambiguity free asset makes identification possible because a
portfolio that involves only the risk free asset and the ambiguity free asset allows for a
clear distinction between risk aversion and ambiguity aversion. Since the existence of
an ambiguity free asset plays a crucial role in the identification argument, it deserves
attention.'> Evidently, for arbitrary asset payoffs and conditional probabilities, an
ambiguity free asset need not exist. Being ambiguity free is a joint restriction on asset
payoffs r = (ry, ..., rs, ..., rs) and the conditional probability distributions {va}g‘:l
where v, = (Va1 oy Vass s Vas).L0 One extreme case is arisk free asset, with ry = ry
forall s and s, that is ambiguity free independently of conditional probabilities.!” At
the other extreme, an asset with r; # r for any s and s cannot be ambiguity free for
any conditional probabilities. To understand ambiguity free asset returns, we partition
the set of risk states S = {1, ..., s, ..., S} into N disjoint subsets {S"}flvzl, such that

S ={s,s/ €S:rg=ry}

15 An ambi guity free asset appears in Klibanoff, Marinacci, and Mukerji (2005, p.1876) where the effects
of ambiguity and risk attitudes on portfolio choice are examined numerically. Note, however, that, different
from our assumption, asset payoffs in their example depend on both ambiguity and risk states, which is
atypical in the financial economics literature.

16 For the analysis of an ambiguity free asset, we consider a single asset and omit its index.

17 1n the remainder of this paper when we refer to an ambiguity free asset, we will mean it is ambiguity
free, but, risky, even though we do not emphasize the latter property.
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That is, S” is a subset of risk states on which the payoffs of the asset coincide. For
the three risk states in Example 4, we partition them into two subsets: S' = {s = 1},
$2={s=2,5=23).

Remark 1 An asset with payoffs r = (rq, ..., ry, ..., rs) is ambiguity free under con-
ditional probability distributions {v,}2_, if and only if )" Lgn Vas = Y ;g0 v, for
all n, a and a.

The argument is immediate.

To state the identification theorem, define the (n — 1) dimensional unit sphere
Al ={ee R Yol =1}

Definition 3 Functions {g;}'_, with g; : D C R™ — R are linearly independent if
there does not exist @ € A”~!, such that Z?:l aigi(x) =0forallx € D.

For identification, we use a result from Kiibler and Polemarchakis (2017).

Lemma 1 If functions gi,...,gn are linearly independent on a set D, then there
must exist finitely many points x1,...xy € D, such that, for no & € A""!, is
Yo aigi(x;)=0forall j=1,.., N.

On the portfolio set ¥ which generate strictly positive consumption, we define
the indirect marginal utility functions, i.e., the marginal utility over assets and not
consumption, across ambiguity states

Ev u (Ry)r, }A

PR
{fa<y> =& G En R 2B, wRy))

a=1

The following theorem states that the utility indices ¢ and u could be explicitly
computed from the observed consumption and asset demand, and the ambiguity prob-
ability measure g would then be uniquely determined if the indirect marginal utility

functions { fa(y) }3:1 are linearly independent.

Theorem 1 If

1. the KPS* representation of smooth ambiguity utility satisfies the condition that

¢ (LF1 (-)) is strictly concave on R, with the indices u and ¢ being twice differen-

tiable, strictly increasing, and strictly concave on R4 4,

there is an asset, j = 1 that is risk free: r1 = 1 across states of the world,

3. there is an asset, j = 2 that is ambiguity free: its payoff distribution is invariant
to the states of ambiguity,

4. the family of conditional probability measures over states of risk, v : A — A(S)
is known, and

5. the functions { fa( y)}j=1 are linearly independent on Y ,

N

then, the demand for consumption and assets identifies the risk index u and the ambi-
guity index ¢ on R, each up to a positive affine transformation, the discount factor
B, as well as the ambiguity probability measure L.
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Proof We argue in a series of steps.
Step 1—identification of the discount factor B.

From the marginal rate of substitution between consumption and risk free asset in
equation (8),

Ey i (Ry)r 1

"(x0) = BEud (" (E, u(R . 10
¢ (x0) = BEpd (u " (Ey,u( y)))u/(u*I(Evuu(Ry)))m1o(xo,y) (10)

At xg = X¢ and portfolio y = (x, 0, ..., 0)
B =mio(xo0,y). (11)

Since the marginal rate of substitution between consumption and risk free asset
m10(xo, y) can be derived from the observed demand functions, hence is observable,
B is identified from mo(xg, y) at xg and y.

Step 2—identification of the ambiguity index ¢.
From equation (10), if we normalize ¢/ (x0) = 1, we have

mio(Xo0, y)
mio(xo, y)

¢ (x0) = (12)

Integrating both sides with respect to xo will identify the ambiguity index ¢ on R+
up to a positive affine transformation.

Step 3—identification of the risk index u.

We restrict attention to the portfolios y = (y1, y2,0, ..., 0),and we let y = (y1, y2)
be the associated truncated portfolio. Since the distribution of payoffs for assets 1 and
2 is invariant across states of ambiguity, there exists a probability measure, ¥ € A(S),
and a matrix of payoffs of assets over states of risk R = (1xs, 72),18 such that,
the distribution of payoffs of assets generated by (v,, Ry), for any state of ambiguity,
coincides with the distribution generated by (¥, R¥). As a consequence, from equation
o), .

