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Abstract

A key feature of many real-world matching markets is congestion, i.e., market participants
struggle to find match partners. We characterize congestion in a model of random matching
markets where an agent pair must perform a mutual inspection to verify compatibility prior to
matching with each other. Motivated by the notion of regret-free stability, we assume agents
are only willing to inspect their current favorite agent and will do so only if, upon a successful
inspection, that match is guaranteed. We ask when, in large random two-sided markets, will
information deadlocks arise in which many agents delay inspections indefinitely awaiting a match
guarantee. The market consists of N women and /N men. We characterize the existence and
size of information deadlock as a function of the men-to-women ratio o, women’s average size
K of the consideration set, and an inspection’s success probability p, as the number of women
N grows. We find a phase transition from a deadlock-free regime (where a vanishingly small
fraction of agents are stuck waiting) to the information deadlock regime as we increase K,
decrease « or decrease p. A number of market design insights emerge from our characterization,
for example, the market connectivity K which maximizes the number of matches formed is
that which causes the market to be at the phase boundary between the deadlock-free regime
and the deadlock regime. Vertical differentiation between agents reduces deadlock, as does a
willingness by agents to perform parallel inspections. Our analysis is inspired by the machinery
of message passing and density evolution from statistical physics, and the emergence of deadlock

corresponds to a certain branching process being supercritical.
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1 Introduction

In matching markets, agents seek out one-another, looking to form a relationship for mutual benefit.
Men and women seek out romantic partners in marriage markets, workers and firms look to fill
job vacancies in labor markets, landlords and prospective tenants look to fill vacant apartments
in housing markets. However, in several matching markets, many participants fail to find good
matches, and even when they do, the process can take a very long time. This phenomenon is often
referred to as market congestion [4§]. For example, according to the General Social Survey and Pew
Research Center [I1], in 2019 more than half of young people (ages 18 to 34) in the US did not have
a steady romantic partner, and among those who were seeking relationships, 36% had been on no
date in the previous three months. From 2006 to 2018, the top 50 US colleges’ average acceptance
rate plummeted from 35.9% to 22.6%. This induced more applications per person, which caused
longer waiting lists and further delays in the admission process, making it increasingly difficult for
colleges to predict their yield.

A key factor contributing to market congestion is informational frictions [4, 28]. Even if par-
ticipants know their preference ordering over potential matches — e.g., for Alice an MIT education
is clearly more desirable than a CalTech one — they often need to gather information to determine
the feasibility of the match. Maybe MIT is prohibitively expensive, or Boston is prohibitively cold.
This information-gathering exercise is typically costly, making participants reluctant to gather in-
formation about potentially infeasible partners. In the extreme, participants may be unwilling to
investigate the feasibility of a match unless it is guaranteed should they reach a positive conclusion.
This unwillingness can result in congestion, as illustrated by the following (stylized) example: Each
of Caltech and MIT can accommodate one of Alice and Bob, but not both. Alice is admitted to
Caltech but prefers MIT and is waiting for an MIT admission decision prior to inspecting either
university, while Bob similarly is admitted to MIT but prefers Caltech and is awaiting a Caltech
admission decision prior to inspecting either university.

We call this type of congestion an information deadlock. The concept of information deadlocks
was recently formalized by Immorlica, Leshno, Lo and Lucier [30] in conjunction with a new solution
concept for incomplete-information matching markets called regret-free stability. In a regret-free
stable outcome, participants collect information as if they were “last to market,” i.e., as if all

other uncertainty in the market were already resolved and hence they know their options before



they perform inspections. In the above example, it would be a regret-free stable outcome if Alice
successfully inspects and is matched to CalTech and Bob successfully inspects and is matched to
MIT because in this case MIT was never an option for Alice. It would also be regret-free stable for
Alice to inspect MIT if Bob’s MIT inspection were unsuccessful. In fact, if Bob’s MIT inspection is
unsuccessful, Alice must inspect MIT in any stable outcome. However, it would not be regret-free
stable for Alice to inspect MIT if Bob’s inspection were successful — she would regret doing so
because Bob had higher priority at MIT and so she never had a chance at an MIT admission. So
whether Alice can inspect MIT depends on Bob’s inspection results. The situation is, of course,
symmetric, creating an information deadlock in which each participant is waiting for the other
to perform an inspection before doing so her/himself; see Figure Immorlica et al show that
regret-free stable outcomes always exist, but markets may be unable to find one due to these
information deadlocks. That is, there is no sequence of inspections and subsequent assignment
(called a communication process in Immorlica et al) that guarantees the outcome is regret-free
stable for any underlying economy. They show markets with deadlocks arising due to short cycles
like the one above in the example, and leave unresolved several important questions. In particular,
how prevalent are deadlocks as function of market characteristics? Are deadlocks primarily driven
by short cycles? In this paper, we quantitatively characterize the prevalence of deadlock in random
matching markets as a function of market characteristics. Even though random markets lack short

cycles, we find large deadlocks in a range of markets.

Market Primitives: a = 1,p = 0.3
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Figure 2: Fraction of women in information deadlock
Figure 1: Stylized representation of a (deadlock), fraction of women exhausting considera-
deadlock in school admission. Directed tion set without finding a match (single), and frac-
edges show with whom agents want to in-  tion of women matched (match) as a function of the
spect next, e.g., Alice wants to inspect women’s average degree. We fix men-to-women ratio
MIT, while MIT hopes to inspect Bob. «a = 1 and inspection success probability p = 0.3.

Model. We consider a two-sided matching market with N women and a/N men. Agent considera-



Markets in the Information Deadlock Regime
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Figure 3: Phase transition from the deadlock-free regime and the deadlock regime. The area
above [below] the plane are market primitives in the deadlock [deadlock-free] regime.

tion sets are captured by an undirected consideration graph, where each man [woman] is interested
in his [her] neighbors under a preference ordering. In order for a match to occur, however, the
pair must perform a costly inspection to determine if they are actually compatible. We consider
satisficing search [52], where agents search sequentially according to their preference order until a
successful inspection is found. We assume that an agent only inspects if the match is guaranteed
once the inspection succeeds (the search behavior is termed partner search in this paper). We focus
attention on random markets consisting of N women and M = a/N men where each man is in a
woman'’s consideration set independently with probability K /M, hence women have an average de-
gree K, whereas men have average degree K /a. Men and women'’s preference lists are independent

uniformly random orders. Each inspection succeeds independently with probability p.

Main results. We find that despite the absence of short cycles in our random markets, a broad
range of markets suffer from information deadlock involving many agents. We find a sizeable set
O of market primitives such that holding fixed (o, K,p) € © and growing the size of the market
N (and hence M), Q(N) agents are stuck in an information deadlock (up to at least o(log N)
time) with high probability; see Figure [3l We characterize that fraction of agents on each side of
the market in Theorem (I} For markets with (a, K,p) ¢ O, with high probability no information
deadlock occurs (see Figure . Thus, iteratively occurring guaranteed inspections suffice to clear
the market in the deadlock-free regime {(a, K,p) ¢ ©}, but fail to in the information deadlock

regime {(«a, K,p) € ©}. For the special case p = 0, we show that in the information deadlock



regime {(a, K,p) € O}, deadlock persists forever (with (1) probability); this is formalized in
Theorem 2] Our main theorems, together with numerical evaluation of our characterization, shows
that there is a sharp phase transition between the deadlock-free regime and the deadlock regime,
in the market primitives (see Figure [3)). For example, when fixing the men-to-women ratio o and
the inspection success probability p, deadlock occurs if the average degree of women K is above a
certain threshold. We consider two extensions of the original model in Appendix [H] allowing for
vertical differentiation between agents and parallel inspections, and find that the phenomenon of
information deadlock is reduced in both cases.

We highlight that the emergence of a deadlock structure involving Q(NN) nodes is somewhat
counterintuitive. Consider a directed graph where each node points to its favorite node in its
remaining consideration set (Figure [I| provides an example). Initially, each agent has an Q(1)
probability of being able to proceed with a guaranteed inspection (because their favorite option
points back at them with (1) probability[l). The directed graph lacks short cycles and consists
primarily of short directed paths which end in a guaranteed inspection. If an inspection succeeds,
the pair matches and leaves, whereas failure prompts each agent to point to their next favorite
partner. The directed paths would appear susceptible to disappearing (rather than closing into
directed cycles) as agents iteratively conduct inspections, causing the market to clear. While
disappearance of directed paths, i.e., market clearing, indeed occurs for (a, K,p) ¢ ©, we find
that, surprisingly, for (a, K,p) € © these directed paths link up with other paths as the process
progresses, and a deadlock involving Q(N) nodes emergesﬂ The analysis leading to Theorem
shows that the formation of information deadlock can be intuitively explained by a certain branching

process involving preferred agents becoming supercritical (i.e., branching factor exceeding one).

Market design insights. Our results show that in a wide range of markets, a nontrivial fraction
of agents will get stuck in information deadlock. Moreover, deadlocks become more prevalent as the
market gets more connected (larger K'), as the men-to-women ratio a decreases (holding womens’
average consideration set size K fixed), and as inspections are more likely to fail (smaller p). Our
findings suggest that platforms can carefully restrict the market’s connectivity to reduce deadlocks.

In practice, online dating platforms such as Coffee Meets Bagel indeed restrict market connectivity

'For example, when each agent has a degree K, the probability of pointing back is 1/K.

2 Another way to consider the likelihood of deadlock is through a lower bound of (1 — 1/K)" probability (suppose
each agent has a degree K and N = M) that the market starts with a deadlock. When the degree K is linear in
N, say, K = ON for some 6 > 0, then this bound become (1/€)'/? > 0. However, as 1/ — oo (e.g., when K is a
constant that does not depend on N as considered in this paper), this probability shrinks to zero.



by limiting the agent’s total number of profile views or likes in a day. While our results imply
that this may have a positive effect on reducing deadlocks, it may, on the other hand, lead to a
higher chance of exhausting all options without finding a compatible match (see Figure . We find
that the level of market connectivity that mazimizes match rate (the fraction of agents matched)
1s that level which causes the market to be at the phase boundary between the deadlock-free regime
and the deadlock regime. The platform can also reduce the fraction of women stuck in deadlock
by incorporating more men in the market (while holding womens’ average consideration set size K
fixed), thus reducing the competition for men. Finally, we observe that in markets where deadlock
is prevalent, agents who are still waiting after a few rounds of guaranteed inspections are very likely
to get stuck in an information deadlock (see Figure ; i.e., allowing more time does not help clear
the market.

In the extensions (see Appendix , we show that introducing vertical differentiation between
agents and allowing parallel inspections can help mitigate deadlocks. This suggests that, for ex-
ample, since introducing vertical differentiation among agents reduces deadlocks, hiring platforms
can make certain distinguishing features of workers such as educational background or work expe-
rience more conspicuous if currently experiencing deadlocks. Platforms can also encourage more

inspections to reduce deadlocks.

Technical contribution. Our primary technical contribution is to show how statistical physics
tools, particularly message passing (see, e.g., [36, Chapter 14]), can be augmented to understand
market-wide phenomena in marketplaces and to inform market design. Statistical physicists study
the macroscopic phenomena that emerge when a large number of particles interact locally in simple
ways. The underlying theory helps researchers explain, for example, the spontaneous magnetization
of a magnetic material below a certain temperature threshold. The theory has been extended to
other fields as well, helping explain and engineer macroscopic phenomena in artificial intelligence
[40, 41], computer science including solving satisfiability problems [37], computer vision [I8], digital
communication including high performing error correcting codes [35], [19], [46], and neurobiology
[67, 20]. In contrast, market design research is conspicuous in that connections with statistical
physics have been little exploited so farﬂ Marketplaces bring together agents, who interact with

each other, often in relatively simple ways, and yet these interactions can produce unexpected

3However, note work in the area of “Econophysics” https://en.wikipedia.org/wiki/Econophysics| which has
attempted to explain phenomena and observational data in financial markets using statistical physics ideas.
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market-wide or “macroscopic” outcomes, e.g., see [7]. We show how a statistical physics approach
can throw light on emergent macroscopic phenomena in marketplaces.

To augment and apply the statistical physics tool of message passing in our problem requires
us to overcome technical challenges resulting from the cyclic dependence inherent in matching
processes, which will be explained next. In message passing algorithms (e.g., belief propagation),
nodes in a graph pass “messages” to their neighbours. Each message from ¢ to j in the graph is
iteratively updated (according to some predefined rule) based on the (recent) messages received
by ¢ from its neighbours except for j itself. Henceforce we call this the self-exclusion property
of a message passing algorithm. The self-exclusion property of message updates facilitates direct
(iterative) computation of the distribution of messages on tree graphs, simply based on the message
passing rule and the (distribution of) node degrees. This computation is called density evolution,
and also applies asymptotically to large random graphs (e.g., Erdos-Renyi graphs), since they
are locally treelike. The limiting message densities as the number of iterations grows throw light
on “macro” phenomena such as whether a graph contains a “giant” connected component (see
Appendix |G| in the e—companionﬁ for a heuristic derivation of the giant component regime using
message passing) and whether a graphical error correcting code can be successfully decoded [36].
In our setting, whether and when a match (i, j) is formed under the partner search and matching
process depends on the history of both potential partners; and in turn the history of ¢ and j depends
on whether inspection (i, j) was already performed. Given this apparent cyclical dependence, it is
a priori unclear that our partner search process can be viewed through the lens of message passing.
Somewhat surprisingly, we are able to construct a message passing algorithm which tracks the
partner search process and possesses the key self-exclusion property. This algorithm facilitates our
characterization of whether information deadlock occurs, and its size in markets which suffer from
deadlock.

Interchange of limits. A direct application of the above methodology leads to a formal
guarantee that in the deadlock regime, (V) agents remain waiting after ¢ = o(log N) rounds of
partner search, whereas o(IN) agents remain waiting in the deadlock-free regime. This result is
dissatisfying in that it leaves open the theoretical possibility that if one conducts additional rounds
of partner search, deadlock eventually goes away even in the so-called deadlock regime (whereas

numerics suggest that deadlock persists forever). The main technical barrier is that to track partner

4All appendices of this paper are in the e-companion.



search for ¢ steps requires to investigate the neighborhood of radius ¢, and for ¢t > ©(log N) this
neighborhood resists analysis because it involves (V) nodes, is no longer locally treelike and has
strong correlations. We discover a new way to view deadlock by uncovering iteratively the ultimate
chain of waiting (as ¢ — oo when partner search converges for the given market) starting from
a given focal node, while carefully avoiding revealing parts of the neighborhood which are not
relevant to deadlock to preserve sufficient independence in the revealed structure up to a depth
V/N. Interestingly, we relate this chain of waiting to a branching process, and find an elegant
“signature” for which markets suffer from deadlock: a market suffers from deadlock if and only
if this branching process is supercritical (has branching factor exceeding 1). We formalize this

connection for the special case of markets with inspection success probability p = 0.

Related work. The phenomenon of information deadlock under our stylized model of partner
search may be viewed as a manifestation of “market congestion”, where a matching market fails
to clear efficiently despite efforts by participants to find a partner. The study of congestion in
matching markets was initiated by Roth and Xing [49]. When firms must wait for their offer to
be rejected before they can issue a new offer, which takes time, some workers may experience long
delays before they receive the first offer. This is worsened when the firms’ preferences are correlated,
since they would all initially make offers to the most desirable workers. This source of congestion
is mainly due to competition, and may be alleviated by carefully restricting choice, cf. our insight
that the market connectivity K should be carefully chosen. For example, Halaburda et al. [23] show
in a stylized model that a matching platform can reduce congestion by restricting agent choice, and
such a restricted choice platform is preferred by agents with low outside options. Similarly, Arnosti
et al. [4] show that in a dynamic matching market, with costly screening and uncertain applicant
availability, restricting the number of applications can effectively alleviate congestion. Congestion
in matching markets is also identified in several empirical works, including Fradkin [I7] and Horton
[28], and related interventions such as enabling costly capacity signaling have been found to be
effective [16]. Our work contributes to the literature on congestion by capturing quantitatively
which random matching markets suffer from congestion (information deadlock) and suggests ways
to alleviate it.

More broadly, there is a rich literature studying the behavior and design of matching markets,

as a function of various market primitives, such as market imbalance [8], the cost of screening



potential partners [33], whether preferences are easy to describe [51], and heterogeneity in agent
quality [§]. Various design levers have been suggested to improve market performance in different
contexts, for example appropriate match recommendation [51], [6], signalling [12], communication
between agents [2], design of the tie breaking rule [§], [9], [3], choosing the meeting rate between
different agent types [31], and “cheap talk” as a way for agents to share their vertical “type” and
promote sorting and market clearing [29] (cf. our finding that vertical differentation between agents
reduces deadlock). Our work provides a new lens (information deadlock in random markets) for
understanding market clearing and designing matching markets; specific findings capture the effect
of market imbalance, broader search for a partner (see our extension to parallel inspections), the
success probability of matches, and heterogeneity in agent quality on market performance.

There is a substantial literature in economics on games between agents (or markets) in which
information acquisition is costly; a classical example is the work of Grossman and Stiglitz [22]
which shows informationally efficient asset markets are impossible, a finding which bears some
spiritual resemblance to the information deadlock phenomenon we study. Another example of work
that is loosely related to our market design insights is the literature on contest design |21} 58|, 50],
where the quality of submissions depends on effort put in by participants (this effort could be
towards information acquisition or other aspects), and the designer aims to encourage higher effort
by participants. Hatfield et al. [26] discusses designing markets to incentivize optimal investment
by participants, while Pakzad-Hurson [39] brings together crowdsourcing and market design (for
matching and other markets).

Two recent works by Peski [42] [43] have identified intriguing connections between matching
markets and statistical physics concepts: roughly, under certain assumptions, equilibria in matching
markets minimize a certain “free energy” function, or, equivalently, maximize a certain utility-plus-
entropy function. This characterization is pleasantly surprising, in that individual agents are each
concerned with maximizing their own utility and yet the market equilibrium is shown to maximize
a global function.

The partner search process in our paper is related to the Karp-Sipser algorithm (e.g., [5]), in
the sense that they are both some kind of peeling algorithm that iteratively removes edges from
the graph. However, there are important difference such that readily available analysis for the
Karp-Sipser algorithm does not apply here. For example, unlike the Karp-Sipser algorithm, an

edge where one end node (she) has a degree of one cannot be directly removed under our Partner



Search process, since the other end node (he) does not necessarily consider her as his remaining
favorite match. In fact, the agents’ dynamically changing their most preferred match partner due
to updates in the residual graph is the major obstacle and complicating factor in adopting or
translating existing results. Therefore we need to develop a different technique, which utilizes the

message passing machinery.

Organization of the paper. Section |2 introduces our model of a random matching market, the
partner search process, and the information deadlock phenomenon. Section (3| gives our main result
characterizing which markets incur information deadlock and the size of the deadlock, as well as
our result showing formally how deadlocks persist overtime for a special case of our model, and the
connection between deadlock and a certain branching process. Section {] provides the key methods
used to prove the first main result, including the design of a message passing algorithm which
tracks the partner search process in the market. Section [5| outlines the analysis establishing that
deadlock persists by coupling with a branching process. Section [6] describes our numerical results.

We conclude in Section [7

2 Model

Consider a matching market that consists of N women and M = aN men. Denote by Z the set
of women and J the set of men. We use an undirected bipartite graph G = (Z,J,€) to describe
the consideration sets of all agents, where the edge set £ includes all woman-man pairs (4, j) that
consider each other. (In our setup, whenever a woman ¢ € Z considers a man j € J, man j also
considers woman i.)’] We denote by N (i) := {j € J : (4,) € £} the consideration set of woman i,
and N(j) :={i € Z: (i,7) € £} the consideration set of man j. Each woman [man] wants to match
with at most one man [woman]| from her [his|] consideration set. Prior to matching and inspections,
a woman 7 has preference ranking >; over men in her consideration set /(7). Similarly, a man j has
prior preference ranking >; over his consideration set N(j). Therefore, we can describe the initial
state of the market via (G, (>;,Vi € Z),(>;,Vj € J)). As the search for partners progresses, the
state we describe below will evolve due to elimination of some edges and some agents (preference

rankings remain unchanged). We will write Gy = (Zt, J;, &) for the state at time ¢ and N;(7) and

5This restriction is without loss of generality under the assumption that if any agent i’s interest in any agent j is
unreciprocated, then agent i can learn this fact without cost or delay, and hence eliminate j from their consideration
set at the outset.
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Ni(j) for the corresponding consideration sets.
A woman-man pair (i,7) needs to inspect each other to determine compatibility before the
match (4,7) can be formed. Inspections are costly and succeed independently with probability p

(else they fail). We assume agents only perform guaranteed inspections.

Definition 1 (Guaranteed inspection). An inspection between woman-man pair (i,j) is a guaran-

teed inspection at time t if

e woman i has no preferred man in her consideration set: for all 7' € N (i) such that j' =; 7,
" & Ni(d)
e and man j has no preferred woman in his consideration set: for alli' € N(j) such thati' =; i,

i & Ni(4)-

Since guaranteed inspections require the pair to be each other’s favorite remaining partner, we
assume that if the inspection succeeds, the pair indeed matches and leaves the market.

We describe the market dynamics by a process called partner search (PS), formally specified
in Figure [4, which models a market where agents iteratively conduct guaranteed inspections and
updates consideration sets to remove matched pairs of agents or edges that fail inspections. At
the end of the t-th round of partner search, Z; is the set of remaining women with nonempty
consideration sets. We say that women in Z; are waiting (to find a partner) in the residual market
at time ¢. For notational convenience, if the algorithm terminates at time ¢, define Zy = Z; for all
t' > t. The sets (Zt)t=1,2,... then form a (weakly) decreasing sequence. The market has not fully
cleared at time ¢ as long as Z; # 0, i.e, A' > 0. We are concerned with the size of this group
Al = |T,] at timeﬂ t.

Our analysis studies the number of waiting women in a sequence of Erdos-Renyi random markets

defined in Definition 2] The parameters o, K and p are held fixed while letting N — oo.

Definition 2 (Random market). For any (a, K,p) € (0,00) x (0,00) x [0,1], let Gy (o, K,p) be
the random market (Z,7,E, (»i,Vi € I), (>;,Vj € J)) with |Z| = N women and |J| = M = aN

men, where

e cach woman-man pair (i,7) is in € independently with probability K /M ;

5The same analysis can be done for men without loss of generality.

11



Partner Search (PS)

Initialize the market: women Zp <~ Z; men Jy < J; potential pairs & + £; deadlock +— FALSE; time ¢ + 1.
while |Z;_1]| > 0 AND NO deadlock do
Initialization: Zy < Zi—1; Jt < Ji—1; Et < Et—1
if £,_1 has no guaranteed inspection then
deadlock «+— TRUE.
end if
while 3 a guaranteed inspection (i,j) € £&—-1 do
Perform inspection (i, j).
if inspection (i, 7) succeeds then
The pair matches and leaves the market: Z; < Z;\{i}, J: + J:\{j}, & < EN{(',7') : ¢ =i OR j' = j}.
else
The pair is removed from the set of edges, but the agents remain: & < & \ {(¢,7)}.
end if
end while
Eliminate any woman ¢ and man j with empty consideration sets: Z¢ < Z; \ {i}, J: < J: \ {4}
The number of women who have not cleared A* < |I¢|.
Advance time: t < ¢t + 1.
end while

Figure 4: The Partner Search process. Preference rankings remain unchanged throughout.

e preference rankings =; for each i € I and preference rankings >=; for each j € J are in-
dependent uniformly random permutations of elements in N'(i) .= {j € J : (4,5) € £} and

N@G):={ieZ:(i,j) €&}, respectively;
e cach inspection’s latent outcome is a success independently with probability p.