Esu (RY)

Esu (Ry)r

mia(xo, y) =
Since the portfolio y involves asset 1 and asset 2 only, it is ambiguity-free. As a result,
the composition of the portfolio y is determined by the risk attitude, independent of
the ambiguity attitude. Therefore, we can separate the risk attitude from the ambiguity
attitude in the presence of an ambiguity free asset. Following the pure risk analysis in

18 14¢ is the vector of 1’s of dimension #S, the cardinality of S.
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Dybvig and Polemarchakis (1981), we differentiate both sides of equation (13) with
respect to y», and evaluate the resulting functional at y = (x, 0, ..., 0),

_u' ) min@e.y)  (Eyr)’
u' (x) dy2  Egri — (Ezra)?

"
Notice that % W) s the derivative of function In u (x), and the right-hand side can

u (x
be derived from the observed demand functions. Then, integrating both sides twice
with respect to x will identify the cardinal risk index # on R up to a positive affine
transformation.

Step 4—identification of the probability measure Q.

From the marginal rate of substitution between consumption and ambiguous asset
J in equation (8),

Ey,u (Ry)r;
' (u=1(Ey,u(Ry)))

BEu$ (™' (Ey,u(Ry))) =mjo(xo. )¢ (x0).  (14)

We define

o Eva”/(Ry)r/'
Ja) = ¢ W EouRY)) e i Ry

Equation (14) can be rewritten as

A
> Bita fa(y) = mjo(x0. 1)@ (x0). (15)

a=1

By Lemma 1, if the functions { f, }Z‘zl are linearly independent, we can find a positive
integer N and points yq, ..., yy, such that the system of equations

A
> Baafay) =0, i=1,..N (16)
a=1

has no solution with & # 0. Since the first-order conditions (15) holds on the open set
Y, foreachy; (i =1, ..., N) € Y satisfying equation (16), there exists (xo;, p;) such
that

A
Y Butafa(yi) = mjo(xoi, i) (xoi). (17)

a=1

This is a linear system in (ug, ..., g, ....L4), and it must have a unique solu-
. . . . !’ ’ !
tion. Suppose not, that is, there exist at least two solutions (i, ..., iy, ...pt 4) and
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(,ufl/, e ,u;, ---MZ;) satisfying equation system (17). Then the following system of
equations

A
Y By — 1) faly) =0, i=1,..,N (18)

a=1

has a solution with u, - u” # 0, which contradicts the linear independence assumption,
i.e., equation (16) has no nonzero solution. Therefore, the unique solution identifies the
probability measure u and the identified p determines which conditional probability
measures in {v, }3:1 are in its support. O

Remark 2 The identification of ¢ and u does not use the linear independence of indirect
marginal utilities across ambiguity states { f, ( y)}g‘:l. Given both ¢ and u have been
identified, and conditional distributions of the asset payoffs are known, the linear
independence of { f, ( y)};‘: | can be directly checked as illustrated in Example 6 in
Appendix A. Actually, since both ¢ and u are identified from consumption and asset
demand, the linear independence of functions { f, ( y)};“=1 can be equivalently defined
in terms of observable consumption and asset demand, and conditional probability
distributions.

Remark 3 The identification in Theorem 1 assumes observation of conditional
probability distributions {v,} 2=1 . Here, {v, }g‘zl is a set of candidate conditional prob-
abilities, which includes the actual conditional probabilities as a subset. We can allow
for arbitrarily many conditional probabilities as long as these conditional probabil-
ities in this set generate one ambiguity free asset. The p when determined assigns
zero probability to the conditional probabilities that are not consistent with (or rele-
vant for) the given consumption and asset demand. Therefore, the subset of {va}‘f:]
which is subjectively relevant is also identified: it is the subset that consists of the
conditional probability distributions assigned nonzero probability by w. This point is
further illustrated in the example in Appendix A.

Remark 4 Although the continuum case is excluded, the number of ambiguity states
can be arbitrary, and can be more or less than the number of risk states. For the identi-
fication, only one ambiguous asset is needed, and the markets can be very incomplete.

Remark 5 The theorem requires the existence of a risk free asset. As under pure risk
in Green et al. (1979), we can show that, without a risk free asset, the marginal rate of
substitution between two ambiguity free assets identifies the risk index u so long as
the underlying risk index u is analytic at x = 0. Once the risk index u is identified, the
identification of the ambiguity index and the ambiguity probability measure follows
the same argument as in the above proof.

It should be noted that Theorem 1 provides conditions for there to be a unique
B, u, ¢ and . Also, it provides algorithms for the recovery of §, u and ¢, but not
for w. To identify u, we need linear independence in Theorem 1 to be satisfied.
Linear independence in Theorem 1 is satisfied if functions are differentiably linearly
independent. To determine differentiable linear independence is an easier task, and it
is this property that, as demonstrated in the examples in appendices, is used to recover
.
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Define a differential operator
9 i O Vin -
A= ()" () i+t jm =k
0x1 X,

Definition 4 The functions g1, ..., g, are differentiably linearly independent on D if
there is some k > n — 1 and some X € D, such that each g; is at least C kat % and
such that there are differential operators Ay, ...Ag,, with k; < k, foralli =1, ...n,
such that the matrix

Akl(gl) Ak|(gi) Ak] (gn)
W= Ak (81 - Ak (8i) -+ Ak;(gn)

Ak, (81) -+ Dp,(gi) -+ A, (gn)

is nonsingular.

It is easy to see that, if g1, ..., g, are differentiably linearly independent on D, they
are linearly independent since differentiable linear independence implies that there
cannot be an open neighborhood of X and some & € A"~ such that Z:': 198 (x) =0
for all x in the neighborhood. Although the converse is generally not true, linear
independence and differentiable linear independence are equivalent if functions are
analytic. In this case, we can take Ay, = A;_; and the W matrix becomes the Wron-
skian matrix.

We show that, if the functions

Ey,u (Ry)r; }A
a=1

— ! -1
{fa (») =¢ u (E"au(Ry)))u'(u—l(EvaM(RJ’)))

are differentiably linearly independent, then the probability measure g can be com-
puted explicitly.

A
Proposition 1 Given §, u and ¢, if the functions { fa(y) } are differentiably linearly

a=1
independent on Y, then, the probability measure p can be explicitly computed.

Proof Let j be an ambiguous asset. Under our notation, equation (8) can be rewritten
as

1 ,
Eyufa(y) = Emjo(XO, )¢ (x0). (19)
On both sides, we take successive differentiation of equation (19) with respect to y;.
Denote by f' the nth derivative of function f;, and m%) is the nth derivative of

function m .
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Then, after the (N — 1)th differentiation, these N(> A) equations can be written

in matrix form, with (1, ..., t4) unknown :
FO o 0 0 n % (0)(160 )¢ (x0)
f1 f fA e | = %mﬁ’g)(xo;y>¢’(xo) (20)
A 2 5 o miy ”(xo »®' (x0)

Given that the functions u and ¢ have been identified, and the conditional probability
distributions {v,} 2‘: | are known, the left hand side matrix is computable. The fact that
the functions { f; ( y)}f}zl are differentiably linearly independence implies that the left
hand side matrix has rank A at some portfolio y, then the probability measure g can
be computed. O

Proposition 1 has an important corollary. As the KPS* representation of smooth
ambiguity preferences is specialized to the KPS utility (or expected utility) special
case whenever there is only one ambiguity state, i.e., the set of actual conditional
probability measures is a singleton, our recovery process will recover the KPS utility
(or expected utility) from the consumption and asset demand functions if the demand
is generated by maximization of a KPS utility (or an expected utility).'® This will be
illustrated through the example in Appendix C.

3.2 Identification of KMM representation

The first order conditions (7) corresponding to KMM representation generate the
family of marginal rates of substitution of consumption and assets defined by

mjo(xo, y) =
BEud (Evquieo)) Evau roor) o
U (xg.Ry) ¢ ot (Euzﬁ(Evau(x;)))
Vi — >0
aU(xg,Ry) — /
dx u (xo)
and
m i (xo, y) =
9U (x.Ry) » , (22)
9y _ Ep¢ (Ey u(Ry)Ey,u (Ry)r;
U (xg. R - 77 !
SEGOED T B (Evgu(RY) Evgt (Ry)Tk

19 Kiibler et al. (2020) derive necessary and sufficient conditions for the consumption and asset demand
functions to be generated by a KPS utility.
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Here, an ambiguity free asset does not help identify KMM representation. We
introduce a quasi-ambiguous asset which imposes some restrictions on the first and
second moments of an ambiguous asset’s payoffs, which will be exploited to separate
the risk attitudes from the ambiguity attitudes.

Definition 5 An asset is quasi-ambiguous in ambiguity state 1 if

1. the conditional first moments satisfy
Eyrj#Eyrj=..=E,,rj;and
2. the conditional second moments satisfy
Ey (rj)® # Epy(rj)” = .. = Ey,(r))".

Example 5 There are 4 risk states and 3 ambiguity states. The three conditional proba-
bilities are v; = (%, 4—1‘, i, 4—1‘), %) = (%, %, é, %) and .1)3 =.(%, %, fl‘, 1—12). An a'sset
that pays r = (1,1,0,0) across risk states is quasi-ambiguous in state 1 since
Ey,r # Ey,r = Ey,r and Ey 1% # E,,r? = E, 1.

Like being ambiguity free, being quasi-ambiguous is also a joint restriction on asset
payoffs r = (ry, ..., rg, ..., rs) and the conditional probability distributions {va}ﬁz 1
The identification of KMM representation can be achieved by introduction of a quasi-
ambiguous asset because the first two moments of the quasi-ambiguous asset can be
recovered from the marginal rate of substitution between the risk free asset and the

quasi-ambiguous asset, which will help pin down ‘g, ((;‘)) .

Define the indirect marginal utility functions on the portfolio set Y

A

{ Fa() = @ (Evguu(xs)) Evytt (x5)rj — m j1 (x0, )@ (Ewyu(xs)) Ey, 1t (x5)r1 }

a=2

Theorem 2 If

1. the KMM representation of smooth ambiguity utility satisfies the condition that

the indices u : Ry — Rand ¢ : u(Ryy) — R are twice differentiable, strictly

increasing, and strictly concave,

there is an asset, j = 1 that is risk free: r1 = 1 across states of the world,

3. there is an asset, j = 2 that is quasi-ambiguous in some ambiguity state (without
loss of generality in ambiguity state 1) with positive probability,

4. the family of conditional probability measures over states of risk, v : A — A(S)
is known, and

5. the functions { fa( y)};‘=2 are linearly independent on Y ,

N

then, the demand for consumption and assets identifies the risk index u : R4 — R
and the ambiguity index ¢ : u(R41) — R up to a positive affine transformation, the
discount factor B, as well as the ambiguity probability measure Q.
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Proof The proof parallels with that of Theorem 1.
Step 1 —identification of the discount factor B.