Also, for a random market Gy («, K, p), following the PS process in Figure define Al (o, K, p) =

|Z:| to be the number of women who have not cleared at time t.

From Definition 2| in a random market G (a, K, p), each woman ¢ € Z has a consideration set of
size |N ()| distributed according t Binomial(M, K/M) Noo, Poisson(K). Also, for each man j,
N ()] is distributed according to Binomial(N, K /M) Moo, Poisson(K/a).

In Appendix [A] we discuss and formalize the connection between our partner search process
where agents are assumed to perform satisficing search, and the model of Immorlica et al [30]
which involves cardinal utilities and introduces the notions of information deadlock and regret-free
stability. In the same appendix section, we also discuss our assumptions of i.i.d. uniform agent

preferences and independent inspection successes with probability p.

We aim to understand which markets suffer from an information deadlock, namely, a large

fraction of women waiting for a long time. Clearly, A} (a, K, p) — the number of women who have

"This convergence is in distribution.
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not cleared at time ¢ — is a random variable. We say a market suffers from information deadlock

if the following holds.

Definition 3. A sequence of markets Gn(a, K,p) as defined in Definition @ parameterized by
(o, K,p) and indexed by N, suffers from an information deadlock of size A>0 if, there exists a
sequence of times t =ty = w(1) such that

lim Pr (yAgv(a,K,p) —AN| < f(N)) =1 1)

N—r00
for some f(N) = o(N).

We will find that whenever holds for some A and some sequence of times ¢ which is w(1) and
o(log N), it holds with the same X for all sequences of times which are w(1) and o(log N). Our
analysis leading to our first main result needs ¢t = o(log V) for technical reasons. In particular, this
assumption allows us to focus on the local neighborhood of a representative agent up to a radius
o(log N). This neighborhood is a tree with high probability for radius o(log V), but not for radius
Q(log N). (Lemma [1]in Section shows that the local neighborhood of a representative agent up
to radius o(log N) converges in distribution to a specific Galton-Watson tree.) Simulation results
strongly suggest that the size of information deadlock remains the same for t = Q(log V) as well;
see Section [6] and we moreover formally establish that information deadlock persists forever for the
special case of inspection success probability p = 0.

In the next section, we will characterize limy_ oo Al (v, K, p)/N for large t. In particular, we

identify a broad range of markets where information deadlock occurs with high probability.

3 Main Results

In this section, we characterize which markets suffer from information deadlock and which do not.
In particular, Section [3.1]establishes that information deadlock (for ¢ = w(1) and o(log N)) vanishes
in some cases, but is prevalent in a wide range of random markets, corresponding to a large region
in the space of primitives (o, K, p), and quantifies the size of deadlock as a function of («, K, p).

Section investigates how deadlock persists in the deadlock regime when ¢ = w(log N).
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3.1 Main Theorem

We identify a set © of values of (o, K, p) that characterizes in which markets is there an information
deadlock up to o(log N) time as N — oc: if (a, K,p) € ©, then with high probability (w.h.p), a
non-vanishing fraction of women wait in the residual market; on the other hand, if (o, K,p) ¢ ©,
then w.h.p., only a vanishing fraction of women wait. To facilitate the statement of our main result,
we start by defining a certain vector sequence. We do not expect the reader to understand where
these vectors come from at this point. We will later obtain these vectors in Section [f] via an analysis

method from statistical physics termed density evolution.

Definition 4 (Density evolution). For any (o, K,p) € (0,00) x (0,00) x [0,1], let up = 1,y0 =

vo = 0 and define sequence (a¢, T, W, qt, Yt, Ve, Ut)e>1 as follows. For allt =1,2,..., let
K
as = e D -1 ry = —Jt1 (1 —ay); w= i1 (1 —ay);
t =, Tt= 77— (1l —a); t = —— (1l —a);
%(Vt_l -1) -1 I =1
1 — e Klaptw) ap(1 — qt) wi(l — qr)
q = Do vt=@p; n=ql-p)+—— = ———.
K (ap + wy) 1-7) ap + w ap + wy

Also deﬁneﬁ Ma, K, p) := limy_, 00 Kwigs.

The sequence (a, ¢, We, qe, Y, Vi, Ut )e>1 in Definition [ is closely related to the probabilistic
description of a representative agent’s “local information” at time ¢ in the large market limit. For
example, reveal (only) the consideration set of woman ¢ and pick any man j in a woman #’s initial
consideration set. At time ¢, a; is the probability that j can no longer possibly be matched with any
preferred woman, r; is the probability that j has been matched with some other preferred woman
and is not available to woman ¢, and w; is the probability that j is still considering 7 but does not
yet see i as most preferred. The interpretations of (g, yt, v, us) are slightly more involved and will
be discussed in detail in Section [4f We will show that the fraction of women who remain waiting
in the large market limit will be A\(«, K, p). The characterization of A(a, K, p) is unique for any
choice of («, K, p).

The next proposition characterizes markets where A(«, K,p) > 0 and establishes existence of

such markets.

Proposition 1. Consider the value Ao, K, p) defined in Definition . Define set

8By Corollary |1} in Section the limit lim;—, oo Kweqe exists.
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O ={(o,K,p):aa>0,K >0,pe€[0,1], \(e, K,p) > 0}.
Then © is a nonempty set with infinite volume in R3.

In the proof, we show the set © is nonempty by showing that © contains a non-empty subset.
This non-empty subset corresponds to markets where the women’s average degree K is sufficiently
large and an inspection’s success probability is sufficiently low. In particular, if we fix any men-
to-women ratio o and women’s average number of compatible potential man partners Kp, we will
get Ao, K,p) > 0 as the women’s degree K exceeds a certain threshold, i.e., as the inspections’
success probability p falls below a certain threshold. The full proof can be found in Appendix [C]in
the e-companion.

Now we are ready to state our first main result.

Theorem 1. Consider the sequence of markets Gy (o, K, p) indexed by N and number of women
who are still waiting at time t, A% (a, K,p), both defined in Definition @ for some sequence of t
also implicitly indexed by N. Consider set © in Proposz'tz'on and Ao, K, p) in Definition . Then

the following statements are true.
e (Information Deadlock Regime) If (o, K,p) € ©, i.e., Mo, K,p) > 0, then for any sequence
of times t = w(1) that is also o(log N'), we have

Jim P (A (0, K, p) — A, K, p)N| < [(N)) =1

for some f(N) = o(N).

o (Deadlock-free Regime) If (o, K,p) ¢ O, then for any sequence of times t = w(1), we have

lim P (Aly(a,K,p) < f(N)) =1

N—ro00
for some f(N) = o(N).

The information deadlock regime is where, with high probability (w.h.p.), a positive fraction of

Womerﬂ wait in the market for a long time, and Theorem |1| moreover identifies this fraction to be

9We can similarly characterize the asymptotic fraction of men waiting in the market to be tlim %m. Note
—00
that the mens’ fraction is zero if and only if the womens’ fraction A(«a, K,p) = tlim Kwq: is zero, which occurs if
—00

and only if lim w; = 0.
t—o0
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nearly A(a, K,p). The deadlock-free regime is where, w.h.p., only o(N) women get stuck waiting
in the market for a long time. The most surprising implication of Proposition [I] and Theorem [I] is
the existence of a sizeable information deadlock regime (a, K,p) € ©. As discussed in Section
this a priori seemed unlikely in random markets, given the apparent implausibility of forming the
structure required for information deadlock to occur (“cycles” of agents waiting for each other and
“directed paths” of waiting agents which end in such cycles) given the absence of short cycles in the
consideration graph. In Section [4] we provide an overview of the proof of Theorem [3.1] and explain
why information deadlock nevertheless arises for (o, K,p) € ©: roughly, directed paths of waiting
agents join each other as partner search progresses and become longer, causing deadlock (see Figure
5). In Section |§|, we numerically evaluate the characterization in Theorem |1, which point towards a

phase transition between the two regimes and show the monotonicities of A(«, K, p) and projections

of ©.

(Period t) (Period ¢ + 1)

Figure 5: A graphical illustration of directed paths of waiting agents joining each other and
becoming longer. Directed edges indicate agents’ favorite remaining partner, and dashed edges
indicate other remaining neighbors in the agents’ consideration set. Suppose inspections all failed
in period t. Then the directed paths in the left figure can join each other to form a longer path in
period ¢t + 1 as shown in the right figure.

3.2 The Deadlock Regime

From Theorem |1} the set © characterizes the information deadlock regime. That is, after w(1) and
o(log N) rounds of partner search, w.h.p., there remains a nontrivial fraction of agents waiting if
and only if («, K, p) € ©. The requirement of o(log V) rounds of partner search is due to technical
reasons. This does not pose a problem in the deadlock-free regime, since the fraction of agents
waiting is already vanishing at that point. However, in the deadlock regime, one may wonder what

happens after o(log N) rounds of partner search. For example, is it possible that the fraction of
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agents who are waiting further decreases, possibly to zero? Numerical evidence strongly suggests
that this is not the case. Later, in Section [6] we provide simulation results for finite-sized markets,
and find that the fraction of agents who are still waiting after the partner search process converges
is well captured by the characterization in Theorem In this section, we investigate this issue
theoretically and show (under certain parameter regimes) that information deadlock persists forever
if it exists after o(log V) and w(1) rounds of partner search.

To manage the intricacy of the analysis, we restrict our theoretical development to the special
case of p = 0. When p = 0, any inspection will fail if conducted. Nevertheless, the notion of
information deadlock remains applicable to this case, since agents who are not aware of their actual
compatibilities could still get stuck waiting for others, hoping that something might work out
eventually. The fact that the information deadlock phenomenon is qualitatively the same at p =0
as at p > 0 makes us optimistic that the persistence of deadlock in the deadlock regime for p = 0
generalizes to p > 0, though we do not pursue the latter formally.

We now present the formal result.

Theorem 2. If (o, K,0) € O, i.e, A(a, K,0) > 0, then there exists € = e(a, K) > 0 such that
EAR (e, K,0)] > eN and liminfn_,o P(AY (v, K,0) > eN) > €. Moreover, (a, K,0) € © if and

only ifff—; > 1.

We highlight a few observations from Theorem[2] First, this result establishes the same deadlock
phase transition as predicted by Theorem [I} in particular, for any primitives in the deadlock regime
(a, K,0) € O, a linear sized deadlock persists forever with positive probability. This supplements
the numerical evidence (see Figure that the deadlock characterization in Theorem [1|is exact,
with a formal proof of a linear lower bound on the eventual deadlock size everywhere in the dead-
lock regime. Notably, the analysis leading to Theorem [2] enables us to understand the formation
of deadlock through the lens of a branching process of preferred neighbors which is supercritical
in the deadlock regime. Specifically, by a coupling argument, the network structure supporting a
representative agent being in deadlock is uncovered by a carefully designed tree revelation proce-
dure, through which the event of being in deadlock or not is captured by the associated branching
process of preferred neighbors living forever or not. The underlying branching process is difficult to
track in general due to a complicated correlation structure, but it reduces to a standard branching

process in the special case of p = 0, and we can see that the deadlock phase transition predicted

17



by Theorem [I] exactly coincides with the branching factor of the underlying tree process exceeding
one (therefore the probability of the tree living forever becomes positive).

The branching process of preferred partners. The condition ff—; in Theorem [2 can be in-
tuitively explained as follows. Consider a representative woman who receives an offer from some

man. She would like to wait for men that she prefers to this offer. In a large market, the number of

preferred men is distributed like Poisson(Kwu), where u ~ Uniform(0,1), and the mean is % Like-

Kﬁ)
b

wise, independently for each man, the number of preferred women is distributed like Poisson( ="
where 4 ~ Uniform(0,1), and the mean is % Therefore, we can approximate the representative
woman’s local neighborhood structure that induces her waiting using a branching process of pre-
ferred partners, where each woman node has Poisson(/Kwu) men offspring and each man node has
Poisson(%) offspring, independently. The branching factor of this process is f—(j. Intuitively, the
representative woman will wait forever if and only if this branching process is nonextinctive. It is
well known in the literature (e.g. [10l [24]) that the latter occurs with positive probability if and
only if the branching factor exceeds 1.

Heuristic branching process perspective for p > 0. The above heuristic argument relies on
the assumption of p = 0, i.e., inspections never succeed, hence an agent will always proceed to
wait for the next (according to the preference ranking) preferred agent after an inspection. As
a consequence, in the associated branching process of preferred partners, we can include for each
node all its preferred agents as offsprings, independently. This is no longer the case when p > 0.
If an inspection succeeds, an agent is matched and does not proceed to wait for the next preferred
agent. This means that the branching process of preferred partners being supercritical no longer
(asymptotically) implies deadlock for p > 0. Instead, supercriticality only provides a loose necessary
condition for deadlock, in fact too loose to identify the phase transition between the deadlock regime
and the deadlock-free regime. To construct the deadlock-relevant branching process of preferred
partners, when we generate offspring for each node, we need to consider, according to the preference
ranking, whether the preferred agent will inspect with the parent node and succeed, since if so, we
should not include additional offsprings for the parent node. In particular, the associated deadlock-
relevant branching process has a nontrivial correlation structure, where the number of offspring for
a node depends on future offspring generations.

Although the associated deadlock-relevant branching process lacks a simple description for p >

0, we can still guess its branching factor using a heuristic argument (see Appendix, and conjecture
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that as in the case of p = 0, even when p > 0, the condition for a nontrivial fraction of agents to wait
forever is captured by this branching factor exceeding one (see Figure [14]in Section @ Moreover,
the condition for the guessed branching factor to exceed one matches the characterization of the

deadlock regime © in Theorem (1| (see Appendix .

Conjecture 1. Consider p > 0. If (o, K,p) € O, then E[AY (o, K,p)] > eN for some € > 0.

Moreover, (a, K,p) € O if and only if <a1p — aé{;Q) . <yi* — Z—*> > 1, where y* and a* are the

nonzero solution to

_ * K _ K,
Ky'a*=1—e K0P _y*q* =1 —¢e oV,
«

In Conjecture the value (alp — ai’;) . (yi* — Z—I) is the conjectured branching factor of the
deadlock-relevant branching process, and nontrivial deadlock which persists occurs if and only if
this value exceeds one, just as in the p = 0 case. We provide a heuristic argument of its derivation
in Appendix[F] However, a formal proof requires careful analysis of the deadlock-relevant branching
process much beyond its (conjectured) branching factor. Due to the additional nontrivial correlation
structure when p > 0 mentioned above, techniques used in the proof of Theorem [2] would not suffice.

Therefore it is beyond the scope of this paper to prove Conjecture |1 and we leave it for future

study.

4 Proof Idea of Theorem (1

Theorem [1| characterizes the probability that a representative agent will remain waiting in the large
market limit. Our proof involves three mainsteps. First, we show that the representative agent’s
neighborhood in the market (up to any o(log N') depth) converges in distribution to a tree generated
from a marked “bipartite” branching process. In particular, a representative agent’s neighborhood
as “locally tree-like” (up to any depth which is o(log N')). Second, we construct a message passing
(MP) algorithm that passes messages between women and men iteratively, such that its progress
on a marked random tree (the branching process in the first step) “tracks” what happens in the
partner search process in a random market. Inspections, matches, and whether an agent is still
waiting can be inferred from the messages passed between women and men at any given time. The

third and final step studies the evolution of message distributions on the random tree, yielding the

19



probability the root agent is waiting at any given time in the large market limit; an analysis called

density evolution.

4.1 Local Structure

In this section, we establish that the local neighborhood of any agent in the large market limit
converges in distribution to a tree generated from a Poisson branching process, suitably augmented
with random preferences and latent inspection outcomes. Classic random graph theory already
establishes that a bipartite Erdos-Renyi graph, which captures the consideration graph of the
market, converges locally weakly to a corresponding bipartite Galton-Watson tree. We extend
this result by, for both structures, embedding participant preference (fitness) rankings as well as
“latent” inspection outcomes on edges, so that the trajectory of partner search in the corresponding
market is uniquely determined, and can be compared across the two markets.

We define the distance between any two nodes as the number of men on the shortest path con-
necting them. The distance-r neighborhood of an agent ¢ € Gy (o, K, p) is the subgraph (including
the preference/fitness rankings and latent inspection outcomes) spanned by all nodes within dis-
tance r from i. We denote by B,.(i) the distance-r neighborhood of agent i. We compare this

neighborhood to a marked Galton-Watson tree, defined below, up to the same depth r.

Definition 5. A marked Galton-Watson (GW) tree T = T (o, K, p) is a random tree with woman
and man nodes constructed as follows:

e The root is a woman node.

e FEach woman node has, independently, a Poisson(K) number of man offspring nodes.

e Each man node has, independently, a Poisson(K/a) number of woman offspring nodes.

e Each woman (man) node ranks its neighboring man (woman) nodes according to an indepen-

dent uniformly random permutations.

e FEach edge has a latent inspection outcome associated with it, which is Bernoulli(p), indepen-

dently drawn.

The depth-r tree 7, is the distance-r neighborhood of the root woman node in 7. The next lemma

establishes that in large markets, B,(i) converges to 7, in distribution.
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Lemma 1. Fiz any (o, K,p). Take a sequence of markets Gy (o, K,p) and a sequence of radii
r = ry = o(logN). Also take a depth-r tree T, generated by the Poisson branching process in
Definition @ Consider an agent i € Gn(K,«,p) and its distance-r nez’ghborhooﬂ B,.(i). Then

there exists a coupling between B, (i) and T, such that P(B,(i) # Tr) < o(1).

To illustrate the importance of Lemma [l we now present an informal argument showing the
absence of deadlock in markets with o > K?2. If a number of agents end up waiting forever, then the
final deadlock structure must consist of cycles of nodes pointing to their most preferred neighbors
(who remain consideration) and paths pointing to such cycles, cf. the example in Figure [7l Note
that the cycles in the deadlock structure must be cycles in the original consideration graph G. That
is to say, if the original consideration graph G lacks cycles, information deadlock should also be
trivial. Now when the branching factor K?/a of the corresponding branching process 7 is less than
one, i.e., when a > K?, classic branching process theory (e.g., [10, 24]) tells us that the branching
process becomes extinct almost surely in this case. Therefore, from Lemma |1, w.h.p. all but o(NV)
nodes in the graph G belong to small-sized trees. Hence, with o > K2, w.h.p. at most o(IN) nodes

can end up in a deadlock.

4.2 Message Passing

To investigate what happens when o < K2, the description of the initial market at time 0 alone
is not enough. Namely, we need to also understand the residual market after several rounds of
the partner search process. For this purpose, we construct a message passing (MP) algorithm
which tracks the PS process, and derive the corresponding density evolution equations to gain a
macroscopic view of the residual market.

As its name suggests, the MP algorithm passes messages, iteratively over time, between women

and men that are connected in the prior consideration graph £. Messages are directed: for any
(t)

iy the message passed from woman ¢ to man j and mY  the

(i,7) € € and time t, we denote by m i
message from man j to woman i. As will become clear, the key property of the MP algorithm@ is
that the message 7 passes to j at time t does not depend on the messages that ¢ has received from
j, but is only a function of the messages ¢ received most recently from all other neighboring nodes

in MV(i) \ {5}

10We suppress notational dependence of B, (i) on N.
" This key property leads to the messages received by a node from its different neighbors being independent of
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Message Passing (MP)

Input: (Z,J,&, (>=i,Vi € Z),(>;,Yj € J)) with latent inspection results €;; ~ Bernoulli(p),V(i,j) € £.
Initialize the messages: mgaj =U,m'Y =W for all (i,5) € &.

’ J—1
t+1
do
Update man-to-woman messages: For all (i,5) € £, let
A if for all ¢/ =; i,mEf;lj,) =N;
mﬁt_)m = { R if for some ' >; i, mif;lj) =Y, and mg,t,j; = N for all " = i'; 2)

W otherwise.

Inspection ready: For all (z,7) € &, let

ij j' =1 (3)

O _ 1 if for all j' >=; j, either m;f)_” =Aand ¢ =0; or m®  —R.
0 otherwise.

Update woman-to-man messages: For all (¢,j) € &, let

Yif I =1and e; = 1;

() Nif I’V =1 and ¢;; = 0, or if for some j' >; 7,
e ol @ (4)
mj'—)i = A and Iij’ =1 and €5/ = 17

U otherwise.

t—t+1
while some message changed

Figure 6: The Message Passing algorithm.

Our MP algorithm is specified in Figure [f] It employs a ternary alphabet for both woman-to-
man messages, Y, N and U (interpreted as Yes, No and Unsure, resp.), and man-to-woman messages,
A, R and W (interpreted as Accept, Reject and Waitlist, resp.). The message a node sends to each
neighboring node is updated over time, based on the messages it receives from all other neighboring
nodes. All messages are initialized to U (or W). Then some messages change to Y or N from U (or
A or R from W) at some point in time, indicating a change in the sender’s availability or in their top

preference for the receiver. In particular, consider a man-to-woman message Mt € {A, R, W}.

7
5 ® (®)

i =A means man j ruled out all women they prefer to i. mj Z,; =R means j has matched with

woman he prefers to ¢ and is not available to i. mgiz

=W means j is still considering ¢ but does
not yet see ¢ as his favorite. Then based on the messages woman 7 receives during the ¢-th iteration
of MP, she decides which of her connected men are inspection ready. Inspection ready (Ii(;) =1)

means woman ¢ has ruled out men she prefers to j. Women send messages to neighboring men

®

isj € {Y, N, U} with the following interpretations. Y means woman 4 will match (will inspect

and find compatible) with j if j also sees her as most fit. N means one of the following two cases is

each other, and hence plays a pivotal role in defining and legitimizing the density evolution analysis in Section
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true. In case one, 7 is matched with man she prefers over j and is not available to j. In case two, @
sees j as the most preferred and will inspect j and find incompatibility, if j also sees her as most
preferred. U means i is still considering j but does not yet see j as most preferred. Note that once
a message is changed to Y, N, A, or R, it stays the same thereafter.

A reader might notice that the progress of “time” in MP is different from that in PS. In fact,
MP advances faster than PS. Also, although it might appear that some messages inherit future
information such as “will inspect and will fail”, we show next that the MP algorithm tracks exactly
the progress of an accelerated partner search (APS) which does not see into the future. To manage
the length of the paper, we provide the precise description of APS in Appendix [B| (Algorithm .
The main difference between APS and PS is that under APS, if an agent experiences an unsuccessful
inspection, they immediately (in the same round) proceed to look into their next most preferred
neighbor, and try to inspect them. Specifically, under APS in each round, first all the men look

into potential partners sequentially as described, and then all the women do the same.

Lemma 2 (MP tracks APS). The MP algorithm tracks the accelerated partner search (APS, Algo-
rz’thm m Appendim@ process in the following sense. Conduct MP and APS on the same initial
market (Z,J,E, (>=i,i € L),(>j,7 € J)) with latent inspection outcomes (€;j;, (i,5) € £). Consider
any woman-man pair (i,7) € € after t' rounds of APS for any t'. Then i inspected j iff mgi)l =A

and Ii(;/) =1. Also i is waiting iff there exists some j € N (i) such that fngizz =W and Ii(;/) =1.