The discount factor can be identified from the marginal rate of substitution between
consumption and risk free asset in equation (21):

BEu® (Ev,u(xy))Evud (x)r1 1

x0) = a5 - mio(xo, y) )
¢ <¢—1 (E,L¢(Euau(xs)))) ’
At xg = X¢ and portfolio y = (xp, 0, ..., 0), we get
B =mio(xo0,y)- (24)
Step 2—identification of the risk index u.
From equation (23), if we normalize u (x9) = 1, we have
' mio(x0, y)
W (xg) = 00 Y, (25)
mi0(Xo, y)

then the index u : Ry — R can be identified up to a positive affine transformation
by integrating above equation with respect to xg.

Step 3—identification of the ambiguity index ¢.
From equation (22), the marginal rate of substitution between asset 2 and asset 1 is

Eud (Ev,u(RY)Ey,u (RY)r>

ma1(x0, y) = ——= - . (26)
Ey¢ (Ey,u(Ry)Ey,u (Ry)ry
At portfolio y = (Xo, 0, ..., 0), this gives us
M1Eyrj+ (1= pi)Ey,  r2 = mai(xo, y). 27

Since Ey,rj, Ey, . 1 j and mai(xo, y) are known, equation (27) will give us the value
of uy.
Then we can compute the values

EyEy, (r))* = w1 Ey, (r2)* + (1 — p1) Ey,, (r2)*,

and
Ey(Ey,12)* = m1(Ey,r2)* + (1 — n1)(Ey, 72)%
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If we take derivative on both sides of equation (27) with respect to y, and evaluate
the resulting functional at portfolio y = (x, 0, ..., 0), we have

¢ (x)
[Ep(Ev,r2)? — (EpEy,r2)? 15— =
w2 W )
2 ,ou (x)  dmai(xo, x,0,...,0) 1
[(ExEy,r2) —EyEy, (r2)7] (u/(x))2 3y2 u’(x) . (28)

Given the risk index u identified, the above equation in turn identifies the ambiguity
index ¢ : u(R; ;) — R up to a positive affine transformation. Note that the identified
ambiguity index ¢ depends on the normalization of risk index u, since for the KMM
representation, a positive affine transformation of the risk index u# does not change
preferences if and only if a compensating transformation is applied to ¢.

Step 4—identification of the probability measure L.

From the marginal rate of substitution between risk free asset and ambiguous asset
Jj in equation (22),

Eud (Ey,u(Ry)Ey,u (Ry)r,

g ’ . (29)
Ep¢ (Ey,u(Ry))Ey,u (Ry)r

mji(xp,y) =

We define

~/

Fa(¥) = @ (Evyu(xs)) Evyid (x)rj — m j1(x0, ) (Evg(xs)) Evyut' (x5)r1.

Equation (29) can be rewritten as

A
3 tafa(y) = im i (xo. )¢ (Ewyuxs)) Byt (e)ri— 1@ (Evyu(xs)) Evyut (x5)r;.
a=2

As argued in Theorem 1, if the functions { fa}b‘;‘=2 are linearly independent, then
(u2, ..y U, ...;04) must be unique. And the identified u determines which condi-
tional probability measures in {va};‘:1 are in its support. O

We can also show that, if the functions

A

{fa(y) = ¢ (Ev,u(x)) Ep il (x)rj — mj1(x0, Y)¢ (Ev,ut(xy)) Evyd (x5)r1 }

a=2

are differentiably linearly independent, then the probability measure g can be com-
puted explicitly. We state the result, but omit the proof.
A

Proposition 2 Given 8, u and ¢, ifthe functions { fa(y) } are differentiably linearly

=2
independent on Y, then, the probability measure u can Ze explicitly computed.
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3.3 Identification of HM representation

Denote

xt=(pou) (Epd(Ev,u(xy))).

The first order conditions (7) corresponding to HM representation generate the
family of marginal rates of substitution of consumption and assets defined by

mjo(xo, y) =
~! !
WaRY) ) () 1Y (E"a“o‘s/))E"a“ @sr (30)
3)’]‘ 2 (43014) (x1)
- = > O
90 (x0, Ry) o (x0)
axQ 1140
and
m i (xo, y) =
9U (x.Ry) » , 31D
9y _ Ep¢ (Ey u(Ry)Ey,u (Ry)r;
U R - 7/ !
% Epg (Evyu(Ry))Ey,u' (Ry)ry

It turns out that the identification of the generalized smooth ambiguity utility does
not involve extra technical complexities. To identify this generalized smooth ambiguity
utility, we require existence of both an ambiguity free asset and a quasi-ambiguous
asset.

Define the indirect marginal utility functions on the portfolio set Y

A

~!