In fact, from Lemma 2] other than inspections and waiting, the actual correspondence between

APS and MP extends to matches formed and agents who exhaust their preference lists. For example,

(7,7) are matched iff they inspected and the latent outcome €;; = 1. This is equivalent to '

i
A, mgg ;=Y. On the other hand, ¢ exhausted her consideration set iff she is neither matched nor
waiting.

The order of the message updates in the MP algorithm in Figure [6]is without loss of generality.
The next lemma establishes that the outcome of MP does not depend on the sequence in which

inspections are conducted. This implies that PS and APS must converge to the same final result.

Lemma 3. Fiz any (o, K,p) € Ry x Ry x [0,1]. Given any realization of random market
Gn(a,K,p), the MP algorithm in Figure @ will converge to a unique fixed point that does not

depend on the sequence of message updates.

Lemma[3is shown by defining a partial ordering over message vectors and utilizing Tarski’s fixed
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point theorem. Observe that there is a natural ordering of the man-to-woman messages {A, R, W},
since the MP algorithm will only update the W message to either A or R, and will not update
the A and R messages. Likewise, the woman-to-man messages will only possibly be updated from
U to either Y or N, and will not update the N and Y messages. We can extend the ordering of
individual messages to a partial ordering over message vectors. By applying that the MP update
rule is a monotone function with respect to this partial ordering, we can use the standard technique
of Tarski’s fixed point theorem as in Hatfield & Milgrom [27], Quint [45], among others.

Next we establish a technical lemma that brings together PS and APS and formalizes that (even
though PS is not as fast as APS) PS progresses quickly. Recall that N;(i) is woman i’s consideration
set at time ¢ in the PS process. We add superscript PS and write N5 (i) to differentiate with her
consideration set N/ATS(i) under the APS process after ¢ periods. Define NAPS(i) = @ (resp.

NFS(i) = 0) if i is matched or removed by ¢ under APS (resp. PS).

Lemma 4. For any sequence of times t =ty = w(1), there is a sequence of times t' =ty = w(1)

such that, if we conduct both PS and APS on the same initial market with the same latent inspection

outcomes, then, w.h.p., |{i € T : NF5(i) C /\/ﬁps(z)ﬂ > N —o(N). Also, the converged outcomes

of PS and APS are identical.

Lemma [4] states that the PS process is fast. Note that APS is an accelerated version of PS since
under APS an agent can conduct multiple inspections. Therefore, we must run fewer rounds of
APS than PS in order for APS to be running “behind” PS in most of the market (such that only
o(N) women in APS proceed faster than in PS). Lemma 4] shows that this can be achieved while
still running “many” rounds of APS. In particular, for any ¢ = w(1) rounds in PS and its residual
market, it must also take w(1) rounds in APS to achieve a close residual market where only o(NV)
women proceed faster than in PS. On the other hand, again, since APS is faster than PS, hence
for any ¢t = o(log N) in PS, we must also have ¢ = o(log N) in order to bring the residual market

under ¢ rounds of APS close to that under PS.

4.3 Density Evolution

Next we establish that we can calculate the marginal distribution of messages after any number of
rounds of MP on a marked GW tree T («, K, p) (Definition [f]), and that the distribution is given

by Definition To understand the evolution of MP on the marked GW tree, we note that the
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messages i receives come from independent and identically distributed subtrees. This is because,
in the MP algorithm, the message ¢ receives from j only depends on the messages that j previously
received from his other neighbors M\{i}, and the messages are iteratively updated. Similarly,
the messages j € N (i) receives also come from independent and identically distributed subtrees.
Therefore, we can iteratively compute the marginal distribution of messages that the root node
in the marked GW tree receives after 1,2, ... rounds of message updates. This technique is called

density evolution. The next lemma formalizes this result.

Lemma 5 (Definition 4| captures density evolution). Conduct MP on a random marked GW
tree T (o, K,p). Then the messages the root woman node receives from neighboring men at any
t > 1 are ex-ante i.i.d. with the following distribution: A w.p. ay, R w.p. vy, and W w.p. w,

where (ag, 1, wy) are as in Definition .

Similary to the meaning of (as,r,w;), the tuple (y;, vy, u;) gives the marginal distribution of
message (Y, N, U) that a man node in the marked GW tree receives after ¢ rounds of message
updates. The value of ¢q; is the marginal probability of an edge in the marked GW tree being
inspection ready after ¢t rounds of message updates. An immediate corollary of Lemma [5] together
with the observation that messages are monotone in time (see Lemma in Appendix [B|in the

e-companion) is:

Corollary 1. Consider w; and a; as defined in Definition . Fiz any (o, K,p). Then wy is
decreasing in t, a; is increasing in t, and hence both limy o wy and lim; oo a; exist. Consequently,

the limit lim Kwq, exists.
t—o0

This completes our description of the three key components of the proof of Theorem All

proofs can be found in Appendices [Bland [D]in the e-companion, including the proof of Theorem

5 Proof Idea of Theorem 2

So far, to analyze an agent’s state after some rounds of partner search, we relied on one technical
lemma (Lemma |1]) to establish the local weak convergence between the agent’s local neighborhood
and some independent branching process. However, the established local weak convergence result
can at most reach an agent’s o(log N)-depth neighborhood, and does not suffice for us to identify

her final deadlock structure. That is to say, an agent’s o(log NV)-depth neighborhood is not deep
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enough for the chain of waiting to form a cycle, hence causing her to wait forever. In fact, a
typical deadlock (which lasts forever) requires tracking a chain of waiting of length in the order of
Vv/N. The intuition is roughly similar to the birthday paradox, where a group of @(\/]V ) people are
needed to have at least one pair of people with the same birthday. In this case, we need the chain
of waiting to close on itself forming a cycle, i.e., we need a member of the chain to be waiting for
an earlier member of the chain, as illustrated in Figure To tackle this challenge, we must use an
entirely different approach. In particular, we will try to directly identify an agent’s final deadlock
structure at the end of the partner search process, and we will do so via a depth-first-search-like
neighborhood revelation procedure. Moreover, by revealing only some partial information of her
neighborhood structure instead of the full information, we can introduce less correlation to the
revealed structure. This enables us to analytically track an agent’s relevant neighborhood up to
depth @(\/N ) by coupling it with a branching process which we call the branching process of

preferred partners.

Figure 8: A focal node’s final deadlock structure
Figure 7: A chain of waiting that closes revealed by ALG-G at t — co. A node’s offsprings
on a cycle. Directed edges point to whom from left to right are ranked from high to low in its
each node is waiting for. Circles and preference list. The number besides the node marks
squares represent women and men. the time of its revelation, where ¢ > 5,7 > 0.

We now present the key steps towards the proof of Theorem
A neighborhood revelation procedure. We first describe a neighborhood revelation procedure
ALG-G, which selectively reveals information about the local neighborhood of a focal agent to
identify the agent’s final deadlock structure, if any. The idea is that ALG-G iteratively reveals the
chain of agents that are being waited for when the partner search process terminates.

We introduce some additional notation to facilitate our definition of ALG-G. For a node i, let

0; € {w,m} be its type where #; = w indicates that node i is a woman node and 6; = m indicates
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that node ¢ is a man node; let d; € {0,1,2,...} be its actual degree; and for all j € N (i) let
ri(7) € {1,2,...,d;} be the rank of node j in the preference list of i, with rank 1 denoting the most

preferred neighbor. Let r;(0) = d; + 1. Let A;(i) be the level | ancestor of i, with A; (i) being i’s

aN
j:l?

parent. We denote the degree sequence of the nodes in the graph by (d;)Y.; and (d;) where the
former (latter) are the degrees of all women (men) nodes.

Prior to the start of ALG-G, only a single piece of information about G is revealed: the degree
sequence. Figure [9] describes the ALG-G process stepwise. Observe that ALG-G visits a subset
of nodes in the focal node’s neighborhood like a depth-first search. Its route follows the chain of
waiting (see Figure [§]) from the focal node at each step of partner search, while the current chain

of waiting is always given by the set D;. Whenever the chain of waiting forms a cycle, ALG-G

terminates by revealing the same node in D; twice.

Definition 6 (Deadlock event). Let A; be the event that ALG-G terminates at time t and

deadlock = TRUE.

We are interested in the probability of event Ut20 Ay, which is the probability of the focal node

waiting forever. In what follows, we will lower bound this probability using Ute[o,f} A; for some
= 0(VN).
Coupling with a tree process. To understand what happens in ALG-G which runs on a bipartite
graph Gy (a, K, p), we couple it with its counterpart ALG-T that runs on a tree closely related to
Gn(a, K,p). We define ALG-T and the associated tree (generated by a branching process) below.
We slightly modify Definition [5| for a marked Galton-Watson tree to generate an associated tree.
In particular, instead of using Poisson distributions to generate offsprings for each node, we use the
empirical distribution 7,, and 7,, from the degree sequence (d;)¥.; and (d;)]o‘ivl of Gn(a, K, p),

SN, I{di =1}

N grg =1
nw(l) _ N and nm(l) _ E]—l { J }

N ()

We first generalize Definition [5| as follows.

Definition 7 (Marked GW tree with degree distributions (7,())°, and (9,,(1));2,). A
marked GW tree T = T (N, Nm,p) is a random tree with woman and man nodes constructed as

follows.
e The root is a woman node. The number of its man offspring nodes is drawn from the degree
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D U W N

ALG-G on Gn(a, K,p) with degree sequence (d;);_, and (d})$%]

: Inputs: Realized degree sequence (d;)I; and (d;);’ivl of Gn(a, K, p).
: A woman node ¢ drawn uniformly at random (with known degree d;)

: Outputs:

: Result € {DEADLOCK, CLEAR, INTERFERENCE}

: Revealed marked neighborhood (D:, Uy, E:) of 4 including degree and rank of parent for revealed nodes, and
inspection outcome for inspected edges

7

8
9
10
11
12

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:
27:
28:

29:
30:
31:
32:
33:
34:
35:

36:
37:
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:
48:
49:
50:

: Initializations:

: For convenience, set the rank of i’s parent in its preference list r;(0) + d; + 1
: Active node v(1) « 4; active set Dy « {i}; inactive set Uy + 0

: Set of revealed directed edges & + 0

s AL() 0, (D) +—di + 1

while True do
Initialization: Dy < Di_1; Uy < Up—1; Er + Er—1
while Dy # 0 and |{j : (v(t),7) € &} = roy(A1(v(t))) — 1 do
> Repeat while the active node v(t) # ¢ has no offspring that it prefers to its parent
if v(t) =i then > Focal node i has reached the end of their list |{j : (v(¢),j) € &} = ds
Result + CLEAR
break outer while
end if
The pair (v(t), A1 (v(t))) inspects and the result is revealed
Add edge & < & U{(v(t), A1 (v(t)), Inspection outcome)} > Note that the inspection outcome is included
if inspection (v(t), A1(v(t))) succeeds then
The pair matches and both nodes become inactive: Dy <— Di\{v(t), A1(v(¢))}, U + U U{v(t), A1(v(t))}
The grandparent becomes the active node v(t) < A2(v(t))
else
The child becomes inactive: Dy < Dy \ {v(t)}, Uy + U U{v(t)}, and the parent node becomes the new
active node: v(t) < A1 (v(t))
end if
end while
if D, = () then
Result + CLEAR
break
end if
Consider j that satisfies r,(¢)(5) = [{j" : (v(t),5’) € &} +1 > Reveal the active node’s next most preferred
offspring. Note that such a j must exist since Dy # 0 and |{j : (v(¢),7) € &t} < 7o) (A1 (v(t))) — 1.
if j € D; then
&+ & U {(v(t),5)}
Result +~ DEADLOCK
break
else if j € U; then
&+ & U{(v(D),4)}
Result +~ INTERFERENCE
break
else
Reveal j (including its type 6;, its degree d;, the rank of its parent in its preference list r;(A1(5)))
Dy Dy ULk & « & U{(0(t), 1)} vlt +1) + j
Advance time: ¢t <t +1
end if
end while
return Result and (Dy,Us, &)

Figure 9: The ALG-G process.
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distribution ny: it has | man offspring nodes with probability n,(l), for 1 =0,1,2,....

e FEach non-root woman node, independently, draws offsprings from the women’s edge-perspective

degree distribution: it has | man offsprings with probability Eogli;)ff]);lﬂjﬂ), forl=0,1,2,.
0 w

o FEach man node, independently, draws offsprings from the men’s edge-perspective degree dis-

tribution: it has | woman offsprings with probability Z"SJH(;TS?(;ZF?H)’ forl=0,1,2,.

e FEach woman (man) node ranks its neighboring man (woman) nodes according to an indepen-

dent uniformly random permutation.

Each edge has a latent inspection outcome, which is Bernoulli(p), independently drawn.

Then the associated tree of G n(«, K, p) with empirical degree distributions 7,, and 7, given by
is the marked GW tree with degree distributions 7,, and 7.

We define ALG-T to be the same process as ALG-G, but on the associated tree of Gy (a, K, p).
We add to the notation D; a superscript G or T' to indicate whether it comes from ALG-G or
ALG-T. Note that nodes no longer have the possibility of appearing twice in the associated tree, so
the conditions in line 36 and 40 of ALG-G are never true, and so ALG-T never suffers DEADLOCK
or INTERFERENCE. It either terminates with the result CLEAR (i.e., the root node gets matched
or reaches the end of their list) or the active set remains non-empty and the tree continues forever,
revealing an infinite chain of waiting.

ALG-G and ALG-T each produce a stochastic process of information revealed with ¢: Let PtG
track all the information revealed up to the end of time ¢ of ALG-G, with P§' including the degree
sequences (d;)N; and (d;)]aivl We let PC, = P if ALG-G terminates before ¢. Similarly, let Pf
track all the information revealed up to the end of time ¢ of ALG-T, again with P{ including the
degree distribution information 7,,, n,,. We find it useful to couple the two stochastic processes
maximally as follows: Note that P includes the identity information of each revealed node up to
time ¢, according to which the deadlock (or interference) event can be identified when the same
node in the active (inactive) set is revealed twice. In contrast, the revealed nodes in P/ do not
have identities (every node revealed is distinct from previous nodes revealed). To define the proper
coupling between ALG-G and ALG-T, we hence define a condensed version of P&, called 75,5G , which
erases the identity of each revealed node from PZ. Note that conditional on the history {P%}o<s<;

and {PI'}<s<, the realizations of Pﬁrl and Pﬂl each follow some probability distribution. We
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create a coupling between the two processes, in a sequential manner starting from ¢ = 0, such
that the next-step realization of 75&1 and PtTH are maximally coupled for each ¢ and each possible
history such that P& = P Define the natural filtration F = {F;};>0 with respect to the coupled
process {PF, P }io.

In order for the coupling between ALG-G and ALG-T to persist up to ©(v/N) time with
nontrivial probability, we also need some regularity conditions on the degree sequence (dz’)i]L and
(d;);"ivl, which control properties of the empirical degree distributions such as the average degree,
the probability generating function of the degree distributions, the extinction probability of the
associated tree, etc. Details can be found in Definition [§]in Appendix [E] We show that the degree
sequence of Gn(a, K,p) is regular with high probability as N — oo (Lemma [13). Therefore we
can focus on only degree sequence realizations that are regular. Let R be the event that the degree
sequence of Gy (a, K, p) is regular.

We next establish a coupling result in each step ¢, conditional on successful coupling in all

previous steps, event R, and a regularity condition on P/ that is satisfied with high probability

conditional on R. In the rest of the proof, we assume inspection success probability p = 0.

Lemma 6 (One-step coupling). Let 27 (t) be the sum of the actual degree of all revealed nodes

in P}. Define event

He= {7 < (t+1D)W}

where W € (0,00) is a constant. There exists a constant ¢, = e.(K,a, W) € (0,00) such that,
for any constant C, there exists Ny = No(C,K,a) € (0,00) such that for any N > Ny and

0<t<CvVN,

o~

PP £PIIR) =0, P (75511 ” Pﬁll}} such that PC = PtT,Ht,R> <<

Lower-bounding the probability of waiting forever. Recall that we are interested in es-
tablishing a lower bound on the size of the final deadlock. This requires us to lower-bound the
probability of a focal node waiting forever. A key step to show this is to establish, at each time
t = o(N), a lower bound of %, for some d; > 0, on the probability that ALG-G will identify the
final deadlock structure involving the focal node at time ¢ 4+ 1, conditional on that the following

has occurred up to time ¢: (i) the coupling between ALG-G and ALG-T has held up, (ii) ALG-T
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has not terminated yet, and (iii) P/ satisfies a certain regularity condition. This result is stated in

the next lemma.

Lemma 7 (One-step deadlock). Consider P! and the node s in it who will reveal the next
offspring. Let dﬁ’ume(t) be the total number of unrevealed edges of s’s ancestor (excluding the
parent) nodes with the opposite type to s (recall that node types are binary: there are man nodes

and woman nodes) in the active set in PL. Define two events

Co = {DI #0}, Jp == {d}"™(t) > dot},

where 5o > 0 is a constant, and D} is Dy under ALG-T at the end of time t. Then, there exists a

constant 61 = 01(0g, K, ) > 0, such that for any t > 0,

) 51t
P(Ars1|Fy such that P =P, 7,C.. R) > .

The crucial event in the events conditioned on is C;. In order for the chain of waiting to be long
enough to form a cycle, we need C; to happen with a nonvanishing probability for ¢ = w(1). This
crucially depends on a GW subtree of the associated GW tree in Definition |7] being supercritical
or not. In this GW subtree, only each node’s preferred offsprings (compared to its parent) are
included, hence we referred to the subtree as the branching process of preferred partners in our
informal summary in Section As N — o0, the branching factor of this GW subtree converges
to f—j. Therefore, the GW subtree is supercritical with high probability if and only if f—; > 1, in
which case there is a positive probability that C; happens for all ¢ > 0, i.e., the chain of waiting
goes on forever, providing opportunities for a deadlock to form via cycle formation in ALG-G, as
long as the coupling between ALG-G and ALG-T lasts. Event J; ensures that nodes in the active
set have enough unrevealed edges to provide opportunities for cycle formation. We later show (see
Lemma that the chance of J; is small, provided that the degree sequence is regular and that
ALG-T does not terminate for a long time.

The next lemma establishes the key condition on model primitives for deadlock formation.
Lemma 8. If f—j > 1, then limy_oo P(R) =1 and P(C|R) > q, YVt > 1 for some q = q(a, K) > 0.

We argued above that in order to create enough opportunities in ALG-G for deadlock formation,

it is sufficient for the chain of waiting in the coupled ALG-T process to go on forever. Lemma
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shows that the latter happens with positive probability when the effective branching factor of the
GW subtree is above one. We include this requirement of the effective branching factor larger than
one in the regularity conditions. Recall that we are using the empirical degree distributions for the
GW tree. When ff—; > 1, with high probability, the branching factor of the GW subtree is larger
than one.

Lemmas together lead to the next key lemma, which establishes the probability lower bound

of the focal node waiting forever.

Lemma 9. If ff—; > 1, then there exist constants C = C(K,a) < 00,0 = o(K,a) > 0,N =

N(K,a) < oo, such that, for all N > N,

PlJA | =PE0<t<CVN:PF =P, Ai=1)>0.
>0

By Lemma [8 the assumption that ff—; > 1 ensures that the regularity conditions R is satisfied
with high probability. Therefore we can apply Lemmas@ and to infer that, for each t < Cv/N, the
probability of ALG-G terminating with a deadlock is ©(1) times the probability of it terminating
due to a breakdown in coupling if the tree process does not terminate. Moreover, if the tree process
does not terminate Co, and the active stack has sufficiently large unrevealed degree J;, the total
probability of terminating due to deadlock before time Cv/N is ZtC: \{N Q(t/N) = Q(1) by Lemma
Other than using Lemmas 6] [7]and [§] the full proof of Lemmal[9]involves additional details involving
concentration results to regulate the structure of /. We present the full proof in Appendix

With Lemmal[9]in place, the proof of Theorem [2is fairly straightforward. We provide the formal

proof in Appendix

6 Numerics

In this section, we present various numerics to supplement the theoretical results in Section

DE and information deadlock. As Theorem [I]establishes, the fraction of women in information
deadlock in random markets is described by A(«a, K, p) = lim;—,oo Kwyq; in Definition [4f Given any
market primitives («, K, p), we can compute this limit lim;_, Kw.q; easily using Matlab. The two
figures in Figure[10] show the time evolution of three message densities, the accept message density

at, the reject message density r; and the wait message density w;, one figure each for a point in
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the deadlock-free regime and a point in the deadlock regime, respectively. The two cases differ in
the wait message’s density in the time limit. In particular, for (« = 1, K = 2,p = 3) ¢ O in the
deadlock-free regime (the left figure), the wait message has density wo, = 0 in the limit. On the
other hand, for (¢« = 1, K = 3,p = 3) € O in the deadlock regime, the wait message has density
Woo > 0 in the limit. In fact, the value of wy crucially indicates whether the market is in the

deadlock-free regime or the deadlock regime (note that A(a, K, p) = limy_,00 Kwiqy).

Market Primitives: a =1, K =2,p=0.3 Market Primitives: a =1, K =3,p = 0.3
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Figure 10: The evolution of message densities for the accept, reject and wait messages under
different primitives. In the left figure we fix the men-to-women ratio o = 1, the women’s average
degree K = 2, and the inspection’s success probability p = 0.3. In the right figure we fix the men-
to-women ratio o = 1, the women’s average degree K = 3, and the inspection’s success probability
p=0.3.

The value of \(«, K, p) is plotted in Figure One can clearly see its monotonicity from the
plots. In particular, the left figure plots the size of the deadlock A(«, K, p) versus the men-to-women
ratio a € (0, 2] for different values of women’s average degree K while fixing the inspection success
probability p = 0.3. As the men-to-women ratio « increases, there are more men in the market, and
hence the women face less competition. As a result, the size of the deadlock A(«, K, p) decreases.
The figure also shows that the size of the deadlock is increasing in the women’s average degree K
as women’s consideration sets grow larger, the market is more likely to have congestion since fewer
guaranteed inspections are available. The right figure plots A\(«, K, p) versus a € (0, 2] for different
values of p, while fixing K = 3. It shows that the size of the deadlock decreases in the inspection’s
success probability p. This is because compared with a failed inspection, a successful inspection
“peels” the market to a greater extent, and hence reduces market congestion more. Also, both
figures in Figure [L1] show that the size of the deadlock decreases with the men-to-women ratio «.
The results suggest a phase transition with a sharp threshold o*(K,p) between the information
deadlock regime and the deadlock-free regime. Finally, notice that the information deadlock regime
is prevalent under various reasonable market primitives. For example, consider a market where the

number of women equals the number of men. Each woman, on average, connects to three men
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K = 3. In this case, if each inspection has equal chance to succeed or fail, then w.h.p., more
than 30% women will be stuck in an information deadlock if they only wish to perform guaranteed
inspections. These women still have men in their consideration set who they have not ruled out,
but are unwilling to inspect them. The size of the deadlock is larger still if women on average are

connected to more men, or if the inspection is more likely to fail, or if there are less men in the

market.
1 Deadlock Size Under Different Primitives (p=0.3) 1 Deadlock Size Under Different Primitives (K=3)
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Figure 11: Deadlock size A* under different primitives. In the left figure we fix the inspection’s
success probability p = 0.3. In the right figure we fix the women’s average degree K = 3.

We state these monotonicity observations in the next conjecturﬂ

Conjecture 2. The value (o, K, p) in Deﬁm’tion is a decreasing function of o and p, and an
increasing function of K. For any given K > 0 and p € (0,1], lim,_,o+ A(a, K,p) > 0 whereas
AMag, K,p) =0 for some ay < 0o. Also, for any given o > 0 and p € (0,1], limg o0 AN, K, p) > 0

whereas A, Ko,p) = 0 for some Ky > 0.

As « grows, there are more men per woman, and the same consideration set size K for women, so
less women end up stuck. As p grows, guaranteed inspections succeed more often and hence clear
the market more effectively, resulting in less women being stuck. As K grows, women consider more
men, but the the total number of men are unchanged, hence the market gets more congestedﬁ
The phase transition between the deadlock regime and the deadlock-free regime in the 3-
dimensional space of market primitives can be better observed in Figure [3] Specifically, in Figure
[B the three axes correspond to the three market primitives o, K and p. There is a separating
surface such that the region above it corresponds to the deadlock regime, and the region below

it corresponds to the deadlock-free regime. One can see from the plot that if a market suffers

120ne might expect that the conjecture can be proved using some comparison theorems. However, some key
quantities turn out to be non-monotonic in the market primitive. For example, v4_; first increases then decreases
in K. This in turn makes the inductive argument of a:’s monotonicity difficult, even though we numerically observe
that a: is decreasing in K.

130n the other hand, if both K and a decreases such that K/« is unchanged, the effect on deadlock is similar to
when K is fixed and « increases, i.e., information deadlock decreases.
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from information deadlock, then the market designer can try to mitigate the situation by adjusting
the market primitives. For example, for a market with given inspection success probability p, the
market designer can promote market clearing by restricting the size of womens’ consideration sets

K (hence also restricting the size of mens’ consideration sets), or by increasing the men to women

ratio o (while holding K fixed)[']

Deadlock Size Under Different Primitives (K=3)
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Figure 12: Deadlock size and the conditional
probability of being in deadlock for women wait-
ing after three rounds of APS, respectively, as a
function of the men-to-women ratio a. We fix
the inspection success probability p = 0.3 and
the women’s average degree K = 3.
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Figure 13: Number of women who get stuck
after PS terminates in randomly generated mar-
kets versus A(«a, K, p)N, under varying women'’s
average degree K. We fix the total number of
women and men to be N = M = 10,000 and an
inspection’s success probability to be p = 0.3.

We also compare the number of women waiting after a short number of periods only, to the
number of women who remain waiting as time — oco. This gives the conditional probability of
waiting indefinitely for a woman who is waiting after, for example, three rounds of an accelerated
version of partner search (termed APS, see Algorithm [1| in Appendix that allows multiple
consecutive guaranteed inspections to be conducted in the same period until one succeeds. We
plot this conditional probability in the blue curve in Figure (The fraction of women waiting in
period t of APS is Kw.q;, where w; and ¢; are as defined in Definition ) This figure shows that,
in a market with the same number of men and women, where an agent’s average degree is three
and the inspection success probability is 30%, if a woman is waiting after three rounds of APS,
then there is an 82% chance she will get stuck in deadlock. Based on such conditional probability
estimates, a platform can encourage agents to inspect inferior options if they are still waiting after
a certain number of periods.

Lastly, we are interested in comparing the asymptotic quantities computed using message den-
sities with quantities observed in simulations of finite random markets. As an illustrative example,

we present results comparing NA(a, K, p) with the number of women who get stuck after running

MNote that if we hold fixed the mens’ average degree instead, the size of the deadlock will increase with a.

35



the Partner Search process until convergence in randomly generated markets in Figure We can
see that in random markets with 10,000 women and men, the simulated number of women who
remain waiting after the PS process terminates in randomly generated markets concentrates tightly
around the predicted size of information deadlock. This strongly suggests that the characterized
deadlock size at w(1) and o(log V) time of PS in Theorem (1| does not resolve over time but persists

till ¢ — oo.

Market Primitives: a = 1,p = 0.3
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Figure 14: Deadlock versus the branching factor, as functions of the women’s average degree K.
We fix the inspection success probability p = 0.3 and the men-to-women ratio @ = 1. The blue
curve plots the deadlock size. The red curve plots the branching factor (in Conjecture (1)) minus 1.

Branching factor and information deadlock. We also compare the branching factor in Con-
jecture [1] with the deadlock size characterization in Theorem [1} As conjectured in Conjecture
the market exhibits large-scale deadlock if and only if the branching factor of some associated
branching process exceeds 1. In Figure [I4] we plot both the fraction of women in deadlock and the
branching factor (as in Conjecture [1)) minus 1 for different market primitives. One can see that the
phase transition between the deadlock-free regime and the deadlock regime happens at the point
where the branching factor exceeds one, which numerically validates Conjecture [T}

Additional asymptotics from DE. Our framework allows us to similarly obtain asymptotic
estimates of any market-level (“macroscopic”) quantity of interest, after any number of time steps,
as a function of market primitives, using the message densities in Definition [4] and our characteri-
zation leading to Theorem [I] For example, we can similarly calculate the fraction of women who
successfully get matched to be lim;_, o, Kpa:q:, where a; and ¢; are as defined in Definition |4} Note
that a woman does not get matched for one of two reasons (i) she is stuck in information deadlock,
or (ii) her consideration set has been depleted after unsuccessful inspections (we call such an agent
“single”). We present these results in Figure Observe that the phase boundary between the

deadlock regime and the deadlock-free regime maximizes the match rateﬁ This critical value of the

15Unfortunately we are unable to prove this due to the complicated form of the match rate. For example, we
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women’s average degree K balances between providing more match opportunities (increasing K)

to women, and preventing deadlock which increases as the market gets more connected (decreasing

K).

Market Primitives: « =1,p = 0.3
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Figure 15: Fraction of women in informa-
tion deadlock, fraction of women who exhaust
their consideration set (singleton), and fraction
of matched women as functions of women’s av-
erage degree K, respectively. We fix the men-
to-women ratio to be a = 1 and an inspection’s
success probability to be p = 0.3.
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Figure 16: Deadlock versus congestion, as func-
tions of the women’s average degree K. We fix
the inspection success probability p = 0.3 and
the men-to-women ratio & = 1. The blue curve
plots the deadlock size. The red curve plots
the congestion level (as measured by the aver-
age number of inspections of a woman).

Consider another quantity of interest: the congestion level. We measure the congestion level
of the market by the expected number of inspections (including both failures and successes) expe-
rienced by a woman until some o(log N) and w(1) time of the Partner Search process (as argued
before, we have reason to strongly believe that this is also the measure at any t = w(log N), in
particular, the end of the Partner Search). With some algebra work using the message densities,

one gets

oo (1 = p)(acep + W)
(Aoo (1 = p) +700)?

Qoo P

E[# inspections] = n
AooP T Woeo

B (aoo(l — P) (oo + Woo)

—(aoo(l—p)—',-'r‘x))K
(am(l—p) +7)? +aoop) e .

We plot in Figure [16| how this congestion varies under different market primitives, and compare it
with the size of deadlock in the market. From the figure, one can see that as the women’s average
degree K increases, the congestion level increases until deadlock emerges, after which congestion
first decreases and then increases. The behavior of the congestion level after deadlock emerges is
interesting. In particular, a small to moderate deadlock reduces the amount of inspections in the
market, since people wait for each other instead of performing inspections. However, as deadlock
becomes more severe, people also inspect more. This is bad for the market since participants inspect

a lot but still eventually get stuck in the market.

numerically observe that a: decreases in K, and K¢ first increases (until K hits the deadlock phase transition
threshold) then decreases in K. However, it is difficult to show, when K is small in the deadlock-free regime, that
the force from Kg; increasing in K dominates the opposite force from a; decreasing in K.
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Extensions of our model. In Appendix [H] we discuss two extensions of the base model in
Section [2] First, we consider vertical differentiation between agents, i.e., instead of assuming all
agents are ex ante homogeneous, we assume a certain fraction of them are more preferred than
the rest. In the second extension, we model agents on one side of the market as being willing to
conduct parallel inspections with their current top two potential partners, thus expanding the set
of inspections which can be conducted. We show that our analysis framework can still be applied to
these extensions with proper modifications, and that we can still characterize the size of information
deadlock in these markets. Moreover, we show that introducing vertical differentiation and allowing

parallel inspections help reduce deadlock.

7 Discussion

In this paper, we investigated in which markets there is an information deadlock, where a large
number of agents wait for each other to acquire information first. We looked into random markets
with three key primitives: the men-to-women ratio «, the womens’ average size of consideration
set K, and an inspection’s success probability p. We also imposed a behavioral assumption on
agents’ inspection decisions that only guaranteed inspections are performed. An inspection becomes
guaranteed when the pair both considers each other as their best available option. We study
the limit as the number of women N goes to infinity, and give specific characterization of the
fraction of women stuck in information deadlock. This characterization is made possible via a
technique called message passing. We show that information deadlock is prevalent in a wide range
of markets. Furthermore, numerical evidence demonstrates a phase transition in each of the three
market primitives that separates the information deadlock regime and the deadlock-free regime.
A number of market design insights emerge from our characterization, for example, the market
connectivity K which maximizes the number of matches formed is that which causes the market
to be at the phase boundary between the deadlock-free regime and the deadlock regime. Vertical
differentiation between agents reduces deadlock, as does a willingess by agents to perform parallel

inspections.
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E-companion for “In Which Matching Markets do Costly
Compatibility Inspections Lead to a Deadlock?”

This online appendix is an e-companion for paper “In Which Matching Markets do Costly
Compatibility Inspections Lead to a Deadlock?” and provides additional proofs and materials in
supplement to it. This online appendix is subdivided into several sections. Appendix [A] discusses
our search model and our model assumptions and situates them in the context of the related
literature. Appendices [B]|—[D] contain proofs of the base model, including Lemma [2] - [f] in Section
existence of the deadlock regime (Proposition , and Theorem In particular, Appendix
contains proofs of lemmas regarding the MP algorithm and the PS process in Section 4] as well as a
description of the APS algorithm. Appendix |C|shows existence of the deadlock regime (Proposition
. Appendix @] proves Lemma [1| and Theorem Appendix [E| contains proofs for Theorem
and related supporting lemmas. Appendix [F] gives the heuristic argument for Conjecture We
give a heuristic derivation of the giant component regime using MP in Appendix [G] Appendix
discusses two model extensions, including vertically differentiated agents and parallel inspections.
Appendices [I| and [J| provide supplementary materials regarding the model extensions.

A Discussion of our search model and model assumptions

In this appendix section, we describe in detail the connection between our partner search process
where agents perform satisficing search and the model of Immorlica et al [30] which introduces the
notions of information deadlock and regret-free stable matching. In particular, we extend our model
to include cardinal utilities and inspection costs as in the model of [30] and show that the resulting
model reduces to our satisficing search model of agent behavior. We also detail the connection
between our notion of guaranteed inspections and the regret-free stable matching notion of [30].
Subsequently, we discuss our modeling assumptions such as i.i.d. preferences and i.i.d. inspection
outcomes and situate them in the context of the theoretical literature on matching markets.

Connection between Partner Search and regret-free stable matching. Immorlica et al.
[30], who introduce the notions of information deadlock and regret-free stability in matching mar-
kets, explicitly model match values and inspection costs and insist agents perform optimal search
among their option set. In such a setting, the optimal search among a subset of options can be
calculated using Weitzman’s index policy [55]. This policy assigns each option in the subset an
index based on the value distribution and inspection cost of that option alone. The agent then
sorts the options in decreasing order of index and inspects options in that order until finding one
whose value is greater than the index of the following option. She then selects the inspected option
with highest value (which may not be the most recently inspected option). Immorlica et al. [30]
define an outcome to be regret-free stable if all agents optimally inspect the subset of options in
their budget set, i.e., the set of matches that are attainable for them fixing the choices of others in
the market.

In our paper, we consider a simplified “Partner Search” model in which agents perform satisficing
search [53], i.e., given a fixed option set, agents wish to inspect options in decreasing preference
order until they observe a success (as is the case in the running example in Immorlica et al,
reproduced in Figure . To explore the optimality of this behavior, we extend our ordinal model
to a cardinal one in which agent ¢’s potential match partners have values, as opposed to just a
preference ordering ;. In particular, we assume agent i gets value 0;; = v;; from matching to
agent j if agent j is compatible, and ©¥;; = 0 otherwise, which happens with probability p{l;gl To

8Such a value distribution is a special case of the one considered in Immorlica et al. [30], but is the natural
analogue of our ordinal model in which the agent knows the preference ordering conditional on compatibility with
certainty.



relate this cardinal utility model to our base model, we assume the values (v;);jenr(;) are strictly
ordered, and furthermore assume that the Weitzmann index explained below o; = v;; — ¢/p are
strictly positive for all j € N'(i) and take this order as the ordinal preferences of agent i over their
consideration set in our base model. Agent 7 knows v;; and p, and, at a cost of ¢ > 0, can learn
whether j is compatible (i.e., whether her true value for j is v;; or 0).

Proposition 2. Within the framework of [30], under the aforementioned model of cardinal utilities
and inspection cost, an agent performs satisficing search in the same order as the one the agent
follows under partner search in our base model.

Proof. In the setting with cardinal utilities, the Weitzman indices tell us the order of inspection.
The index o; of option j is, by definition, the solution to the equation ¢ = EF[max(%;; — 0;,0)]. For
our binary-valued random variable ¥;;, this expression has a closed form, namely o; = v;; — ¢/p,
implying that agent ¢ inspects according to the decreasing order of v;;. Furthermore, note that for
J =i j', we have 0y < v < v;;, and hence, the agent stops inspecting upon the first successful
inspection, i.e., upon finding j such that v;; = v;;. In other words, agents perform satisficing search

as per the ordinal preferences in our base model.
O

Above, we assumed that inspection costs were identical for all j € AN(i). More generally,
consider costs ¢; which may be different for different j € N'(7). We now assume the resulting order
of the Weitzmann indices is strict and take this order as the ordinal preference of agent ¢ in our
base model (we now do not assume that the order of the (vi;);enr(;) is identical to the preference
order in our base model), then, once again we recover Proposition [2[ by noticing that, for j' <; 7,
we have o < 0; < v;;. However, if the two-point distribution of ©;; is such that the low value is
€; > 0, then it is possible that agent 7 stops searching further even when the inspection for j fails.
For example, if the parameters satisfy vi; —c;/p > €; > v — c;-/p > €7 > 0 for some j € N (i) and
all other j € N (i), then, according to the Weitzman indices, option j has the highest order, with
its low reward realization higher than all other options’ indices. In this case, agent ¢ will match
with j regardless of the inspection outcome.

For an outcome in our setting to be regret-free stable as defined in Immorlica et al. [30], agent
1 must therefore inspect options in this order among those in her budget set, i.e., among those
that are attainable given the choices of others. This is precisely our definition of a guaranteed
inspection. From this point of view, our results identify markets where any mechanism, centralized
or not, that guarantees regret-free stability would get stuck (deadlock regime); versus markets in
which a mechanism as simple as asking each agent to inspect their favorite remaining option (i.e.,
perform guaranteed inspections) would clear the market efficiently (deadlock-free regime).

Further discussion of our modelling assumptions. Our model of a random market, including
i.i.d. uniform agent preferences is key to making our problem tractable, by allowing us to reveal
information sequentially (sometimes called “the principle of deferred decisions”) while still ensuring
that the residual market is uniformly random conditioned on what has been revealed so far (e.g., see
Lemma in Appendix. We note a rich tradition of theoretical advances in the field of matching
markets based on models of random markets with i.i.d. uniform preferences, e.g., see influential
papers by Pittel [44], Knuth, Motwani and Pittel [34], Ashlagi, Kanoria and Leshno [7], Roth and
Peranson [47], and others. Such preferences are an extreme of a well-studied market structure (see,
e.g., Immorlica and Mahdian [32]) where deadlocks could be problematic. Indeed, if preferences
were perfectly correlated even on just one side of the market, there would be no deadlocks — the
most-preferred agent would receive their most-preferred match and so on. In practice, preferences
are thought to lie between these extremes. Similarly, our assumption of independent inspection
success with probability p is necessary for tractability, allowing the outcome of an inspection to



be independent of the information revealed so far. In practice, this does not always hold, and
other literature studies implications of correlated success, see, for example, recent work by Ali and
Shorrer [I].

We now discuss indirect empirical backing for our assumption that agents only perform guaran-
teed inspections. While there hasn’t been direct evidence for such behavior by participants, there
is related evidence for loss averse behavior by market participants in matching and other settings:
Hassidim et al [25] find that participants in a truthful matching mechanism often report preferences
which indicate that they prefer to not receive funding, even though the mechanism preserves pri-
vacy and there is no downside to receiving funding. One possible explanation they suggest is that
participants may be trying to avoid the disappointment of asking for funding and not receiving it.
Dreyfuss et al [14] document loss averse choice behavior more generally by participants in truthful
mechanisms. Connecting back to our setting, one may expect that a market participant who is
unwilling to even report a preference for a potential match if there is a risk of being rejected, might
more so be unwilling to spend the effort to inspect such a potential match at risk of being later
rejected by them, motivating our assumption that only guaranteed inspections are performed.

B The MP Algorithm and the PS Process

This section contains proofs of Lemma [2] — [f] regarding the MP algorithm and the PS process in
Section [l

Before providing the proofs, we provide a precise description of the accelerated partner search
process in Algorithm [I] We use the term “best” to capture most preferred. We say a woman i is
waiting after ¢’ rounds of APS if i € ZAFS.

Next, we prove Lemma 2| (MP tracks accelerated PS). In order to prove Lemma [2| we need the
next supporting lemma on MP.

Lemma 10. We have the following monotonicity properties on MP:

_2 =A for allt' > t.

1. Ifm ; =A, then 7l
2. Ifm , =R, then mg ) —R for allt’ > t.
3. IfIt)—l thenl()—lforallt’Zt.

4. Ifm ; =Y, then m) =Y for allt' > t.

i—J

5. Ifm =N, then m) =N for all t' > t.

7,*)]

The proof of Lemma is obvious from the MP algorithm and is omitted here. Now we are
ready to prove Lemma

Proof of Lemma [2. We will inductively show the following claims hold.

1. (i,7) inspected by ¢(1) in accelerated PS iff mylz =A and Ig_l) =1

2. (4,7) inspected by ¢(2) in accelerated PS iff myil =A and Ii(;) =

3. j is waiting for i at ¢(1) iff m\'" =U and m{",, =A.

1—] j‘)’L

4. i is waiting for j at t(2) iff m ) —W and Ii(;) =

j—)Z



Algorithm 1 Accelerated Partner Search (APS)

Initialize the market: Z3FS « 0; JATS «— 0;
for all i € Zp such that AV (i) # () do
Io™® = Io7° U {i}; NGTE(0) = N (i);
end for
for all j € Jy such that N (j) # 0 do
APS <—jAPSU{j} NAPS( )(-N(]),

end for

t' 1

while 775 # () do > round ¢’
jAPS jépls, IHPS IAPS > Initialization. Will eliminate agents who match or reach the end of their list.
Vi e JATS do ./\/APS( ) NAES(5); Vi € TATS do NATS(4) « NAES(0) > Initialize neighborhoods.

Phase 1 (Men):
for all j € 7P d
for all i € NAPS( i) NZ4F5 in the order =, do > Make offers to available women in order
Man j makes an offer to woman ¢
if j is not the favorite of ¢ in her consideration set NAPS( ) then
break inner for > j must wait if § is in 4’s consideration set A5 (41) but not the best one.
else
She inspects with j if he is the best in N7F5(i1).
if the inspection succeeds then
She accepts the offer and the pair is matched. Remove j from .,7;,*1) and ¢ from IAPS.
else > The inspection fails.
i rejects the offer. Remove i from NAF5(5) and j from NS (4).
end if
end if
end for
if V2PS(5) =0 and j E J#FS then
Remove j from JA7F5
end if
end for

Phase 2 (Women):
for all i € Z/}*$ do
if ¢ has matched already, i.e., i ¢ Z; Z5PS then

continue

end if

for all j € /\/APS( )N jAPS in the order >; do > Inspect available men in order
if ¢ and j have already inspected then > Since they didn’t match, the inspection failed.

continue inner for
else if j has not made an offer to i then
break inner for > ¢ must wait
else > Man j made an offer to woman 4 in the ongoing round
¢ and 7 inspect
if the inspection succeeds then
She accepts the offer and the pair is matched. Remove j from JﬁP and ¢ from ZAPS.
else > The inspection fails.
i rejects the offer. Remove i from N2F5(j) and j from NS (4).
end if
end if
end for
if N/PS(i) =0 and i € Z)"® then
Remove i from IAPS
end if
end for
't +1
end while




It’s easy to check that they are true when ¢ = 0. Suppose they hold for ¢ — 1 and consider t.
First we show Claim |1} If (i, ) inspected by ¢(1), then it must be that (1) 7 sees j as the best

by (t — 1)(2) (we’ll show this implies Ii(;_l) = 1) and that (2) j sees i as the best by ¢(1) (we’ll

show this implies mglz = A). First consider condition (1). if ¢ likes j the best by (¢t — 1)(2), then

it must be true that for all j" >; j, either (4, ;') inspected and failed by (¢ — 1)(2), or 5/ matched
with a better agent than i by (¢ — 1)(1). By assumption together with the MP update rule, this

Y —A and €5 =0, or Y =R, which again by the MP update

implies for all j/ =; 7, either - i

3=
rule implies Ii(;_l) = 1. Now consider condition (2). If j likes ¢ the best by #(1), then it must be
that for all ¢ > 4, either (¢,j) inspected and failed by (¢t — 1)(2), or (¢, ) inspected and failed
during ¢(1), or i matched with a better opportunity than j by (¢t — 1)(2). If (¢, ) inspected and
failed by (¢ —1)(2), then by assumption and MP update rule this implies ml(f:}? =N. If ' matched
with a better opportunity than j by (¢ — 1)(2), then by assumption and MP update rule together

with Lemma [10] this implies m(t E) =N. Finally consider the case where (7, j) inspected and failed
during ¢(1), then it must be true that i’ sees j as the best by (¢ — 1)(2), which we have already
shown implies [ 1;(/3._1) = 1. Also since (7, j) inspection failed, it must be true that €;;; = 0, which

by the MP update rule implies m(f i)

i’ > i, which by the MP update rule implies m® . —A.

J—i

Now we consider the other direction of Clalm If mﬁl =Aand [ i(;*l) = 1, then it must be
true that (7, ;) inspected by ¢(1). Suppose this is not true, then it must be one of the following
four cases. Case 1: i matched with a better opportunity than j by ¢(1). Case 2: j matched with
a better agent than ¢ by ¢(1). Case 3: i (still in the market) does not yet see j as the best by
(t—1)(2). Case 4: j (still in the market) does not yet see i as the best by ¢(1). Case 1 cannot be
(t)

i =A and ¢ = 1 for some 3" =i 7, which
by the MP updated rule implies Ii(j) = 0 and hence by Lemma contradicts with Ig_l) = 1.