{fa () = & (Ev,u(xs)) Ev it (x)rj — m ji (xo, y)«?s’(Evau(m)Evau’(xs)n}
a=2

Theorem 3 If

1. the HM representation of smooth ambiguity utility satisfies the condition that the

indicesu; *Ryy —> Rur Ry > R u:Riy — Rand ¢ : u(Ryy) - R

are twice differentiable, strictly increasing, and strictly concave,

there is an asset, j = 1 that is risk free: r1 = 1 across states of the world,

3. there is an asset, j = 2 that is ambiguity free: its payoff distribution is invariant
to the states of ambiguity,

4. there is an asset, j = 3 that is quasi-ambiguous in some ambiguity state (without
loss of generality in ambiguity state 1) with positive probability,

5. the family of conditional probability measures over states of risk, v : A — A(S)
is known, and

6. the functions { fa( y)}j:2 are linearly independent on Y ,

N

then, the demand for consumption and assets identifiesu; : Ry+ — R upy : Ry —
Ru:Ryy - Rand ¢ : u(Ryy) — R, each up to a positive affine transformation,
as well as the ambiguity probability measure L.
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Proof The result can be proved by combining the proofs in Theorem 1 and 2, and we
only sketch the argument without details.

From equation (30), the marginal rate of substitution between risk free asset and
first period consumption is

Eud (Evou(xy)) Evid (o))

mip(xp, y) = “2 ) (¢ou)’ (x1)
Ml(xo)
At portfolio y = (x, 0, 0...0), we have
1

Uy (x0) = tts (x) (32)

mio(xo, x, 0,0...0)”
If we normalize M/l(fo) =1 at ¥p and u;(f) — 1 at X, then

1
mio(xg, x,0,0...0)

uy (x0) =

and u; : R4y — R can be identified up to a positive affine transformation from
integrating the above equation with respect to xo;

1y (x) = m1o(Xo, x, 0,0...0)

and uy : Ry;+ — R can be identified up to a positive affine transformation from
integrating the above equation with respect to x.

From equation (31), the marginal rate of substitution between risk free asset and
ambiguity free asset is

Epd (Ey,u(Ry)Ey,u (Ry)r|
Epd (Ev,u(RY)Eyu' (Ry)rs

mi2(xo, y) =

Following the proof in Theorem 1, the risk index u# : R4y — R can be identified
up to a positive affine transformation from m 2 (xo, y).

The marginal rate of substitution between quasi-ambiguous asset and risk free asset
is
Eu¢ (Ey,u(Ry))Ey,u (Ry)rs
Epd (Ev,u(Ry)Ey,u' (Ry)r1

m31(xp, y) =

Following the proof in Theorem 2, the ambiguity index ¢ : u(Ry,) — R can be
identified up to a positive affine transformation from m31(xg, y).

Finally, the proof in Theorem 2 can be used to show that if the functions { fa(y) }222
are linearly independent, then the ambiguity probability measure u will be uniquely
identified. o
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A
Furthermore, it can also be shown that if the functions { f,(y) are differen-

=2
tiably linearly independent, then the probability measure u can be corﬁputed explicitly.

A

Proposition 3 Given u1, us, u and ¢, if the functions { fa( y)} are differentiably
=2
linearly independent on Y, then, the probability measure . can blé explicitly computed.

As the HM representation of smooth ambiguity model accommodates KMM repre-
sentation, KPS* representation, KPS utility as well as expected utility as special cases,
an important corollary is that our recovery procedure will recover KMM representa-

tion or KPS* representation or KPS utility or expected utility from the consumption
and asset demand, without assuming which utility holds ex ante.

4 Concluding remarks

In this paper, we give sufficient conditions and a constructive recovery procedure for
identification of the smooth ambiguity preferences from observable consumption and
asset demand functions in incomplete asset markets. The existence of an ambiguity
free asset and a quasi-ambiguous asset separates the risk index from the ambiguity
index. The (differentiable) linear independence of the indirect marginal utility func-
tions uniquely pin down the ambiguity beliefs, and the identified ambiguity beliefs
determine its support, i.e., the actual conditional probability measures in the candidate
probability set.

This paper suggests several important questions for future research. The identifi-
cation argument assumes the existence of underlying preferences or a utility function
that satisfy particular properties, and ascertains their uniqueness given the demand
functions. It would lead to erroneous conclusions if the underlying preferences are
not smooth ambiguity preferences. One potential area of future research would be to
derive necessary and sufficient conditions on consumption and asset demand functions
which ensure that they are the result of the maximization of some smooth ambiguity
utility, as the incomplete market demand test for KPS utility derived in Kiibler et al.
(2020).

Second, the assumption of (differentiable) linear independence of the indirect
marginal utilities over assets across ambiguity states plays a crucial rule in identifying
the ambiguity beliefs. Though this assumption can be checked based on observable
demand functions, it is an important question to give a complete characterization of
linear independence in terms of economic fundamentals, i.e., risk aversion, ambi-
guity aversion, conditional probability measures and asset payoffs as in Kiibler and
Polemarchakis (2017).
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A Appendix A Example for identification of KPS* representation

We illustrate the recovery argument for the KPS* representation through the follow-
ing example. We demonstrate that assuming observation of conditional probability
measures only requires that the actual conditional probability measures lie in a set
of candidate conditional probability measures and the actual conditional probability
measures in the support of g will be determined once p is identified. We will consider
two cases. In the first, we assume we exactly know the two ambiguity states and the
corresponding conditional probability measures, which the individual actually uses
in his portfolio optimization. For the second case, it is assumed that we only know a
set of candidate ambiguity states and the corresponding conditional probability mea-
sures. This set includes the actual ambiguity states and conditional probabilities. The
recovery process identifies the specific conditional probability measures employed by
the individual in his optimization. We also show that whether the set of candidate
conditional probabilities contains the actual ones can be tested.

Example 6 Assume there are three assets with payoffs: r (1,1,1, 1), rp
(1,2,0,0), and r3 = (0, 0, 0, 1). The demand for first period consumption and three
assets is given by’

L_aP3\HP3_ 1
p G450 @5 —3)
PO %—%
X0 = I 403,003 1 1931’ (A.)
G455 —3) 5051
Pl— 1 —— tP1+D3—T 7
Pl 10 10 pg
0 if 2 <2
1 1 J &) 1 n
0, ——=mamT o] <5 <6
(34525 -1 05 -1
P1 P31 +p1+p3— 73
Pl 10 10711 if P _5
— 1 0 1 P3 1 pr 6
= if 5 < £ <
Y1 [ (%_4%)(2%_%) %( %_1)7 ] 12 P1 10
p1— P31 —+p1+p3— 73
pr 10 107 1
1 P2 5
a= > -
Ty A Y T TR
Pl p3 1 tPitp3—1 p3
Pl 10 107 p1
(A.2)
1 ) 5
if &2 < 2
d-abheB-h H pr " 06
Pil——py 1T — tP1tP3 T ;3
pr 10 0771
1 _6 L o1
[0, d-alhyeli_L 28—y 5y1] if 0 < p <6
V) = p1— pl3 11 +P1+P3 lp
PITI0 1071 if 2 =23
1 1 D3 1 p1 6
[E——— — Pty < —
LB Ty N (0 T S B A TR
731 TP1tP3TT p3
r1 - 10 107 p1
P 3
0 if o
(A.3)

20" All our main results are stated assuming knowledge of demand functions; however, as shown by this
example, our identification argument works for demand correspondence.
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5051
B
p
3= 3 — en 1) (A.4)
(G473 ) SO -1
Pt —+pi+p 37
Pl 10 10 pg

We show that if the observed demand is generated by the KPS* representation, then
it is possible to recover the smooth ambiguity utility and the ambiguity probabilities
that rationalize the demand (A.1)- (A.4).2! We consider two cases: in the first case, we
exactly know the two ambiguity states with conditional probabilities v| = (%, %, é, %)
and vy, = (%, é, %, ﬁ), which are actually used by the individual; in the second
case, we only know a set of candidate ambiguity states with conditional probabilities
v, = (%, %, é, é), vy, = (%, %, %, %) and vy = (%, %, 25—4, %), which includes the
actual ones. Note that the first asset is risk free since its payoffs are constant across
risk states; the second asset is ambiguity free in the sense that its payoffs vary across
risk states, but its payoff distributions are constant across ambiguity states; the third
asset is ambiguous since its payoff distributions differ across ambiguity states, and it
is also risky since its payoffs vary across risk states.

To recover the generating utility functions ¢ and « and the discount factor 8, we first
invert the demand (A.1)- (A.4) and get the corresponding marginal rates of substitution.

From demand equations (A.2) and (A.3), at % = % only the quantity y; + % y2 18
determined and the individual is indifferent between asset 1 and asset 2; at % > (or

<) %, the demand for asset 1 (or asset 2) is 0. We know that asset 1 and asset 2 are
perfect substitutes. Therefore,

pi(xo,y) 6

miz(xp, y) = ——— = . (A.5)
pa(x0,y) 5
Sinceyl—i-%yz =—1o= )(2ﬂ_%)1 Tl ,demand equation (A.4) implies
R e R A8 €% v
p1 10 74907
Lgps
R G
5. 1,1 _ py’
ity gl =)

from which we can solve for %:

p3(xo, y) rlo(yl + %yz) + %%

m31(xo, y) = = ) (A.6)
P1(x0.¥) 5+ 2y2) + §3
Substituting equation (A.6) into demand equation (A.1), we can solve for %:
pi(xo,y) O+ 2y + 53
m1o(xo, y) = 10 62 _ 8 (A7)
po(xo,y) (Y1 + 2y 4 2y + 2+ 12)’3)

21 Note that KPS utility and expected utility are special cases of KPS* representation, and our recovery
procedure can determine whether the true preferences are smooth ambiguity utility or KPS utility or expected
utility as demonstrated in Appendix C.
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From equations (A.6) and (A.7), we can get

p3(x0, y) . %(yl + %yz) + 81—0y3
= X0 .
Po(x0, ¥) 1+ 224 2y 01 + 202+ 5 3)

m30(xo, y) = (A.8)

Intuitively, the discount factor measures the value of one unit of consumption tomor-
row in terms of one unit of consumption today. It will be recovered from the marginal
rate of substitution between consumption and risk free asset m1o(xp, y) at xo = Xo
and portfolio y = (x9, 0, 0)

o 9
B =mio(xXo,y) = 1o

The marginal utility of consumption ¢/ (xp) can be traced out from the marginal rate
of substitution between consumption and risk free asset when we vary xo, since the
variation of the marginal rate of substitution is attributed to the change of willingness
to substitute for first period consumption. If we normalize ¢>/( 1)=1latxg =1, we
have
mio(l,y)
mio(xo, y) 0

¢ (x0) =

Integrating both sides with respect to xo (and choosing the integration constant to be
0) gives
¢ (x0) = In(xo).

The risk index u# can be integrated from m>(xg, y) of equation (A.5), since at
prices where only the risk free asset and the ambiguity free asset are demanded, the
composition of such portfolio is determined solely by risk aversion. Differentiating
m12(xg, y) equation with respect to y, and evaluating the resulting functional at y =
(x,0,0), we have

Cu @) dmin(o,y)  (Eyr)?
u' (x) dyr  Epri — (Egrp)?