Similarly, case 2 implies mg , =A and mif:)i) =Y for some ¢’ >; i, which by the MP update rule

=N. Putting it together we have shown m( ) =N for all

true since by the previous argument this implies m

means Y., =R and hence by Lemma |10| contradicts with Mt =A. Case 3 implies ¢ is waiting

j—i J—i
(t=1) _
i =W for some

for some better opportunity than j at (¢ —1)(2), which by assumption implies m
j" =i j, and hence by the MP update rule implies Ii(;_l) = 0, contradicting with Ii(;_l) = 1. Finally,
case 4 implies j is waiting for some better agent i’ than i at ¢(1), which implies that ¢’ (still in the

market) does not yet see j as the best by (t — 1)(2). As we just argued, this implies IZ.(,tj_l) =0.
Then it must be true that (by the MP update rule) mY =U, since if it’s not true then it must

i —j
be that m(fj} and Ii(,t71) =1 and €;;; = 1 for some j' >; j, which by assumption implies (7', ;')

are matched by (¢t — 1)(2) and hence contracting with 4’ still in the market by (¢ — 1)(2). Now that

we know mgt _)1) X for some ¢’ >; i. This contradicts with mﬁz =A (see the MP update rule).

Secondly we show Claim 3| I If j is waiting for 7 at #(1), then it must be that j sees i as the

best by ¢(1) (we already know this implies m( ) ; =A) and that 7 (still in the market) does not yet

=
see j as the best by (¢t — 1)(2) (we also know this implies ml(.t_m-l)

Now consider the other direction of Clalm If m(t Jl) =U and mﬁz =A, then it must be that j is
waiting for 7 at ¢(1). Suppose this is not true, then at least one of the following cases is true. Case
1: j (still in the market) does not yet see i as the best by ¢(1). Case 2: j is matched with a better
agent than ¢ by ¢(1). Case 3: i sees j as the best by (¢ — 1)(2). Case 4: ¢ matched with a better

opportunity than j by (¢t — 1)(2). We already know that both case 1 and case 2 contradict with
~ (1) (t—1)
m;

=U from the earlier argument).

. =A from earlier arguments. We also know that case 3 implies I;; = 1 which contradicts



(t=1)

(t ) (t=1) _
with m," ;=X by the MP update rule. Lastly, case 4 implies that m =A and I, = 1 and
= 1 for some j’ =; j, which by the MP update rule implies mgt ]1) —N and hence contracting
m(t U _u.
i—j

Next we show Claim [2 and Claim [4] First we show one direction of Claim [2} If (¢, ) inspected
by ¢(2), then it must be that ¢ sees j as the best by ¢(2) (we’ll show this implies Ii(j) = 1) and that

Jj sees 1 as the best by (1) (we already know this implies ! =A). If i sees j as the best by #(2),

]—)Z

then it must be true that for all j’ »; j, either (i, ;') inspected and failed by #(1) (by assumption
and the MP update rule, we know this implies Y =A and €7 = 0), or (i,;") inspected and

=i T

failed during ¢(2), or j/ matched with a better agent than ¢ by ¢(1) (by assumption and the MP
update rule, we know this implies mgt) - =R). If (7,7') inspected and failed during #(2), then it

=i T

must be that j sees i as the best by ¢(1) (which we already know implies ) =A) and that

3=
i+ = 0. Putting it together, by the MP update rule, we have shown that I(t) =1.
Next we show one direction of Claim [d] If i is waiting for j at ¢(2), then it must be that ¢ sees

Jj as the best by ¢(2) (we already know this implies Ii(j) = 1) and that j (still in the market) does
not yet see i as the best by #(1). The latter implies that j is waiting for some better opportunity

(1) =U and m()

i) iy =A. In fact, this also implies

i’ than i by ¢(1), which by assumption implies m,
NG

m;—,; =W, since if otherwise (1 (*) =R), then for some i’ >; 1, m& =Y and m() o =ATE

;i i —=j

i" »; i, then Mt =R by the MP update rule, which contradicts with Ml =ALTf > i, then

JH / - *> ;T
by the MP update rule, mg _5) =U contradicts with mE_)n,, =A. Also it obviously cannot be that
1" = 1" since the messages they receive from j are different.

Now consider the other direction of Claim [2| and Clalml First start with Clalml If m ; _n =A

and Iz-(j) = 1, the it must be true that (i, ) inspected by #(2). Suppose this is not true, then it
must be one of the following four cases. Case 1: ¢ matched with a better opportunity than j by
t(2). Case 2: j matched with a better agent than ¢ by #(2). Case 3: 4 (still in the market) does
not yet see j as the best by #(2). Case 4: j (still in the market) does not yet see ¢ as the best

by t(1). By assumption, case 1 implies there is some j' >=; j such that mgt) =A and ¢ = 1,
(t)

which contradicts with I;;” = 1. Case 2 implies (by assumption and the MP update rule) there is

some ¢’ > i such that m(t) » =A and m(f ) =Y, which again by the MP update rule together with

(] 4)]
Lemma |10 implies mgt:l) =R, hence contradicting mglz =A by Lemma Case 3 implies that ¢

is waiting for some better opportunity j’ than j by #(2). We have already shown that this implies
- (1)

3=

=W, which by the MP update rule contradicts with I, -(tv) = 1. Finally, case 4 implies j is
waiting for some better agent i’ than i by ¢(1). We have shown this implies m{~Y =U, which by

=7
o (1)
the MP update rule contradicts with ;" ; =A.

It now only remains to the other direction of Clalm If g’il =W and [, Z(;) = 1, the it must
be that 7 is waiting for j at ¢(2). Suppose this is not true. Then at least one of the following cases
must be true. Case 1: ¢ (still in the market) does not yet see j as the best by #(2). Case 2: 4
matched with a better opportunity than j by ¢(2). Case 3: j sees i as the best by ¢(1). Case 4:

j matched with a better agent than ¢ by ¢(1). We have shown case 1 and case 2 contradicts with
2 ® =A, which contradicts with ) =w.

1% 71 71
Lastly, we have also shown that case 4 implies mgil =R which contradicts with mglm =W.

Therefore we have completed the proof. O

= 1. We have also shown that case 3 implies m;

Next we prove Lemma [3]



Proof of Lemma[3 We define partial ordering >" on the set {A, R, W} of man-to-woman messages
by W >"™ A >" R. Similarly, we define partial ordering >" on the set {Y, N, U} of woman-to-man
messages by U >" N >" Y. Then, we can define the partial ordering >" of message vectors on
{A, R, W}l x {v, N, U}l where (1h,m) > (10, m’) means rij_; >™ m_,; and mi; >Y myp
for all (i,5) € £. Note that {A, R, W}l x {Y, N,U}! is a complete lattice. Now consider an
arbitrary sequence of message updates as defined in the MP algorithm in Figure [6] represented by
a permutation of ({j — i}v( jjee, {7 = J}viij)ee). Let s be the kth element in this permutation.
For any realization of random market Gy («, K, p), this resequenced MP algorithm can be viewed
as iteratively performing F(-) : {A, R, W}l x {v, N, U} — {A, R, W}l x {Y, N, U}l as defined
below (F' depends on the realization of random market Gy (o, K, p)):

First denote by 7 the permuted vector of (12, m) according to the above defined order (si)x—1,... 2/¢|-
For each k = 1,...,2|&|, sy is either i« — j or j — i for some (i,j) € £. For each of the two cases,
we define f, (+) : {4, R, WHEN x {v, N, U} as follows: if s is j — i,

A lf for all 7:/ >__] i7mi/—>j — N,
fi—i(m) = ¢ R if for some i’ >; i,my_; =Y, and m»_,; = N for all ¢’ > ¢,

W otherwise,
or if sg is i — 7,

) {1 if for all j/ =; j, either fmj_; = A and ;7 = 0; or mj_; = R.
Gij =

0 otherwise,

Y if g;;(h) = 1 and €;; = 1;

3 N if g;j(m) = 1 and ¢;; = 0, or if for some j' >; 7,

fimj(m) = . .
myr i = A and gij/(m) =1 and €ijr = 1;

U otherwise.

Then, define a sequence of vectors my, ..., mye| in{4, R, W}‘g‘ x {Y, N, U}“S', where each vector’s
elements are permutated according to (sg) k=1,..,2/¢|- This sequence of vectors represents the updated
messages following the resequenced MP update according to (si)—1,. 2| For each my, the only
element that is changed from my_1 (let mg = m) is the kth element, and the update is according
to fs.(Mmr—1) as defined above.

Finally, F(m) = mgg|-

From the definition, it’s not difficult to see that each fs, (-) is isotone, hence F' is isotone
from a finite lattice into itself. By Tarski’s fixed point theorem, the set of fixed points of F' is a
nonempty lattice, and iterated applications of F' starting from the maximum point (W|5| x U |5|) in
{A, RW}E x {Y, N, U}l converge to the maximum fixed point. Observe that the permutation
of the (7, m) vector, i.e., the order of the message updates in the MP algorithm considered here
is arbitrary. Also, for any different permutation of the (m,m) vector, we can similarly define the
corresponding F' function (just apply the above procedure for the new permutation), and any fixed
point of the new F' function is also a fixed point of the old F' function (with proper reordering of
the indices) and vice versa. Therefore, iterated applications of F' starting from the maximum point
(WEIx UIEl) in {A, R, W}l x {Y, N,U}¢! converge to the same maximum fixed point, irrespective
of the permutation (sg)g—1,. 2/¢|- We have thus proved that the MP algorithm converges to a
unique fixed point that does not depend on the sequence of message updates. ]

Next we prove Lemma [d] To prove this lemma, we first establish the following claim.



Claim 1. Fiz a sequence of times t = txy = w(1). Then for any L < oo, the following holds. For
any agent i, we have

hmIE”/\/'PS ) € NiP5(i) =0

Proof. The probability of there being more than ¢y nodes in the (L + 1)-neighborhood of agent
i is vanishing as N — o0o. (The number of nodes in the (L 4 1)-neighborhood has expectation
bounded above by ©(1) and the assertion follows from Markov’s inequality.) It suffices to show
/\/'PE+1 (i) € NAPS(3), where I(L + 1) is the number of nodes in the (L + 1)-neighborhood of

agent i. Consider a subset of NV (i), denoted by N7 (i), where we remove from A/ (i) all neighboring
opportunities that are inspected by ¢ but failed as well as all neighboring opportunities that are
matched with a better agent than ¢ during the first L rounds of APS. If ¢ is matched during the
first L rounds of APS then we let N7,(i) = (). Obviously Ny (i) € NP PS(i). Therefore if we can
show ./\/'PE+1 (i) € N1(i) then we are done. If fact, it suffices to show that if (,7) inspected by
L in APS, then (i,7) must also inspected by I(L + 1) in PS; and to show that if a neighboring
opportunity of i, say j, matched with a better agent ¢’ than 7 by L in APS, then (¢, ) must also
matched by I[(L + 1) in PS.

We first show the former. It suffices to show that in order to make the (i, 7) inspection happen
by L in APS, all the prerequisite inspections needed are on edges within the (L + 1)-neighborhood
of agent i. Suppose this is not true, i.e., we need an inspection on edge (i, j') outside the (L + 1)-
neighborhood of agent i to happen as a prerequisite to make the (7, j) inspection happen by L in
APS. By Lemma this means we need mg/@l, and [ l.(/g,l) for some L' < L to determine mgi)z and
I Z(]L ), By the MP rule, this is not true, hence a contradiction.

Now we only need show the latter. In fact it follows easily from the previous argument. The

claim hence follows. O
Now we are ready to prove Lemma [4]

Proof of Lemma [4. The fact that PS and APS converge to identical outcomes is immediated
from Lemma [3] Take any agent i. Consider her consideration set just after the first ¢ rounds of
PS. We carefully define the sequence ¢’ as follows. For each L € N, let N, be the smallest number
s.t., for all N > Np, it holds that

NPS SZ NAPS ) < }J (6)

By Claim |1} we know that Ny < oo for all L € N. Note that No, N3, Ny4,... is a monotone non-
decreasing sequence. For all N, define ty £ max{L : N, < N}. Clearly, t; = w(1). By definition
of ¢y, in the N-th market we have

PNPS(i gNAPS (i) < — 1

(7)

H~

N

Since this holds for all agents, by Markov’s inequality,

IP(HZ’EI:/\/;PS(i)g/\@?VPS(i)H2 N )s L 8)

ty ty
The lemma follows. O

Finally we prove Lemma 5| (DE is exact on trees).



Proof of Lemma [5l. We prove by induction. First consider ¢ = 1. Obviously the messages all
distance-1 opportunities from the root node 4 receive from their children agent nodes at time 0 are
X. Also, ex-ante, the messages i receive from her neighboring opportunity nodes come from i.i.d.
subtrees (by the MP update rule, the message i receives from her neighboring node j at t only

depends on the messages j receives from its other neighboring agent nodes at ¢t — 1), and hence we
(1)

i 18 A wp. a;, Rw.p. ri, and W w.p. w;.

By the MP update rule, my)i can only possibly be A or W, and ) —A iff j sees i as most fit

— i
ex-ante. Conditioning on (4,7) € &, the probability of the number d of better than ¢ agents for j
has distribution Poisson(Ku/«), where u ~Uniform[0, 1]. Therefore the probability of j seeing i as
most fit ex-ante can be computed by

only need to show the probability distribution of m

P(d = 0) = E,P(d = Ofu)

_ Ee—Ku/a
_ efK/afl -1
—K/a

One can easily verify that this expression matches with a; in Definition [, and that r; = 0 and
w1 = 1-— aj.

Now we know that Lemmal5]is true for ¢ = 1. Next assume it holds for any 1, ...,¢ — 1 rounds of
MP and consider the messages the root node i receives after ¢ rounds of MP. We start by examine
the messages all distance-1 opportunities receive from their children agent nodes. Take all distance-
1 agents and consider the subtrees starting from these agents. Clearly, ex-ante, these subtree are
i.i.d. GW trees with mark, hence by assumption, the messages each of these distance-1 agent nodes
receives from their children are i.i.d. A w.p. a;—1, R w.p. r—1, and W w.p. ws_1. By the MP
update rule, this implies that the messages all distance-1 opportunities receive from their children
agents are i.i.d.. Next we will show that if we take any opportunity j; and its child age(nt i)l that
sy

1171

are both of distance-1 to the root agent node ¢, then the probability distribution of m

w.p. Yi—1, N w.p. v4_1, and U w.p. us—1. We first compute the probability of IZ-(fj_ll) = 1. From the
(t=1)

J' =11

MP update rule, we know that Ii(lj_ll) = 1 iff for all j =;, j1, either

=D (t-1)

=A and ¢, = 0, or

iy =R. We can also imply from the MP update rule that the message mj’fjil does not depend
on €, ;s or €, for any other j” >; ji. Therefore we can treat Pr(e; ;v = 0) = p for all j* >;, j
independently from m(fj)l for all j' =;, j1 (note that the probability distributions of m(fj}l for all
j' =i, 71 are also independent). Moreover, the probability distribution of the number d; of better
than j; opportunities for i1 is Poisson(Kwu1), where u; ~Uniform[0, 1]. Therefore, by the chain rule
of conditional expectations and utilizing the moment generating functions for the Poisson random

variable dj|u; and Uniform random variable u;, we can compute

P (1Y =1) =P (for all j' =4, i, either im{i") A and ¢;,5 = 0, or /") =R

= Eq, [(a-1(1 = p) +7e-1)" |

= Euy [Ba, [(00-1(1 =) + i) |

=E,, :Edl [(at—l(l —p)+rea)” }MH

=E, _e—Km (at71p+wt71):|
1

1— é—K((lt—lp"Fwt—l)
 K(ai—ip+wiq)

= qt—1. 9)



Now, consider the probability of mz(f _>1J)1 =Y and the probability of m§1 _)1])1 =N. By the MP
update rule, it’s obvious to see that

P (m(t_l? :Y> =P (I.(t._l) =1and ¢, = 1) = Q1P = Yt—1-

1171 11J1

Also, by the MP update rule we have

P (m(H? :N)

11—J1

:P<(t U-landeml—Oorforsome] i J1, M Ml —A a dI( )—landeilj/:1>.

11J1 J'—i1

Observe that by the MP update rule, if Ii(fj_ll) = 1, then there must not 35" =;, j1 s.t. mY —A

J'—i1

and €, = 1. Therefore the two events {for some j' >; ji, ™ gﬁz)l =A, Iz(lt] Y= 1 and €0 =1}

and {Il(fjll) =1 and ¢;,;, = 0} are disjoint, and hence

P <m(-t_1.) :N)

1171

=P <I(t Y= 1 and €iyjs = 0 or for some j' =, j1, M (t Y ZA and Ii(f;/l) =1and ¢, = 1)

11J1 J'—i1
=P (I@(fjll) =1and ¢,;, = 0) +P (for some j' =i j1, M (., 11)1 =A and Ii(fj_,l) =1and ¢, = 1) .
(10)

The first term above is simply

P (I(t V=1 and ¢, = 0) = g_1(1—p). (11)

1171

The second term can be written as the summation of a number of disjoint events’ probability, where
each event corresponds to mg’f _)11) =A, Ii(fj_,l) =1 and ¢, ;7 = 1 for the Ith best opportunity j’ of i1,
[=1,2,...,d;. Taking the conditional expectation on dy, we get
P <for some j' =i, j1, M 5%1)1 =A and I( Y~ 1 and €ij = 1)
- dy
=Eq, ZIP’ <for the Ith best opportunity j' of i1, m L) =A, I(t D — 1 and € = 1‘d1)]

J '—i1 115’
Li=1

S
=Eq, | Y (ara(1—p)+ Tt—l)l_lat—lp]

Li=1

—(1 —(ag—1(1 —p) + 7’15—1)(11) at—1p
ai—1p + wi—1

:at—lp(l - Qt—l)
ag_1p +wi—q

(12)

where the third equality follows by applying the geometric series formula, and the last step follows
from the derivation of P <I (t-1) _ 1) = q;_1 in Eq. @D Therefore, combining Eq. - , we

11
obtain

_ —1p(1 — q4—1)
]P’< (t-1) :N>: (1= p) 4 Gt ——_— 13
mi, 5, 4qi 1( p)+ ar1p + Wwi_1 Vi—1 ( )

10



One can also easily verify that w;—1 = 1 — y;—1 — v4—1. Therefore we have shown that, ex-ante,
z(f:}j)l from any distance-1 agent i; to her parent
opportunity 71 is Y w.p. y:—1, N w.p. v4—1, U w.p. u;—1, and is independent from all other such

pairs.

the probability distribution of the message m

®)

Now consider mjl _,; (as before, ji is any distance-1 opportunity from root agent node 7) and
its probability distribution ex-ante. We already know that they are i.i.d for all neighboring oppor-
tunities hence it suffices to consider just the pair (i,j1). Denote by d the number of better than
i agents for ji, which is distributed according to Poisson(K/«), where @ ~Uniform|0, 1]. By the
MP update rule, we can compute

j1~>i

= A) =P (for all ' =, i, m{!; =N)

i —j1

—EP (for all i =, i, mif),; =N]|d)
=E; (Vg—1)

5o ()
=E,; (eKTﬂ(”t*I_l)>

Ky_1-1) _ 1
€ a
Ewa—1)

where the third step utilizes Eq. , the fourth step applies the chain rule of conditional expecta-
tions, and the last two lines follow from the moment generating functions of Poisson and Uniform
random variables.

Similarly, by the MP update rule for the R message,

~)
P (mj1_>i = R)
=P (for some i’ >, 1, mgf)_m»l =Y, and mﬁj}l

=N for all " =, i)

I
S
M-~

P (for the Ith best agent i’ of ji, mi =Y =Y, and m!t™D =N for all i i i’)

i1 "1

=1

(V_1ye-1)

|
=
M-~

o~
Il

1

“E- (1= v )y
d -1
(1 —

_Y 1( at) —
1 -1

where the second step follows from summing up the probability of d disjoint events, conditional on
the value of d and taking expectation over d. The fifth step results from applying E ; <uf_1) = ay
in Eq. . One can also easily verify that w; =1 — a; — r¢. The lemma follows. O

The proof of Corollary [I]is straightforward from Lemma [5]and Lemma [10} and is omitted here.

11



C Existence of the Deadlock Regime

In this section, we prove Proposition [I} which establishes that the deadlock regime © is nonempty.
In other words, there exist market primitives o > 0, K > 0,p € (0, 1) for which A(«, K, p) > 0.
Recall that, by Definition [d] a;, r¢, wy, qi, Ye, Ve, us satisty

e%(l/t—l_l) -1 Yi—1 Ut—1
at:K—; rtzi(l—at); wt:7(1—at)§
w1 —1) 1=y I—v (15)
@ = Lo et w=ap n=al-p+ P W , _wl-a)
' K (aip +wy) PR e wp+w, T aptw

By Corollary [T} w; and a; are monotone in ¢t. We can similarly show that r¢, i, yi, @ and u; are
monotone in ¢ as well. Therefore the limits exist. Denote

a® = lim ay; r* = lim ry; w* = lm wy;
t—o00 t—o0 t—o0
g = lim g y* = lim y; v = lim 1y u* = lim .
t—o0 t—o0 t—o0 t—o0
Obviously, they satisfy the following system of equations:
K o x
2(p*-1) 1 * *
€a Y U
Sl T R L e
: —K(a*p+w*) * * * * (16)
K (a*p +w*) ’ ' a*p + w* a*p + w*

The next lemma characterizes the value of a* for the deadlock-free regime.

e~ Kpa_y

Lemma 11. If (K, p,a) ¢ A, then the corresponding a* is the unique root of e 5P*—1—qe ™ oa  +
a =0 on (0,1), denoted by a*(Kp,a). Moreover, a*(Kp,a) is increasing in c.

Proof. If (K,p,«a) ¢ A, then w* = v* = 0 and one can easily show that Eq. reduces to

K
2 (p*—1) _ 1 1— —Ka*p
* € * * * € * * * *
= — =1—-a"; = =1—-y7 = =0. 17
a K= 1) r a*; oy oV Y o wt=u (17)

In fact, by combining the three expressions for a*, y* and v*, we can obtain the following equation:

*
e—Ka P_q

e KP 1 _qewem 4 a=0. (18)
Let ¢ = Kp and F(c,a,a) == e — 1 — e e + «. Therefore Eq. implies F'(c, a,a*) = 0.
Since ¢ = Kp > 0 and o > 0, we have e > 1 4+ ac and hence

l—efa’c+a2ca

O0F(c,a,a e~ aa 1+ ac—e%
( U Y ) — _Ce—ac+ ( + ) < 0
Oa a?
TTA 1 1 . —ca_] 4. _ge—ca . - _c
By L’Hopital’s rule, il_r}r(l) E——= = ilg(l)% = —£ <0, and hence ilg%F(c,oz,a) = —ae a+a>0.
e -1 —c_1q e °

Also, F(c,a,1l) =e “—1—ae o 4+a<e ‘—1l—a« <e — + 1) ta=0sincee = > ei%l—i-l.
Therefore, there exists a unique a*(c,«) € (0,1) such that F(c,a,a*(¢c,a)) = 0. Also note that
F(c,a,a*) =0, ie., a* = a*(c,a).

12



To prove that a*(c, «) is increasing in «, compute

O*F(c,a,a) e aa (e7¢ — 1)2 <0
a2 N a?a? '
Moreover,
—14e9€ —ac
3F(c,a,a):1+e aa (e —1—aaq)
Oa aq '
One can easily see that lim %ﬁ’a) = 0, which implies that M > 0. By the implicit function
a—r00
Theorem, we have 2% (C 2 > 0, ie., a*(c,a) is increasing in a. O

Next we show that the deadlock regime as characterized by © is nonempty by showing that it
cannot be the case that (o, K,p) ¢ © for all @« > 0, K > 0 and p € [0, 1].