It can readily be verified that the integration and proper normalization yield
u(x) = x.

Case 1: knowing actual conditional probabilities

From the definition of f,(y), if we exactly know the two ambiguity states with
conditional probabilities v; = (%, %, %, %) and vy, = (%, %, J—P %), which are actually
used by the individual, we can define

FL) = Syt 4 Dy 4 Lyl
1Y—6y1 6)’2 6)’3 s
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and

5 1
fy) = [yl + 52 + —Y3]

According to Theorem 1, if f; ( y) and f>(y) are linearly independent, then the
ambiguity probability measure u is unique. We show that f1(y) and f>(y) are actually
differentiably linearly independent, then they must be linearly independent and v can
be explicitly computed by the procedure in Proposition 1.

Aty = (1,0, 0), we compute the matrix (with respect to asset 3) in the left hand
side of equation (20) in Proposition 1

(ﬁu»@uv:(g q>

) £ T T

which has full rank. This means functions fj(y) and f>(y) are (differentiably) linearly
independent.

We can also compute the column in the right hand side of equation (20)

FmS (xo, )¢ (x0) (;)
mé}f(xo ne' @) \73)

Therefore, we can solve the equation (20) in Proposition 1

1 1 1
(5 5)()=(2):
72 288/ \M2 4

and recover the ambiguity probability measure
— 1 2)
- 3737

Case 2: knowing candidate conditional probabilities

If we only know a set of candidate ambiguity states with conditional probabilities
v, = (%, %, %, é), vy, = (%, %, }1, %) and vz = (%, %, ﬁ, %), which includes the
actual ones, we define f,(y) for all possible a,

A = Sy 4 Dy Ly
1y—6yl 6y2 6y3 s

1 5 (I
f(y) = E[)’l + 52 + Eys] .

and

FO) = S+ 2ys 4 Sy
3)’—4)’1 6y2 4y3 .

As in Case 1, we show that fi(y), f2(y) and f3(y) are actually differentiably

linearly independent, and g can be explicitly computed by the procedure in Proposition
1.
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Aty = (1,0, 0), we can compute the matrices in the left and right hand sides of
equation (20) in Proposition 1 and get the following equation system

1 1 1 1
R i 9
Fad AU R W
108 864 32 2592

We can solve the equations and recover the ambiguity probability measure

n=(3,7.0).

W

1
3

The identified u determines that vy and v, are in its support and are the ones
employed by the individual. Therefore, we can consider a large set of candidate con-
ditional probabilities which includes the actual ones as a subset, and our recovery
procedure will identify the actual ones in the support of w.

Whether the set of candidate conditional probabilities includes the actual ones can
be tested. Suppose the candidate set consists of just v, = (%, é, 4—1“ ﬁ) and vz =
(%, %, %, }‘), and the actual conditional probability measure v; = (%, é, %, %) is
not in the candidate set. Using our identification procedure, we could recover the
ambiguity probability measure y = (19—0, %). It can be checked that if we maximize
the identified smooth ambiguity utility subject to budget constraint, the newly derived
demand functions differ from the observed demand functions. Hence this verifies
that our candidate set of conditional probabilities does not include all of the actual
conditional probabilities.

B Appendix B Example for identification of KMM representation

In this appendix, we provide an example to illustrate the recovery process for KMM
representation. Here we assume the knowledge of the actual conditional probabilities.
This assumption is just for simplicity, and can be relaxed as in Example 6.

Example 7 Assume there are three ambiguity states with conditional probabilities vi =
0,1,0), v, = (%, %, 0) and v3 = (%, 0, %). There are three assets with payoffs:
rr=(,1,1),rn = (1,0,0) and r3 = (0, 0, 1). Note that the first asset is risk free
since its payoffs are constant across risk states; the second asset is quasi-ambiguous
in the sense that its payoffs vary across risk states, but its expected return and variance
are constant across the second and third ambiguity states except the first ambiguity
state. We use this complete market example to illustrate our argument for its simplicity,
however, our argument works for incomplete markets. The demand functions for first
period consumption and three assets are given by

o Ly _ 3, Al Al P2l
xo = (0, po)at o 10[1+ 2]3[(1+ 2)(p3 1)]3{

(1+%>(%—1)+%}

A+ HE -1
(B.1)
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1 — poxo
1= , (B.2)
P+ A+ p32+ AR -2)
A1 = poxo)
y3 = Poxo , (B.3)

P11+ p2A+p32+ A)(% -2)

2+ A) (5 =2)(1 — poxo)

- : , B.4
BT 0 mAt pa@ T AN —2) ED

. —Bp2—2p3—% 1)+ Bpa—2p3—1 p1)2=2(p2—p3)@p2—2p3—p1)
with A = 2 \/ 2 .

We next show that if the observed flzenllg.nd is generated by KMM representation, then
it is possible to recover the smooth ambiguity utility and the ambiguity probabilities
that rationalize the demand functions (B.1)- (B.4).