Proof of Proposition [ Recall from Eq. that

(1= q—1)(1 = ar)wi—q
(1 —wv—1)(as—1p + wt—l).

wt =

Since wy is decreasing in ¢ by Corollaryl we must have = S_lq)t(*a t)(llp_ffu)t " <lforallt=1,2,...

In particular, (l(lyf’)()% < 1. If w* = 0, this reduces to % < 1. Plugging in Eq. (L7),

(1

we can rewrite M <1 as

Ka*n — —Ka*p %
(Ka*p—1+e )*(1 a*) <1
a*p? (1 — e~ Ka'p) -

or equivalently,

25 (Ka*p — 1+ e K9P) (1 —a*)
P = a* (1 — e~ Ka'p) '

(19)
Let ¢ = Kp and note that we have proved a* = a*(¢,«) in Lemma Observe that the RHS
of Eq. is only a function of ¢ and «, hence we denote it by p*(c,«). Since ¢ > 0 and

a*(c,a) € (0,1) by Lemma we have p*(c,a) > 0. Therefore fix any ¢ > 0 and « > 0, then for
Vp € (0,/p*(c,a)) # 0, Eq. is not satisfied. In other words

{(K.p,0):p < Vi (Kp,a) €O
and

{(Kvp,a) 1p < \/m} £ 0,

which means © # (). O

D Proof of Theorem [l

In this section, we prove Lemma [I] and Theorem
We first prove Lemma |1| (random markets are locally tree-like).
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Proof of Lemma [Il Note that conditional on the topology of B, (i) and 7, being identical, we
can easily construct a coupling of the preference/fitness rankings and latent inspection outcomes
such that B, (i) = 7T,. Therefore it suffices to show the coupling without markings, i.e., without
preference/fitness rankings and without latent inspection outcomes.

We do a breadth-first search on Gy(a, K,p) starting from node . Put node i into a queue
and then iteratively do the following, starting from s = 1. In FIFO order, take one node from
the queue and count all nodes connected to it that have not been added to the queue. Denote
this number Z; and add these nodes to the end of the queue in arbitrary order. Then update
s = s+ 1. Repeat until the queue is emptied. Denote by S the number of total iterations. Take
any positive integer [. Consider the first [ A S nodes (including both agents and opportunities)
examined from the queue. Next we show that the probability of the subgraph (in the original
economy) spanned by these nodes not being a tree is bounded above by ©( %) For integer s > 0,
define set Cs that contains all nodes in the queue after the sth iteration in the above breadth-first
search (Cy = {i}). Also let vg be the node taken out from the queue in the sth iteration (v; = 4). Let
Us ={u € Cs : {u,v541} € € or {vss1,u} € E}. Observe that |Us| ~Binomial(|Cs| — 1, K/(aN)).
Therefore,

P(|Us| # 0[Cs)

(- (-2
@( ),

where the first inequality is an application of the union bound, the second inequality follows from
the distribution of |U|, and the last step follows from |Cj| = 14 Y>._,(Zs — 1), Jensen’s inequality,
and EZ; < (K/a) N K.

Similarly, we can also conduct a breadth-first search on the tree T («, K,p) in the same way
as above. Similar to Zs, denote by Z. the number of untouched nodes connected to the sth node
being examined from the queue. Denote by S’ the number of total iterations before the queue
is emptied. Consider the first [ A S’ nodes. Next we show that there exists coupling between
Zs and Z| such that P((Z1,..., Zins) # (21, ..., Z],g)) < @(%) Define Iy and Js to be the set
of agent nodes and the set of opportunity nodes, respectively, that have not been added to the
queue nor taken out from the queue by (just after) the sth iteration in the breath-first search in
Gn(a,K,p) (I =T — {i} and Jy = J). Clearly we have Z;y; ~Binomial(|I5|, K/(aN)) if vsi1
is an opportunity node, and Zs11 ~Binomial(|Js|, K/(aN)) if vs11 is an agent node. Let {511 be
independent ~Binomial(N — |I|, K/(aN)) if vs11 is an opportunity node, and ~Binomial(aN —
|Js|, K/(aN)) if vst1 is an agent node. Then Zs1q + €541 is ~Binomial(N, K/(aN)) if vsyq is an
opportunity node, and ~Binomial(aN, K/(aN)) if vs41 is an agent node. We have

P(ngsgl/\S:|Us|7ﬁO)§E[

M- -

IN
=

IN
=L

ro
P((Z1, 0 Zing) 7 (Z1 4 €1 s Zins + &ns)) S E | D P(& # 0| Tel, |J51|7US)]
Ls=1
M1 K N+aN—|Is_1|—|Js—1]
SE_;<1—(1—QN> )]
1 K s—14+|Cs_1]
gE_;<1—<1—aN> >]
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<ol (20)

Note that Eq. still holds if we use [ instead of [ A .S on the L.H.S subscript and draw i.i.d.
additional Binomial(aN, K/(aN)) samples for Z; and additional Os for & if S < I. On the other
hand, it is known that the total variation distance between Binomial(aN, K/(aN)) and Poisson(K)
as well as the total variation distance between Binomial(N, K/(aN)) and Poisson(K/a) are both
no bigger than K/(aN). Thus, by maximal coupling, there exists a coupling between Z7 + & and
Z1 such that P(Z) + & # Z7) < N We can hence inductively show that there exists a coupling
between (Z1 + &1, ..., Z; + &) and (Z1, ..., Z]) such that P((Z1 + &1, ... Z1 + &) # (Z1,....Z))) <
lK provided it is true for vectors of length [ — 1. This combined with Eq. imply that
P((Zl, wnZy) #(24,.., 7)) < @(N). Since the values of S and S would be identical provided that
S < land that (Z1,..., Z)) = (Z1, ..., Z]), we have the desired coupling between Z, and Z; such that
P((Z1, ey Zing) # (Z, s Zjp ) < O(%).

Combine the results above implies that there exists coupling such that the probability of the
subgraph of Gy(«, K,p) spanned by the first [ A S nodes being different from the subtree in
T (o, K, p) spanned by the first [ A S” nodes is bounded above by @(%)

Clearly, the number of breadth-first search iterations on 7 (o, K, p) up to depth r is | 7;|. One can
check that E(|7;]) = eC’" where C' = log(Kz/a) Fix any sequence of r = o(log V), we can find some

A = o(N) such that QCT — 0. Define M(r) := \/(e?“" + A) so that P(|T;| > M(r)) < Mir) -0
as n — 0o. We have the following result:
P(B, (i) # Tr)
=P(B,(i) # T-&&|T:| < M(r)) + P(B(i) # T;&&[T;| > M(r))
<P(B,(i) # T||T;] < M(r)) +P(|T;| > M(r))
M(r)?

<O( N )+ o(1)

=o(1).
The lemma follows. O

Take any agent i € Gn(«a, K, p) and consider the probability of her waiting after ¢ rounds of
accelerated PS. Apply the Message Passing (MP) algorithm on both Gy («a, K,p) and T (o, K, p),
Lemma [1] together with Lemma [2] and Lemma [5] imply the following corollary.

Corollary 2. Fiz any o, K and p and suppress the notations. Take any agent i € Gy and define
MES(t) = Pr(i € ZAPS), where TPATS is defined in accelerated PS in Algorithm . Let wy and q; be
as defined in Definition I Then for any sequence of t = o(log N), |AAFS(t) — Kwiqi| < o(1).

Proof. Define X{(t) = 1(i € Z/PS). Also consider a marked GW tree T (a, K, p) that satisfies the
coupling Pr(B: (i) # T;) < o(1) in Lemmall] Conduct MP on the tree and denote by m. By Lemma
[l and the MP update rule, we know that the probability of the root agent node waiting after ¢
rounds of APS is fully determined by 7;. Denote the indicator function of this event happening by
X1 (t). By Lemma [2[ and Lemma let d ~Poisson(K), we can compute (by the MP update rule)

P(X%(t) = 1) = P(the root agent node 7 of 7 is waiting after ¢ rounds of APS)

=P(3jeTi:m ~—Wandl() 1)

=PEjeTi:m. ~=WandVj > j, eltherm()~—Aande~,—O ormﬁ) - =R)
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=E

d
Z wi(a (1 —p) + T‘t)l_ll
=1

_ th |:1 — (at(l —p) + T’t)d:|
ayp + Wy
— W (1 _ e—K(atp—i-wt))
ayp + Wy
= Kthtv

where the second step applies Lemma, [2, the third step utilizes the MP update rule, the fourth step
follows from Lemma [5| and the last three steps results from applying the geometric series formula,
the moment generating function for Poisson random variables, and the definition of ¢; in Definition
[4] respectively.

Therefore,

P(XG(t) = 1) = P(XF(t) = 1&&By(i) = Tr) + P(XF (1) = 1&&By(i) # Ty)
=P(XE(t) = 1&&By (i) = Ty) + P(X§(t) = 1&&By (i) # Ty)
< P(X§(t) = 1)+ P(By(i) # To)
< Kwigt + o(1),

P(X§(t) = 1) = P(XF(t) = 1&&Bi(i) = Tr) + P(X{ (1) = 1&&Bi(i) # Tr)
> P(XF(t) = 1&&By(i) = Ty)
= P(X{(t) = 1&&By(i) = Tr)
=P(X§(t) = 1) = P(XK (1) = 1&&By(i) # Tr)
> P(X§ () =1) = P(Bi(i) # To)
> Kwigr — o(1)
The lemma follows. O

We also have the following corollary that establishes that the local neighborhoods of any two
agents in the market are two independent trees.

Corollary 3. Fiz any o, K and p and suppress the notations. Take any two agents vi and va in Gn
and consider their distance t neighborhood B(vy) and B(ve), respectively. Denote this subgraph by
Bi(v1,v2). Also denote by T? the graph of two independent GW trees with marks (under primitive
(o, K,p)). Then for any sequence of t = o(log N), there exists a coupling between G and T2 such
that P(Bi(v1,v2) # T;2) < o(1).

Proof. Consider the following exploration process. Denote by V' = ZUJ the set of agent nodes and
opportunity nodes in G. Maintain four sets Vs(l), VS(Q), Us, Cs which are a partition of V' in each
iteration s. Start with Vo(l) ={i1}, %(2) = {ia}, Up =0, Co = T\ {i1,i2}. In each odd (even) round
of iteration s = 1,3, 5, ... (s = 2,4,6, ...), take a vertex from set Vs(i)l (V;(E)l), denote it by vs. Define
Ii ={u e Us—1: {u,vs} € € or {vs,u} € E}. If either Vs(i)l or VS(E)l is empty, we let {vs} = I, = 0.
Now we update V.1 = VIV\ {o,} u T, (V) = i), v = vi® (v = v\ {u u 1),
Ust1 = Us\ Is, Cs41 = Cs U {vs}. In fact, in each round s we can define set Vs = Vs(l) U VS(Z), then
applying the same technique as when proving Lemma [l we get a similar result. Take any integer .
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There exists coupling such that the probability of the subgraph of G spanned by at most the first

(according to the sequence of breath-first search) [ nodes in the neighborhood of ¢; and at most

the first [ nodes in the neighborhood of iy being different from the subgraph of 72 spanned by at
2

most the first [ nodes in tree-1 and the first [ nodes in tree-2 is bounded above by @(lN)

Now we need to consider the depth-t neighborhood of i1 and 4. Denote by 7;(1) and 7;(2) the
two independent GW trees up to depth-t in 72. We know that E(!’E(l)]) = IE(|7;(2)\) = ¢t where
C =log(K?/a). Fix any sequence of t = o(log N), we can find some A = o(n) such that Z,ACt — 0.
Define M(t) := /(207 + A) so that P(|T"| > M () = P(T,?| > M(t)) < {555 = 0 as N — .
We have the following result:

P(By(v1,v2) # T2)
<P(By(v1,v2) # T2&&| TV | < M(D)&&|T| < M () + (T > M(1) + BT, > M(1))

=0 1
The lemma follows. O

Now we are ready to prove Theorem

Proof of Theorem [II We first prove the deadlock-free regime. It is obvious that for any fixed
economy, the number of agents who wait is decreasing over time. Therefore, it suffices to consider
sequence of ¢+ = w(1) that is also o(log N). By Lemma [4 there is a sequence of times ¢’ = w(1)
(that is also o(log N) since APS obviously proceeds faster than PS) such that for any § > 0, we
have

P(|{i € T:N5() & NpPS(i)} < 6N/2) > 1 —o(1). (21)
Take any ¢ > 0. Note that ¢s > (1 — e X)/K > 0 for any s > 0 from Definition 4} Therefore

if (o, K,p) ¢ O, then it must that lim ws = 0, and hence there exists some finite 7 > 0 such
S—r00

that w, < ¢/K. Also by Corollary [2| for any ¢’ = o(log N) we have |MNAFS(#) — Kwiq| — 0 as
N — o0, where /\ﬁps(t’ ) is the probability of agent i waiting after ¢’ rounds of APS. Therefore,
for any ¢ = w(1) that is also o(log N), when N is sufficiently large, we have ¢’ > 7 and hence
MES(#) < e+ 0(1). Since the choice of € is arbitrary, this implies AA¥5(#') < o(1). Take any § > 0.
By Markov’s Inequality,

APS 4/
B(I{i € T: NP8 (i) £ 0} > 6N/2) < Wzom. (22)

This implies P(|{i € T : NF5(i) # 0}| < IN/2) > 1 — o(1). Therefore combining Eqs. - (22),
we get,
P(Al(a, K,p) < 6N)
P((i €T NP0 # 0] < )
P(|{i € T: N7S(0) # O AN (@) € NP3 @M + i € T2 NTS(0) # 0 ANTP (i) C NPTP ()} < 6N)
(
(

>P HZGI:/\@PS(Z)QNAPS( )} 4 i € Z: NiPS(i) # 03] < 6N)
>P(([{i € T: N2(0) E NPTP()} < SN/2) A (I{i € T NpP5(0) # 0} < 6N/2))
>1—o(1)

Since the choice of § > 0 is arbitrary, we have the desired result.
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It now only remains to show the information deadlock regime. If («, K,p) € ©, then for any
e > 0, there exists 7 such that for any s > 7 we have |Kwsqs — A\| < e. By Corollary |2, since
t = o(log N), we have |[ATS(t) — Kwiq| — 0 as N — oo, where AATS(#) is the ex-ante probability
of an agent i waiting after ¢ rounds of APS. Therefore, when N is sufficiently large, we have ¢t > 7
and hence A — e — o(1) < AMFS(#') < A+ €+ o(1). Since the choice of ¢ is arbitrary, this implies
A —o(1) < MFPS() < A+ o(1).

For any agent 4, define X4 (i) to be the indicator function of agent i in G waiting at time ¢
in APS. Let A4, = >iez X4 (i). Then EAL, = NAYS(t). Obviously A, > A%, (since the set of
waiting agents is decreasing over time and APS proceeds faster than PS). Take any § > 0, we have

P(Aly > AN — 6N) > P(AY; > AN — 6N)
> P(JAL, — AN| < 6N)
= P(|Aly — MATS()N + MFS(H)N — AN| < 6N)
> P(|A = AN (N] + AP (N — AN| < 6N)
> P(|ALy — MATS(N| <6N/2 A IMATS(H)N — AN| < 6N/2)
N—

— P(|Ay — AN ()N < 6N/2),

where the last step follows from A—o(1) < MFS(t) < A+o(1). Therefore, to show the desired result,
it suffices to show P(|AL, — MFS(#)N| < 6N/2) > 1 — o(1), or equivalently, P(|[AY, — MAFS(#)N| >
6N/2) <o(1)

Note that EAY, = AMFS(¢)N. By Chebyshev’s inequality, we have

P(|AY — MAPS(H)N| > 6N/2) < o (&)
NN = 02N2/4

where o (AY;)? is the variance of Ak;:
o(Aly)? = No(X}(1))?> + N(N — 1)Cov(X (1), Xk (i2))-
It’s easy to check that A(1—-\)—o(1) < o(X%(i1))? < A(1=X)+o(1). Now it only remains to compute

Cov(Xj(i1), Xy (i2)). Note that Cov(X}y(i1), Xi(i2)) = E[X}(i1) X}y (i2)] — EX [y (i1)EX R (ia),
where

E[X}(i1) X (i2)] = P (Xy(i1) = Xp(i2) = 1)
<P (X}(i1) = X} (i2) = 1|Bi(i1,i2) = T,2) + P(By(i1,i2) # T,7)
= X2 +0(1).

The last step above follows from Corollary [3{ and the fact that ¢ = w(1). Now, we can compute
o(AL)?2 < NAX(1 =\ + N(N —1)(A% = X2) 4+ o(N?) = o(N?),

and hence

P(|AY — MAFSN| > 6N/2) < o(AN)? _ o(1).
NN ~ 02N2/4

Therefore we have shown P(AY, > AN —6N) > 1 — o(1).
Next we show P(AY, < AN +6N) > 1 —o(1). By Lemma {4} there is a sequence of ¢’ = w(1)
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that is also o(log V) such that for any 6 > 0, we have
P(I{i € 7 NFS(0) £ NEPS(0)}] < 6N/2) 21— o(1). (23)
Therefore

P(Al < AN +6N)

P(|{i € T: NF5(i) # 0} < AN +6N)

P({i € T: N{5(i) #0ANTS@) ENFPP@Y + [{i € T2 NFB(0) # 0 ANTS(6) CNFPP(0)} < AN +6N)
(

(

P(|{i € T : NFS(i) & NpPS(i)}| + [{i € T: NPMPS(i) # 0} < AN + 6N)
P(([{i € Z: NFS(i) € NATS(i)} < ON/2) A ([{i € T : NPTS(i) # 0} < AN + 6N/2)).

vV v

Observe that

P(({i € T: N{3(0) € NS0} < ONJ2) A ({i € T: NpPS(i) # 0} < AN +6N/2))
=1 —P((|[{i € T: NF3() C NPES()Y| > oN/2) v (|{i € T: NPFS(i) # 0} > AN + 6N/2))
>1 —P(|{i € T:NFS(i) € NMPS()}| > ON/2) — P([{i € T: NPS(i) # 0} > AN + GN/2).

Therefore

P(AL, < AN +6N)
>1 —P(|{i € T: NFS(i) € NPPS()} > 6N/2) — P(|{i € T : NATPS(i) # 0} > AN + 6N/2)
>1 —P(AY > AN +6N/2) — o(1)
>1 — P(JAYy — AN| > 6N/2) — o(1),

where the second inequality utilizes Eq. .

We just showed for #' = w(1) that is also o(log N), P(|A% —AN| < §N/2) > 1 —o(1). Therefore,
we have the desired result that P(AY, < AN + éN|) > 1 — o(1). Finally, combine both the lower
bound and the upper bound, we get

P(|Aly — AN| < 6N) =P(Aly < AN + 0N AAY > AN —6N) > 1—o(1).

Since the choice of § > 0 is arbitrary, the theorem follows.

E Proof of Section [5

In this appendix we prove the key lemmas in Section [5] for proving Theorem [2l As outlined in
Section [p, we will prove the lower bound by identifying, in some cases, the final deadlock structure
that makes a focal node wait forever. To uncover those deadlock structures of interest, we define
a key neighborhood revelation process ALG-G (see Figure @ and couple it with an analogous
process ALG-T on the associated tree of Gn(a, K, p), so that we can make full use of the latter
process’s independence property to facilitate the analysis. In Section we define and discuss
some regularity conditions needed on the empirical degree distributions of Gy (a, K, p), as well
as the implied nice properties about ALG-T that hold with high probability, including Lemma
Section proves the coupling result in Lemma [6] Section proves Lemma [7] i.e., the chance
of deadlock formation in each step of ALG-G is on the order of %, up to some ©v/'N time. Lemma
[ is also proved in Section Finally we prove Theorem [2] in Section
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To facilitate the analysis, we first introduce some preliminaries and auxiliary lemmas.

E.1 Preliminaries and auxiliary lemmas

For convenience, we will use a random configuration model to describe the bipartite graph. This
is introduced in Section We then present several useful probability bounds in Section
These bounds are useful in the later proofs.

E.1.1 A random configuration model

Consider Gy (a, K,0), a random bipartite graph with N women nodes and M = N men nodes,
where each edge (connecting one woman and one man) is present independently with probability
%, and each node independently has a random preference ranking over connected nodes. We now
give an alternative way to generate Gy («, K,0) using a random configuration model.

We first fix a degree sequence of Gy (av, K, 0) specified by d = ((d; W, (d} )O‘N ). Given the degree

sequence J; we can draw a random bipartite graph from the random configuration model as follows.
For each woman node i = 1, ..., N, generate d; half-edges with a (independent) random permutation
of ranking among them. Similary, for each man node j = 1,...,aN, generate d;- half edges with a
(independent) random permutation of ranking among them. Then, connect women half-edges and
men half-edges uniformly at random. The relationship between this random configuration model
and Gy (a, K,0) is given in the next lemma.

Lemma 12 (The random configuration model v.s. the Erdos-Renyi graph). Fiz any degree
sequence d in Gn(a, K,0). A bipartite graph drawn from the random configuration model with that
degree sequence, conditional on it being simple, has the same distribution as that of Gn(a, K,0)
conditional on that degree sequence.

Proof. Standard result in random graph theory, see, e.g., [13] and [38] for more details. O

We call the degree sequence of Gy («a, K,0) regular if it satisfies a few conditions in the next
definition. All results about ALG-G will be established under regular degree sequences, and we
will later show that the degree sequence of G y(a, K, 0) is w.h.p. regular if K2/(4a) > 1.

Definition 8 (Regular degree sequence). Consider the degree sequence d = ((d; )RS (d’)O‘N)
of an Erdos-Renyi graph Gy («, K,p). Let

aN-1 N1 U
" I+ )Y 1{di=1+1 o (+1) 200 1{d) = 1+ 1}
gN(S)éZ ( )Z 1 { }l é l

N N
1=0 Zz 1d 1=0 Z? 1 d;

be the empirical probability generating functions of the (edge-perspective) woman nodes’ degree
minus 1 and the (edge-perspective) man nodes’ degree minus 1, respectively. Also let

aNl

SN 1{d > 1+1} R P ]l{d’>l+1}l
W OE N
Z Zfildi ’ " ; ZledJ

be the empirical probability generating functions of the (edge-perspective) number of better edges
of a woman node and of a man node, respectively. Let gy be the smallest nonnegative root of
s = fN(fN(s)), and g} be the smallest nonnegative root of s = fRH(fN(s)).

Then the degree sequence is called (a,B,~,k,&, p)-reqular, where a > 1,5 > 1,7 € (0,1),x €
(0,1),£ € (0,1), € (0,1), if the following conditions hold:

1. gi(a) < B, gii(a) < B;
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2. (M) <k, fRN() <K

3 ‘ Zf:1 d; _ ‘ ‘ 40¢—l-K2
: N V

K 4a+K?2
K], gy - £| < ( 0;;2

alN g
J 1dJ_K
’ o

da+K?2
k| < |y

2
< |V - £ ey

4-qy <&, qn <&;

5. N (IR )R () < we SN (PN (@GN (aR) < pe

Condition 1 ensures that the average actual degree of all revealed nodes in P/ is not too large,
and serves to guarantee that the coupling between ALG-G and ALG-T persists for sufficiently long
(probabilistically speaking). Condition 2, 3, 4 and 5 serve to ensure that the one step deadlock
probability is bounded below by a sufficiently large probability at each time step in ALG-G. In
particular, condition 2 is used to show that the unrevealed degree of nodes in the active set cannot
be too small, so that there are many opportunities for cycle formation during each step of ALG-
G, conditional on the coupling between ALG-G and ALG-T. In order for the chances of cycle
formation to continue for a sufficiently long time, we also need a positive probability of the ALG-G
process to go on forever. This is guaranteed by Conditions 3 and 4. Condition 3 requires that
the branching factor of the branching process under the empirical degree distribution is close to
the branching factor f—; under the limit degree distribution, close enough such that the former is
above one whenever the latter is; quantitatively g%’(1)g%'(1) > 1+ (K?/(4a) —1)/2. This implies
Condition 4, which ensures that ALG-T has a positive probability of going on forever. We state
both conditions separately for convenience in later proofs. Lastly, Condition 5 requires that the
effective branching factor of the branching process under the empirical degree distribution, rooted
at either a woman node or a man node, conditional on extinction, is bounded above by a constant
strictly less than one that only depends on K, «. Conditions 2-5 together guarantee that the size
of the active set, and the total number of unrevealed edges of nodes in it grow linearly in time with
a high probability, conditional on ALG-T not terminating for a long time, thus providing enough
different possibilities for deadlock to form.

Lemma 13 (Degree sequence is regular w.h.p.). Suppose K> > 4a. There exist constants
a =a(a,K) > 1,0 =, K) > 1,7 =7, K) € (0,1),k = k(a, K) € (0,1), = &(a, K) €
(0,1),n = p(a, K) € (0,1), such that,

lim P(the empirical degree sequence of Gn(a, K, p) is (a, 3,7, k, &, u)-regular) = 1.

N—o0

Proof. Consider Gy(a, K,p) where K? > 4a and a realization of its degree sequence (NP)®Y 0>
(N ,. Note that it suffices to establish that, separately for each condition in Deﬁmtlon the
probability that the condition is satisfied converges to one as N — oo.

First consider condition 1. Note that

aN-1
w (+1)3) 111{d—l+1}z
gN(s): Z = N
=0 Zz ld
)Y {di =1+ 1) N
= N
N Zi:l di
YL M e+ D =141} N
— C—x
N Zi:ldi
N d;i—1
. dz‘ g N
= Zl:lNS — (24)
Zi:l d;
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1. . . _ _ iid 1 - .
Observe that % Zfil d;s%~1is the empirical mean of d;s™ 1, ..., dy s 1, where d; ~ Binomial (o,

Take any a > 1, say, a = 2. By the Law of Large Numbers, for any €; > 0,

N
1
lim P — S dia! <E[ dl—l} ~1.
Ngnoo (N ; d;a < dia + €
Similarly, by the Law of Large Numbers, for any €3 > 0,

N .
lim P (ZiNl L [dy1] — 62> =1,

N—o0

or equivalently (suppose e2 < E[d;] = K),

lim P N < ! 1
11m = 1.
N—oo Zfil d; - E [dl] — €9

Eq. — together yield

| E [dia® 1] + ¢
w < —
]\}E)I})OP (gN(a) - E [dl] — €9 1

Since d; ~Binomial(aN, %), one can verify that

lim Eld] =K, i B [dra® 1]
Ngnoo =" Ngnoo E[dl]

:Cl

for some ¢; = ¢1(a, K) > 1. Therefore, there must exist 81 = f1(«a, K) € (1,00) such that

lim P(gy(a) < f1) =1.
N—o0

Similarly, there must exist f2 = f2(c, K) € (1,00) such that
lim P(gR(a) < ) = 1.
N—o0

Take = max{f, B2}, condition 1 is satisfied w.h.p..
Condition 2 can be treated similarly with the observation that

aN-1 N
doim Hdi 2 1+1}
f]q\l;(s) = : N s
; Zz’:1di

YT Yl fdi> i+ N

N
N > i1 di
YN M di >+ 1)t N
a N Zivzl d;
EDAED Yk |
- N
N Zz’:l d;
LR N
N Zi]\il di
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The rest of the proof is similar to the proof of condition 1 and we omit the details.
Now consider condition 3. Note that, by the Law of Large Numbers, for any €; > 0, €2 > 0,

N
Y d;
lim P <E[d1] —é < ZNl < E[dy] + eg> =1.

N—oo

One can verify that limy_,o E[d;] = K. Also, ‘\/ % — K’ > 0 since K2 > 4a. Therefore we
can choose €; > 0, €y > 0 appropriately such that

4 K? 4 K?
limIP’< —‘\/T—K‘ 1“<K S O“L —KD_l
N—oo
The second inequality in condition 3 can be treated similarly. Now consider the third inequality.
From Eq. ,

(gN) (1) - ! N ’Zij\ildi'

Similar to the previous argument, by the Law of Large Numbers, for any ¢; > 0, e > 0, €3 > 0
and €4 € (0, K),

: Eldi(di —1)] — & o Eldy(dy — 1)) + €5\
NIE%OP< e SRS =gt ) —1

One can easily verify that

lim Ejdy] = K, lim 9=l

=K.
N—o00 N—00 E[dl]

Therefore, we can choose €1, €2, €3, €4 appropriately such that (note that ’\/% - K ‘ > ( since

K? > 4a)
4 K?
hmIP’(‘ K‘_’\/ ot —K'>_1
N—oo
We can similarly obtain
2
K < [da+ K2 K _ 1
- 202 a

Jim P ( (9R)/(1) - =

Now consider condition 4. Recall that ¢f; is defined as the smallest nonnegative root of s =
N (f(s)). One can easily verify that 1 = f{(f3'(1)), hence ¢y € (0,1]. Using the Uniform Law
of Large Numbers (ULLN) from empirical process theory (see, e.g., [54][56]), we can get that f3'(-)
uniformly converges to some function f™(-) on [0,2], where f™(-) is the probability generating
function of Poisson(Ku/a) where v ~Uniform(0,1). Denote u = f™(2). Also, by ULLN, fy(-)
uniformly converges to some function f¥(-) on [0,u], where f¥(-) is the probability generating
function of Poisson(Ku') where ' ~Uniform(0,1). By the branching process theory (e.g., see
[10][24]), the smallest nonnegative root of s = f¥(f™(s)), denoted by ¢* = ¢“(«, K), is strictly

less than one if the branching factor w T ff—j > 1. In this case, since fy(fN(-)) is
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continuous, by the continuous mapping theorem (see, e.g., [54]), ¢} converges to ¢* € (0,1). The
first part of condition 4 hence follows. The case with ¢} is similar, and condition 4 hence follows.

Finally, consider condition 5. Note that f3'(f¥(¢%)) /o (¢%) is the derivative of f(f3(-)) eval-
uated at ¢¥. Since f{/(f3'(+)) uniformly converges to f*(f™(-)) on [0, 1], ¢} converges to ¢* € (0, 1),
and fY(f™(-)) is continuous, we have that [ (f¥(¢%)) /o (¢%) converges to f*'(f™(g"))f™ (¢*).
By the branching process theory (e.g., see Theorem 3 in Chapter I, Part D, Section 12 of [10]),

a(f(f™(a*s)/q*)
ds

is the branching factor of a subcritical branching process, denoted by @ =

s=1
w(a, K) € (0,1). The result hence follows. The second part of condition 5 is similar.
0

E.1.2 Probabilistic bounds

We prove several probabilistic bounds when the degree sequence is regular. Recall constants a >
1,B>1,v€ (0,1),x € (0,1),€ € (0,1), 4 € (0,1) that depend on (K, ) from Lemma [13] Define
event

R = {the degree sequence of Gn(«, K, p) is (a, 8,7, K, €, u)-regular}. (27)

From Lemma |13} we know that P(R) — 1 as N — oo.
The first result upper-bounds the average actual degree of all revealed nodes in P}

Lemma 14 (Upper bound on d’(t)). Let d*(t) be the sum of the actual degree of all revealed
nodes in Pl . Also recall constants a, 3 from the definition of R in Eg. . Then, for any
e € (0,1), there exists some constant W = W (e, a, 3) € (0,00) such that, for event

Hy={d"(t) < (t+ DWW},
we have, for allt > 0 and any degree sequence de R,
P(Hi|d € R) < 1.
In particular,
P(H;|R) < €L

Proof of Lemma[Ij We will show that the same result holds for any empirical degree sequence
deR.

Consider an empirical degree sequence (d;),, (d;);‘fl of Gn(a, K, p) satisfying R and its cor-
responding empirical (edge-perspective) woman degree distribution Fy, and (edge-perspective) man
degree distribution F,,. Observe that there are at most ¢ + 1 revealed nodes in P}, and the actual
degree of each of these nodes (unconditional on the information of /) is independently drawn from
either F,, or F,,. Let d; be the actual degree of the ith revealed node in P/ if it is a woman node,
and d’ be the actual degree of the ith revealed node in P{ if it is a man node. If the ith revealed
node in PtT is a woman node, we also draw an independent sample d; from F,. Similarly, if the ith
revealed node in P/ is a man node, we also draw an independent sample d; from F,,. Furthermore,
if there are less than ¢ + 1 revealed nodes (i.e., ALG-G stops before t), say, s < t+ 1 nodes, we also
draw independent samples ds1, ..., di+1 from F,, and independent samples d_ 1, ...,d;; from F,.
Therefore, dy, ..., di+1 are i.i.d. random variables following F,, and di, ..., de_l are i.i.d. random
variables (also independent from dj, ..., d;) following F,,. Moreover, we have d (t) < Y2121 (d; + ).

By independence, the probability generating function of ng(dl +d}) evaluated at s is equal to
s2T2gW (5)1gm(s)!TL, where g%(-), g% (-) are the probability generating functions of dy —1,d} — 1,
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respectively (see Definifion[8). Conditional on the event R, we know that g% (a) < 8 and gji(a) < 3,
where a > 1,3 > 1. Therefore, by the Chernoff bound,

t+1
P(Hi|d €R) < P(>_(d; +dj) > W(t +1)|d €R)
i=1

a2t+29]u\;f (a)t+1g7]\n] (a)t+1

at+1HW
q2t+2 527&—}—2

<

< e _(ﬂ2a7(W—2))t+1'

Since a > 1, f2a~W=2) can be made arbitrarily small by choosing W big enough. The choice of
W does not depend on the degree sequence (d;),, (d;)jo‘ivl except that it satisfies R. The result
hence follows.

O

We next present an upper bound for the total progeny of the branching process conditional on
it being extinctive. Note that the total progeny of a tree is defined as the total number of nodes in
that tree.

Lemma 15 (Upper bound on the extinctive tree size). Consider an empirical degree sequence
of Gn(a, K, p) and its resulting empirical distribution Fy, on the (edge-perspective) number of better
edges of a woman node, as well as the empirical distribution F,, on the (edge-perspective) number
of better edges of a man node. Then consider the branching process whose offspring distribution
for woman nodes and man nodes independently follow F,, and F,, respectively. Let T1,To,... be
independent draws of the total progeny of this branching process rooted at a woman node, and
71, T2, ... be independent draws of the total progeny of this branching process rooted at a man node.
Recall constant p from the definition of R in Eq. . For any t > 1, we have for any degree
sequence de R,

P71>t71<m,JER < —.
(> 1] )<

Moreover, for any e, € (0,1), there exists some large constant M, = M (e;, 1) < 0o, such that,
for any n > 1 and any degree sequence d € R,

P <zn:(7'l +7) > M.n

i=1

Z(Ti +7) < oo,JGR) < er.
i=1

Proof. We will show that the same result holds for any empirical degree sequence denR.

We first consider E[r|r1 < oo,d €R] and E[f |7 < co,d €R]. Let fu(-) and fm(-) be the
probability generating functions of the woman nodes’ offspring distribution and the man nodes’
offspring distribution, respectively. From classic branching process theory, e.g., see [10][24], we
know that

R 1
E[TﬂTl < 00,d ER] = =7
1- fw (1)
where f,,(-) is defined as

7 A fw(fm(SQw))
fuw(s) = T )
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with ¢, being the smallest nonnegative root of s = fi,(fi(s)). Conditional on R, we have
leu(fm(Qw))frgm(Qw) <p<l. Therefore,

. 1 1 1
E deR] = = . 28
i < oo d Rl = e = T F (@ () ~ 1= 1 (28)
Similarly,
E[7 |7 < 0o,d €R] = _ —
1- fm (1)

where f,,(-) is defined as

f~m(3) Y fm(fw(SQm)) 7

dm

with g, being the smallest nonnegative root of s = f,,,(f(s)). Conditional on event R, we know
that f;, (fw(qw))fiy(qw) < p < 1. Therefore,

1 _ 1 - 1
1= ) 1= Fn(Fuwlam) Ffolam) = T

By Markov’s inequality and Eq. ,

E[f |7 < oo,d €R] =

(29)

- E d
P(n > t|n < oo, d €R) < 2Lt < 0, d €]

Similarly, by Markov’s inequality and Eq. 7, and since 71, ... and 74, ... are all independent,

P (i(ﬂ + 7~—i) > MTTL

=1

Z(n +7;) < o0, afeR)

i=1

E [Z?ﬂ(ﬂ‘ + 7i)

Z?ZI(TZ‘ + 7~'¢) < 00, CZE’R]

< —
M
Z?:lE |:7'z"7'i < OO,CZGR + Z?:lE |:7~—i‘7:i < OO,CZGR:|
B M. n
2n 2

< — = —
T (-wMmo (L-p)M,

can be made arbitrarily small if we choose M, big enough.

We need the following bound as well.

Lemma 16 (Upper bound on the number of siblings). Suppose ALG-T does not terminate,
i.e., DL = (). Consider the i-th node (according to the sequence of being revealed) in DL . Let s;
be the number of its higher-ranked (by the parent’s preference) siblings that share the same parent.
Recall & from the definition of R in Eq. . Then, for any es € (0,1), there exists some large
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constant My = Mg(es, K, , &) € (0,00) such that, for any n > 1 and any degree sequence de R,

P (f: s; > Mgn

i=1

DL + @,J’eR) < €.

Proof. We will show that the same result holds for any empirical degree sequence de.

Obviously s; = 0 since the 1st node (according to the sequence of being revealed) in the active
set is the root. We now consider E[s;|DL # ,d €R] for i > 2. Let X; be the total number
of offsprings (including both revealed and unrevealed) of the (i — 1)-th node in the active set.
Obviously s; < X;. In particular, E[s;| DL # 0,d €R] < E[X;|DL # 0,d €R]. Moreover,

E [XZ-JL{DQ £ 0}d er
P(DL + 0|d €R)

E[X;|d €R]
T P(DL £ 0|deR)

E[X;|DL, #0,d €R] =

From the classic branching process theory, e.g., see [10][24], we know that the non-extinction
probability

B(DY, #0|d €R) = 1 - qu,

where ¢, is the smallest nonnegative root of s = fu,(fin(s)), and f,(*), fm(-) are the empirical
probability generating functions of the (edge-perspective) number of better edges of a woman node
and of a man node, respectively. Conditional on the event R, we have ¢, < £ < 1, hence

P(DL £ 0ld €R) = 1— g > 1 €.
Also, note that
E[X;|d €R] < max{(g.,)'(1), (9:)'(1)},

where g, (+), gm(-) are the empirical probability generating functions of the (edge-perspective)
woman nodes’ degree minus 1 and of the (edge-perspective) man nodes’ degree minus 1, respec-

tively. Again, conditional on event R, we have (g,) (1) < K + ‘w% — K’ and (gm)'(1) <
% + ‘\/% — %‘ Combine the above, we have that for all ¢ > 2,

Els;[DL +#0,d eR] < E[X;|DL # 0,d €R]

max{K—i—’\/‘la‘gKZ—K
<
1—

K | [J40+K? K
) 202 a

We now prove the lemma statement. By Markov’s inequality,

E [Z?:l i

|

DL 10, JER}
Mgn

S E[s|DL #0,d €R]
- M.n

P(Zsi>M5n D@#@,J’eR) <

=1
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2 2
n-maX{K—f—’\/m;K—K,g%—‘\/%‘;&? - K
<

- (1—-¢&Mgn

maX{K—l—‘\/W—K,g-i-’\/%—g
( —

1 _é)Ms

]
]

Since K, a > 0,£ < 1 are all constants, the above probability upper bound can be made arbitrarily
small if we choose M sufficiently big. O

Lemma can be used to show the next lower-bound on the length of the active set |Df|.
Lemma [§] is also part of the following statement.

Lemma 17 (|D}| is linear in t). Recall constants p € (0,1),& € (0,1) from the definition of R
in Eq. . Define event

C = {D; #0}.
Then, for any t > 1 and any degree sequence de R,

§

PCIdER) 21 =€ >0, PCxlChd €R) < g

In particular,

P(CR) =21~ €>0, P(CxlC,R) < (1—€)f1—u)t

Also, for any € € (0,1), there exists 6 = d(e;, K, o, 1, §) € (0,1), and ty = to(er, &, 1) € (0,00) such
that, for event

L, £ {|Df| > dt},
we have, for any t >ty >ty and any degree sequence de R,
P(L;|Cry, d €R) < €.
In particular,
P(L|Cty, R) < €.

Proof of Lemma[17 We will show the same result holds for any empirical degree sequence deR.

Note that Cse C C; for any ¢ > 0, hence P(C|d €R) > P(Coo|d €R). From branching process
theory, e.g., see [10][24], the probability of event C is given by 1 — ¢}, which is the smallest
nonnegative root of s = fY(fy'(s)), where fR (), fi/(-) are the empirical probability generating
functions of the (edge-perspective) number of better edges of a woman node and of a man node,
respectively. Conditional on the event R, we have ¢} < { < 1, hence

P(Ci|d €R) > P(Cop|ld €R) > 1 — £ > 0.
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Now consider P(Coo|Cy, d €R). Note that

P(Cos,Ct,d €R)
P(C;,d €R)
(S CtLJeR)

P(Co,d €R)
 P(Ci|Coo,d ER)P(Coo|d €R)P(d €R)

P(Coocld €RVP((di) L, (d)32),R)
 P(CifCs,d ER)P(Coold €R)
B P(Coo|d €R)

From the previous argument, we know that

P(Culd €R) _

P(Coold €R) < &, P(Coold €R) >1— € >0, ~ <
(Cool ) <& P(Cool ) 3 PCodeRr) = 1

§
-
Therefore it remains to bound P(C;|Coo, d €R). Observe that conditional on Cs, i.e., extinction,

the event C; is equivalent to ALG-T not yet terminated at ¢ after revealing ¢ + 1 nodes in total, i.e.,
the final tree size 1 rooted at the focal node is at least ¢ + 1. Therefore,

P(Ci|Cos,d €ER) = P(11 > t[Cos,d €R)
=P(r > t|r < 00,d €R)
(by Lemma [15)
< L
T (-t
where p € (0,1) is a constant defined in R in Eq. (27). Thus

§

}P’(COO\Ct,d ER) < m

Finally, consider

P(L{|Cy,d €R) = P(Ly,Coo|Chyr d €R) + P(Ly,Coo|Cry, d €R)
_ B(L, Coo,Cjo,cfeR)
P(Cty,d €R)
_ B(L, Coold_' €R)
P(Cs,d €R)
< P(L{|Co0,d €R) + P(Coo|Cty, d €R).

+ P(Coo|Cty, d ER)

+P(Cao|Cy,d €R)

We already know that P(Cog|Cyy, d €R) < m. It remains to bound P(L;|Cos,d €R). First
consider time oo of ALG-T. Since we are conditioning on event Co,, there must be a non-empty
active set in PL. Consider the ith node (according to the sequence of being revealed) in DL and
its number of revealed siblings s;, for i = 1,...,|D}|. Denote n; = EE{' s; the total number of
revealed siblings of these nodes and index the sibling by 7 = 1,2, ...,n;. For each sibling node j,
let 7; be the size of the final extinctive subtree rooted at j. Now we go back to time ¢ of ALG-T.
If |D| < §t and C = 1, then it must be that ¢t — |[Df'| > (1 — §)t. Note that t — |D]| is the total
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number of inactive nodes revealed at time t of ALG-T. These inactive nodes must belong to one of
the extinctive subtrees whose roots are siblings of nodes in Df. In fact, an important observation
is that the total number of inactive nodes revealed in P/’ must be no more than the total number
of inactive nodes revealed until the |D} |-th last node (according to the sequence of being revealed)
in DL is revealed. That is,

1D |

nt
t—|D]| < ZTj, where n; = Zsi.

j=1 i=1
Pick any constant p € (0, 1), then
P(L;|Coo,d €R) = P(IDY| < 6t|Co0, d €R)
<t —Df| > (1= 68)t, D] < 6t[Co,d €R)

ZTJ (1—=8)t, |DI'| < 6t|Cos,d €R)
ZT] (1—=8)t, ny <pt, |DF| < 6t|Co0,d €R)
+P ZT] (1—08)t, ng > pt, |DF| < 6t|Co0,d €R).

We now bound each term on the RHS. Observe that conditional on Co, and R, 71, ... are independent
draws from a branching process rooted at either a woman node or a man node, conditional on being
extinctive. Therefore we can apply Lemma [15] to bound the first term:

ZT] (1—=8)t, ny <pt, |DI| < 6t|Cs0,d €R)

ZT] (1—0)t, ny <pt, |DI| < 6t/Co0,d €R)

(If pt > ny, we sample additional independent extinctive tree sizes from the woman-root branching process.)

pt 1—
ZT] > Tpt\Coo,d ER).

j=1

By Lemma, |15 l for any e, € (0,1), there exists some large constant M, > 0 depending on e, ,
such that the above probability is smaller than e, if =2 5 > M,.
Now consider the second term:

P> 7> (1-8)t, n>pt, |DF| < 8t/Coo,d €R)
D7 )
ZTJ (1—=0)t, S s> pt, [DI] < 6t/Co,d €R)
=1
P(Zsi > g(stycoo,ci'en).

i=1
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By Lemma for any es € (0,1), there exists some large constant M > 0 depending on €, K, o, €,
such that the above probability is smaller than e if & > M

By straightforward algebra, one can verify that both 1 > M, and > M, are satisfied if

p < # and § < m This means that for any ¢ € (0, 1), there exists § > 0 depending

on €, K, a, i1, &, such that

B(ID] | < 6t|C, d €R) < 5.,

and hence

Qa

T £
P(|DY| < 6t|Cyy, d €R) < 5 =00 = i

Furthermore, if g then

2¢
Z Tau-ma
P(|DF| < 6t|Cyy,d €R) < .
0

Finally, we bound the average unrevealed degree of nodes in the active set in /. We need the
following bound.

Lemma 18 (Upper bound on the number of inferior edges). Consider an empirical de-
gree sequence of Gy (o, K,p) and its resulting empirical distribution F,, on the (edge-perspective)
number of inferior edges of a woman node, as well as the empirical distribution F, on the (edge-
perspective) number of inferior edges of a man node. Let dlnf d12nf, be independent draws from F,
and dmf dmf . be independent draws from F,,. Recall constant k € (0,1) from the definition of R
i Eq. . Then there ezists a constant W = W (k) € (0,00) such that for any degree sequence

d e R,
- K/—‘r]. n r Sinf = K/"—l "
deR)g( 5 ) , P(Zdi <Wnde7z>g( 5 )

i=1
Proof. We will show that the same result holds for any empirical degree sequence denR.