To recover the generating utility functions ¢ and « and the discount factor B, we
first invert the demand functions (B.1)- (B.4) and get the inverse demand functions
{pj(x0, »)}/_o- Denote Z = 3 In[yi]1+ 5 In[y1 + 3321+ 5 Inly1 + 332+ 33]. Utility
maximization implies the following marginal rates of substitution

Prxo.y) _ 9 213974133 +20132 + yivs + 1323

mio(xo, y) = = , (B.S)
po(xo.y) 100 3 yi(yi 4 3y + 3y + 3y3)
1
p2(xo,y) 1 2y7 + yiy2 + 3313
ma1(xo, y) = =>—> 7 21 2 : ) (B.6)
p1(x0,¥)  23y7 + zv5 4+ 2y1y2 4+ V1y3 + 702)3

As in Example 6, the discount factor can be recovered from the marginal rate of
substitution between consumption and risk free asset mg(xo, y) at xo = X and
portfolioy = (x9, 0, 0),

o 9
B =mi(Xo,y) = 1o

We normalize ul(io) =1, then

u (xo) = mio(xo. ¥) _ ezl?’y% + 193 2012 + Vv + 13203
mio(xo. ¥) 3 i+ 3301+ 302+ 373)

which is a constant, independent of xg. Integrating both sides with respect to xp, we
get
u(xo) = xo.

Since we know the three conditional probabilities, we can compute E, ;r2 = 0,

1
Ey,ro = Eyry = 5.
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At portfolio yy = (x, 0, 0), we have

1
1 Ey 12 + (1 — ) Eyyra = mai(xo, yo) = 3 (B.7)

From this equation, we get u| = %
Then we can compute the values

1
EyEv, (r2) = w1 By (2 + (1 = ) Eny(r2)” = 3.

and

1
Ep(Eyp,12)* = 1 (Ep,12)? 4+ (1 — w1)(Ey,r2)* = c

If we take derivative on both sides of equation (B.6) with respect to y, and evaluate
the resulting functional at portfolio y, = (x, 0, 0), we have

Eu(Ey,r2)? — (ExEy,12)? ‘%H(") -
[Ey(Ey,r2)° — (EyEy,r2) ]¢,(x)
2 5o u (x)  dmai(xg,x,0,0) 1
[(E[LEVﬂrZ) E[LEVH (r2) ](u,(x))z 3y2 u/(x). (B.8)

Rearrange the terms, we have

~1

¢ (x)
X

F

Integrate both sides of the above equation twice with respect to x, we have
$(x) = In(x).

We define

~/

F(3) = (Evytt(x)) Evytt (x5)r2 — ma1 (x0, 1)@ (Evytt (x5)) Evytt (X7

i 1
=71~ ma1(xo, y)—l’
yi+3y2 yi+3y2
() =@ (Evytt(x9)) Epytd' (x5)r2 — mai (x0, ¥)¢ (Evwytt(x5)) Epd (x5)r1
1
5 1
2

— m31(x0, y)

Yt 33+ 33 N+5ntiys

The first order condition can be rewritten as

3 1 1
> tatfa(y) = zm3i(x0, y)—. (B.9)
a=2 3 Vi
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Asin Example 6, we differentiate the above equation with respect to y3, and evaluate
the resulting equation at y = (1, 0, 0). Then we have

(L2)(2)=(2)

and recover the ambiguity probability measure

w=(

W | =
W =
W =

Here again, (differentiable) linear independence of f>(y) and f3(y) guarantees the
recoverability of the ambiguity probability measure.

C Appendix C Example for identification of KPS preferences

In this appendix, we provide an example, in which the identified smooth ambiguity
function is a KPS utility representation. Here, the inverse demand functions are given
since closed form demand functions can’t be derived.

Example 8 Assume there are three assets with payoffs: ri = (1,1,1,1), rp, =
(1,2,0,0), and r3 = (0,0, 0, 1). The inverse demand functions for first period con-
sumption and three assets, i.e., equivalently the marginal rates of substitution are

1 1 1 1
9 s ) TS 2T+ 1) T2+ 2 +y3) 72
mlO(x07 _Y) = %(X())4 1 1 1 1 1 1 1 1.1 °
[7O1+y2)2 + g1 +2y2)2 + 5(1)2 + 51 +y3)2]2
1 1 1 1
1O+ 724+ 301 +2y) 72 + 30072 + 301 +33) 72
1 1
2 TOT+y) T+ 301 +2) 72
1
1 +y3)72
1 1 1 1.1
3O+ ++01+292)2 + t D2 + + (01 + y3)2]2

mia2(xg, y) =

’

3 3
m3o(xo, y) = %(xo)4

Suppose these inverse demand functions are generated by KPS* representation.
Assume we know a set of candidate ambiguity states with conditional probabilities
V| = (%, é, %, é) and vy = (%, %, %, %), which includes the actual one. The first
asset is risk free and the second asset is ambiguity free.

Follow the same steps as in Example 6, we can recover 8, ¢ (x), and u(x) respec-
tively

9 1 .
B = m#ﬁ(xo) = x5, u(x) =x2.

For the two candidate ambiguity states, we can define functions f1(y) and f2(y).
Aty = (1,0, 0), we get equation (20) in Proposition 1
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11 1
2. 24 “1) — ( q >
-3 35 =\-3)-
<2_88 _1152> (Mz T4

Therefore, we can solve the equation system and recover the ambiguity probability
measure

n=(1,0).

In this example, it is determined that only one conditional probability has been used.
It follows that the individual is actually employing KPS utility rather than the more
general ambiguity utility. Thus, our recovery process can recover the important KPS
utility special class and associated probability measure from the observed consumption
and asset demands of an individual.
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