Recall the functions fy(-) and f3}(-) from Definition It can be easily verified that fy(-)
and f'(-) are the probability generating functions of Fy, and F), (suppose the empirical degree
sequence of Gy(a, K,p) is denoted by (d;),, (d; )O“N ) respectively. Conditional on the event R,
we know that () < x and f¥(y) < k, where v € (0,1), x € (0,1). Therefore, since di*, diPf, ...
and dmf dlznf, ... are all independent, we can apply the Chernoff bound to get

P (Z dit < Wn|d eR) L N e }

Wn
i1 Y= Y

P (i dint < Wn

i=1

and

P (Z dinf < Wn|cf€7€> < f]iél;yn) < ;iwn = (/-vy_w)n.

=1

Since v € (0,1), by choosing W > 0 small enough, k7~ can be made arbitrarily close to &, in

particular, smaller than “T‘H < 1. O
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Lemma 19 (Upper bound on the number of unrevealed edges). Consider P} and the node
s in it who will reveal the next offspring. Let di’unre(t) be the total number of unrevealed edges of s’s
ancestor (excluding the parent) nodes with the opposite type to s (recall that node types are binary:
there are man nodes and woman nodes) in the active set in Pl . Recall constants r, u, & from the
definition of R in Eq. . Then, for any €, € (0,1), there exists 5o = do(€q, K, v, K, 1, ) € (0,00)
and ty = ty(€q, K, a, k, 1, &) such that, for event

Ji = {dy" (k) > ot}
we have, for any t >ty >ty and any degree sequence de R,
P(J:|Cyy, jER) < €.
In particular,
P(7|Cty, R) < é€q.

Proof of Lemma[14 We will show that the same result holds for any empirical degree sequence
deR.
Note that

P(jt’CtO, JER) = P(jtv £t+1 ’Ctov JGR) + P(7t7 Et-‘rl ‘Ctoa JGR)
P(jt, £t+1‘JER)
P(Cty|d €R)

< P(Li41|Cry. d €R) +

We bound each term on the RHS. Recall that £; = {|D}| > 6t}. By Lemma for any €, € (0,1),
there exists d € (0,1) depending on ¢, K, a, u, &, and ¢ty larger than some constant depending on
€a,&, 1, such that for any t > tq, P(E|CtO,JER < €q/2.

Now consider the second term. By Lemma we know that P(Ctolcf €ER) >1—-¢ >0 for any
to > 1. We are left to bound P(7;, £t+1]J€R).

Recall the node s in P} who will reveal the next offspring. Let Z%(¢) be the set of s’s ancestor
(excluding the parent) nodes with the opposite type to s in Df. Consider the set Z%(t) if not
empty. Observe that it is either the set of all the man nodes or the set of all the woman nodes in
DITH (excluding the node in DtTH — D! and its first two ancestors). Denote the set of all the man
nodes in D, (excluding the node in D} ; — D{ and its first two ancestors) by M, and the set
of all the woman nodes in D}, (excluding the node in D}, ; — D] and its first two ancestors) by
W;. Therefore event J; must be a subset of the union of two events J/* and 7, where J;" is the
event that the total unrevealed degree of nodes in M; is less than dgt, and Tt“’ is the event that
the total unrevealed degree of nodes in W is less than dgt. In other words,

P(jh £t+1‘Cf€R) < P(W U thu, £t+1 ’CZGR)
S P(Wa Et—i—l ’JGR) + P(Ttw’ £t+1|J€R),

and it suffices to upper-bound each of the two probabilities on the RHS.
For each node ¢ in W, let diz-nf denote the number of its unrevealed offsprings that are less

preferred by node i than its parent (call it the inferior degree). Obviously, since the unrevealed

degree of i« must be no smaller than the inferior degree of i, J¥ C {Z‘Lvlt' dinf < §ot}. Similarly,

for each node j € My, let Jij“f be the number of its unrevealed offsprings that are less preferred by

node j than its parent, and we have J;™ C {Z‘]/:lfl ciijnf < dgt}. Also observe that |Wy| > |DI'|/2—2
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and |[M;| > [Df'|/2 — 2. Therefore,

Wl
P(7°, Loyr|ld €R) < P dt < §ot, DI > (t+1)8
=1
Wl .
<P ) dMf<dot, Wi >

i=1

deR

—2lderR

(t+1)6
2

iy ot
<P () dM<sot, Wi > 5 2
=1

-

dEeR

o2
<P Z dinf < 5ot
=1

deR

ot
(If 5 2 > |[W,|, we generate additional iid samples from

distribution F,, in Lemma

St _o

= 260 5t -
=P § inf B

Z':1dz <5_% <2 2) d€eR

Observe that when conditioning on R only, dilnf, v dig_Q are i.i.d. samples from distribution F,

2
in Lemma Therefore, by Lemma there exists a constant W > 0 depending on k (see the
definition of x € (0,1) in Eq. (27)), such that the above probability is smaller than (”‘TH)%_2 if

. . w(s—4 ..
52—6% < W, or equivalently, if §y < Wy 5 t). Similarly, we have
t

t_o
N - 1\ 2
P(T7, Los1|d €R) < (’“L >

- w(s—2 . o . .
under the same condition of §y < w( 5 1) . This condition reduces to §g < %‘s when t is sufficiently
large, e.g., when t > %. Furthermore, since x < 1, the probability upper bound ("T‘H)%_Q can

be smaller than % if t is sufficiently large, in particular, larger than a constant depending on

€ay K, &, 0.

Recall that W is a constant depending on k from Lemma [18 and § is a constant depending on
€a, K, o, 1, € from the first part of this proof. Therefore, combine the above, there exists §y >
0 depending on €4, K, a, k, u, &, such that, when ¢ is larger than some constant depending on
€a, K, 0, K, 1, €,

]P)(jh £t+1’J€R) < €a
P(Cypld €R) ~ 2

Thus we have the desired result.
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E.2 Proof of Lemma [21]

To couple 73,5G with P/, we show that each step of ALG-G and ALG-T can be coupled. We first
need the following lemma.

Lemma 20 (Uniform randomness). The bipartite graph after t-rounds of ALG-G is uniformly
random given PtG and the degree sequence.

Proof of Lemma[20. The proof is similar to the proof of Claim 1 in [38]. Given PZ and the degree
sequence, consider any two feasible bipartite graphs G1, G2 and node 1 which are consistent with
the degree sequence and P& after ¢ rounds of ALG-G. Since G and G5 have the same number of
edges, the probability that the initial graph is Gy is equal to the probability that the initial graph
is Go. This implies the desired result. ]

Given the uniform randomness, we show that the probability distribution from which the next
step of ALG-G is drawn closely resembles that of ALG-T, given that the revealed nodes’ total
actual degree is not too large (event H; in Lemma [14)). This result is stated in Lemma |§|, and we
now provide its proof.

Proof of Lemma[g. The initial coupling such that P(P§ # PL|R) = 0 is trivial.
Consider t > 0. Let (d;)Y,, (d;)?ivl be the empirical degree sequence. Suppose the next revealed
node according to P/ is a man node (this event is measurable with respect to F;). (We treat the

woman node case similarly later.) For any [,I’ > 0 such that 1+1+1' < N,
v9(1,') := P(The new revealed node in P{; has [ better (than parent) edges and I’ worse edges
| F; such that PE =PI (d))N,, (d;)‘])‘i[17 the next revealed node is a man node)
(by lemma [20])
number of men nodes not in P& whose degree is 141+ I’

number of remaining unrevealed men half edges at ¢

denote Z(t) the set of nodes in P& whose type is the same as the next revealed node,
t
dJG’rC the revealed degree of node j in P)
aN
Zj:1 Hd; =1+1+1"} - ZjGIG(t) Hd; =1+1+1'}
aN G,re
21y = Yjerow di
SN =1 +1+1}
aN
2=14;
YOS Md =1+ 1+1} = Y eqom Hdy =1+1+1} SN 1{d; =1+1+1}
aN G,re o aN !
> im & — X eze) d; 2 =1 4

alN /I /
In ALG-T, this probability is 7 (1,1') := Zj:1§5§_3,+l+l}
i=19;

total variation distance between the two measures. We have

for any 1,1’ > 0. We now bound the

alN _ _ alN -
Sty vy SIS =1L = Do U = 14147} S5 1 = 14 141)

aN G,re alN
Y= = Yjerow 9 >t d]
alN alN
> d; > 5o d;
_ Yjezrsp U =1+1+10)
- aN .
> o1 d;
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Also observe that 0 < ) jeT (1) dJG’re < 2t since ALG-G reveals at most one edge in one time step.
Therefore,

alN - . aN o
SOt T < T = L L)~ Fege M =141 40) SN U =1 4147)

alN Gre alN
2= 4y = Yjereqy 4 > d;
C XM = 1 U1 = S o U = T+140) SN Uy =141+ 1)
B 255 dj — 2t SN d
SN =1y SN I{d =141+ 1)
- N N .
E;Y:l d;' -2t E?:1 d;‘

By the above two inequalities, we have, for any [,1" > 0 such that 1 +1+1 < N,

aN o aN _ ! /
WO — L) < Yoo Mdy =141+ YIS M{d; =1+1+1} N Yjerow Hd; = 14+1+1 }.

N N N
2 gy dy — 2t 251 4 =1 4

We now examine the total variation distance S p o' fY;Ol‘l [vG(1,1") — vT(1,1')]. Observe that

N-1N-1-1
YN Ydi=1+1+1}=d]
=0 1'=0
and
N—-1N-1-1 aN alN
SY Sug=terin =3
=0 I'=0 j=1 j=1
Therefore,

N—1N-1-1 N—1N-1-1l aN 1 1

G ! T / U !

VU =T (L)) < Hd,=14+1+1 -
>3 e -sani<y 3 3 }(ZaNd,,_Qt ZaNd,)

=0 U'=0 =0 =0 j=1 J=1"3 J=17
AP i >jerew Hdy =1+1+1}
Y d;
2t > jercn

aN aN
2j=1dy =2t X d
(let d°(t) be the total actual degree of all revealed nodes in PX)

2t d(t)
S aN g + aN g °
Ej:l dj -2t Zj:l dj

Conditional on P& =PI, we have d%(t) = d” (t), where the latter is the total actual degree of all
revealed nodes in P{. Moreover, conditional on H; (see Lemma [14), we have d” (t) < (t + 1)W.
Therefore,

N—-1N-1-1 __
2 1

) S 4 R (N e A—— U 211

=0 1I'=0 Zj:ldj_Qt Zj:ldj
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Note that Z]O‘Nl d; = aNk,,, where k,, is the empirical mean of the man node’s degree in the

bipartite graph. Conditional on R, we know that k,, > % - ’\/% -

be rewritten as

—1N-1-1

2 W
Z Z WCWT) — ) < —2t L EEDW
=0

P aNk,, — 2t aNk,,

< ‘\/4“2252D2t aN< ‘,/4012252)

Therefore, there exists a constant €, > 0 that depends K, a, W, such that for any constant C, there
exists a constant Ny that depends on C, K, a, such that, for any N > Ny and t < Cv N, we have

IN

—1N-1-1

Z Z T < %t
=0

l

Thus, by maximal coupling, there exists a coupling between {P&};>¢ and {P] };>0 such that

. N i
P(PS, # Pl |F: such that PY = P[, the next revealed node in P} is a man node, H;, R) < %

The case when the next revealed node in Pér is a woman node is analogous and yields the same
bound. The result hence follows.
O

We now establish the coupling up to time ©v/N.

Lemma 21 (Coupling between ALG-G and ALG-T up to time O(v/N)). Recall constants
a, 3 in the definition of R in Eq. (27)). There exists a coupling between {PEYi>0 and {PF >0 such
that, fiz any €9 > 0 (e.g., ¢ = 0.5), there ezists a constant C = C(eo, K,a,a,3) € (0,00) and
Ny = No(C, K, o) = No(eo, K, v, a, B) € (0,00) such that, for any N > Ny and t < CV/N,

P(Pf =P{IR) > 1 - e.
Proof of Lemma[21. We have

P(PY = PIIR) > P(PF = P, No<s<tHs|R)
=1—P(Up<s<iHs OR P # P/ |R)
=1 —P(Up<s<tHs|R) — P(PF # P!, No<s<tHs|R).

Now we upper bound each of the two probabilities on the RHS. By Lemma for any ¢y € (0,1),
there exists some large constant W depending on g, a, 8, such that P(H;[R) < (55%-)"*" for all

t > 0. Fix this choice of W for the rest of the proof. Therefore

M)~

P(Uo<s<tHs|R) < > P(HsIR)
s=0
! €
0 s+1
< _c
B (2 + € )

o
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€0
< 24€9 _ €0

= o €0 .
1 e 2

The other term

P(PF # P, No<s<tHs|R)

t—1
= ]P)(ﬁ(g; 7é Pga mOSSStH5|R) + Zp(ﬁg—l 7& Pg—',—l? 755G = PST, ﬂOSSStHs|R)
s=0

t—1
P(P§ # Py [R)+ D P(Pey # Pliy, PS = P H(R)
s=0
(by Lemma@ P(P§ # PLIR) = 0)

~+
|
—

P(PC, # PLL|PE = PT H,, R) - P(PE = PT H,|R)

T%
iy

S (755%1 # 735T+1’75§ = 73;[»7'1&73)-

||
=)

By Lemma@ there exists a coupling between {P };>0 and {P} };>0, and a constant ¢, that depends
on K, a, W, such that, for any constant C, there exists Ny large enough that depends on C, K, «,
such that for any N > Ng and 0 < s < Cv N,

= cS
P(PSH s+1‘7DG P H,R) < W

and

P(P§ # Pg|R) = 0.

Choose C' = , /E—S. Therefore, C is a constant depending on €g, K, o, W, and there exists a constant
Ny that depends on C, K, «, such that for any N > Ny and t < Cv/' N,

t—1 t—1

ZP(RCL # Pia|PS =Pl He R)

s=0 s=0

€5 _ € t—1)<6602760
N ON  — 2 2

The result hence follows.

E.3 Proof of Lemma [7-H9

We first restate the coupling result conditional on Cy,.

Lemma 22 (Conditional coupling). Recall constants a, 3,§ from the definition of R in Eq. .
There exists a coupling between {PF }i>o and {PL }1>0 such that, fix any eg > 0 (e.g., eo = 0.5) and
any to > 1, there exists a constant C = C(eo, K, a, a, 5,€) € (0,00) and Ny = No(C, K, ) € (0,00)
such that, for any N > Ny and tg <t < C\/N,

P(PE = Pl'|Ciy, R) > 1 — €.

Proof of Lemma[23. By Lemma we know that P(C,|R) > 1 — & > 0 for any ¢op > 1. Also by
Lemma there exits a constant C' that depends on €y, &, K, a, a, 8, such that for any N larger
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than some Np that depends on C, K, a, we have P(PE # PL|R) < eo(1 — &) for all t < CV/N.
Therefore, for this choice of C' and Ny, for any N > Ny and ¢t < Cv/N,

P(ﬁtG = ’PtT|C7fo7R) =1- P(ﬁtG # ,PtT|Ct0aR)
P(P{ # P[.Cip. R)
P(Ct07R>

_,_ PP £PLR)

- P(R)P(Cy,R)

P(PF # PLIR)
P(Ct,[R)

PG

> 1—¢

—1-

—1—

:1*60.

Now we lower bound the probability of deadlock in one step of ALG-G (Lemma [7)).

Proof of Lemma([7 Suppose 757: Pl and C; = 1, ie., ALG-G is not terminated at ¢ and will
reveal a next node s. Let (d;)Y,, (d’)aN be the degree sequence used by ALG-G and ALG-T.

Also suppose J; = 1, i.e., dy"™(t) > dot (recall that d’"™(¢) is the total number of unrevealed
edges of s’s ancestor (excluding the parent) nodes with the opposite type to s in D}. Given all
the information in PtG and suppose the next revealed node is a man node, then the conditional
probability of Ay is

P(Ay1|F: such that 75tG = PtT, Jt,Ci, R, the next revealed node is a man node)

total number of unrevealed edges of nodes in Z§ ()

~ total number of remaining unrevealed men half edges at t of ALG-G’

where Z§ () is the set of s’s ancestor (excluding the parent) nodes with the opposite type to s in
DI'. Note that the information of Z§ only depends on P{. Therefore, conditional on PF =PI, we
have ZG (t) = Z%(t), where Z%(t) is the analogy of Z§(t) defined on PJ. The numerator above is
hence equal to the total number of unrevealed edges of nodes in Z7 (¢), denoted by di’unre(t). Also,
observe that the denominator above is no larger than the total number of men half edges in the
bipartite graph, which is Z?‘Nl d;. Therefore, the above probability

P(Ai41|F; such that PE =PI 7,,C;, R, the next revealed node is a man node)
- da unre(t)

- alN g
Z] ld]
(since J; = 1, see Lemma [19)
dot
=~ «—aN y°
Z] 1d]

Note that ZglNl d; = aNk,,, where k,, is the empirical mean of the man node’s degree in the

. . . T K 4 +K2
bipartite graph. Conditional on R, we know that k,, > - — ‘\/ S =

be rewritten as

P(Ay41|F; such that 75tG = 77,5T, Jt, Ct, R, the next revealed node is a man node)
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dot
N (& |y - )

Therefore, there exists a constant d; > 0 that depends on dg, K, a, such that for any ¢ > 0, we have

ot
P(Asy1|F: such that Pt =P, J;,Ci, R, the next revealed node is a man node) > ﬁ

Note that the same bound works for any degree sequence (d;)Y ;, (d; )aN that satisfies R. The case
when the next revealed node is a woman node is analogous and ylelds the same bound. The result

hence follows.
O

We are now ready to prove Lemma [9]

Proof of Lemma[d. Fix any K, such that K? > 4a. By Lemma there exist constants a >
1,6>1,7€(0,1),5 € (0,1),€£ € (0,1), u € (0,1) that depend on (K, a), such that, for event

R = {the degree sequence of Gn(a, K, p) is (a, 5,7, k,§, u)-regular}, (30)

we have, for all NV larger than some constant N depending on K, «,

P(R) >

L\’JM—A

Fix these constants a, 8,7, K, &, u, Ng, the event R, and N > Ng for the rest of the proof.
For any tg > 1,7 > 1 such that {g < 7, we have

UAt ZP(HtZOI’]stG:'P?,.AtJrl)

t>0

Y

Gto<t<7:PF =P A1)
(CtO,R Jto <t <7:P% =P A1)
( ) (Ct()’R) (HtQStSTipt :P?,At+1’CtO,R

v

AV
DO | = '@ ~ '%

P(CtOIR) ’ P(Elt() <t<T: 75tG = PgaAt+1‘Ct0,R

By Lemma ]P’(CtO\R) >1—¢ > 0 for any tgp > 1. Thus we only need to lower-bound P(Jty <
t<7:P% =P A1 Cty, R). Observe that the events {PE =PI, Ar11|Ct,, R} for different ¢ are
mutually exclusive, since if A;11 = 1, then it must be that 73 # Pl for all ¢ > t. Therefore

P(Jtg <t <7:PF =P, As1|Ciy, R) (31)

=Y PP =Pl Ai1[Cr, R)

t=to

= Z P(,ﬁtG = ,PtT‘CtovR) ) P(At+1|75tG = ,PtTvctovR)' (32)

t=to

Recall that the argument so far holds for any 1 < t3 < 7. By Lemma we can choose
7 = Cv N where C is a constant that depends on K, «a,a, 5,€, such that for any N that is larger
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than some constant Ny depending on C, K, «, and any tg > 1,

P(Pf = Pl|Cy, R) > (33)

DN |

for all #p <t < 7. Fix these constants C, 7, No, and N > max{Npr, No} for the rest of the proof.
It now only remains to lower-bound » ;_, P(A;1|PE = PF,Chy, R). We bound each term in
this summation. Recall that (see Lemma |7, and we will specify the choice of g later)

Tp = {d"™C(t) > ot}
Also, for any tg <t <7, C; = {L¥ > 0} C Cy,, hence (for any choice of &)

P(Ar1| P =P, Cho R) (34)
> P(Ai1 N T NCPE =PL,Ciy s R)

=P(A1|PE = PL, Ji,Ci, Cios R) - P(T; N C|PE = PE,Cry, R)

=P(A1|PC = P! J:,C, R) - P(T; N C|PE = P, Cyy, R). (35)

By Lemmal7], for any choice of §g > 0 in J;, there exists a constant d; > 0 that depends on dg, K, cv,
such that, for any ¢ > 0,

_ 51t
P(AualF st PE =PI 70 R) = =7

in particular,

- o1t
P(A|Pf =P/ J70.CLR) 2 <7 - (36)
On the other hand,

P(J; NC|PE = PL.Cy, R) =1 —P(T; UGIPE = PL.Cyy, R)
>1-P(F|PE =PL,C,, R) — P(C|PE = PL,Cip, R).  (37)

We now upper-bound the probabilities P(7;|P¢ = Pl Cy,, R) and P(C;|PE = P, Cyy, R). First

consider

s P(J:, Pf = PF,Cip, R
P(T|PC = PL,Cip, R) = i[”(tﬁGt— i tOR))
t — 7t Yt

]P)(jta Ctoa R)
B P(Ctm R) ’ P(PtG = /PtT’CtmR)
P(Z’CtovR)

N IP)(,]StG = PtT|Ct07R>.

From Eq. (33)), we already know that P(PF = PL|Cy,, R) > 5 for any 1 < tg < ¢t < 7 (where
to < 7). Moreover, by Lemma there exists a choice of d§p in J;, that depends on K, a, &, i1, &,
and a choice of t{, that depends on K, a, k, i1, £, such that P(J;|C,, R) < % for any t) <tg <t <rT
(where tg < 7). Recall that we have chosen 7 = Cv/N. Let N, be a large constant that C/N,. > t{.
We fix this choice of g, t(,, Ne, and N > max{Ng, Ny, N.} for the rest of the proof. As a result, for
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any t) <tg <t<r,

Wl

We now upper-bound P(C;|PF = Pl Cy,, R) for any t) <ty < ¢ < 7. In particular,

R
t — 7t »Ytoo
_ P(Ct,Ciy R)
T P(Cy, R) - P(PE = PL|Cyy, R)
- P(Css, Ciy, R)
= P(Ciy, R) - P(PE = P|Ci, R)
_ P(@wto’?z)
~ P(PE =P[|C,y,R)

Again, we already know from Eq. thil?’(ﬁtG = PlCy, R) > % for any t), < tp <t < 7.
Moreover, by Lemma (17} for any tg > 1, P(Cx|Cty, R) < m Thus there exists a constant
ty that depends on &, p such that for any ¢y > ¢,

_ 3
P(Coo’CthR) < (1 _ é)(l — ,u,)t()

1
SUo0 i =6

Fix to = max{t(, t;} that depends on K, , k, i1, § for the rest of the proof. Also let N, be a large
constant such that C\/N; > ty. Therefore, for any t9p < ¢ < 7 and N > max{Ng, Ny, N, N} (so
that 7 = CV/N > tg),

. 1
P(CIPE =P/ Cio,R) < 3. (39)
Combine Eq. (37)-(39), we have (with the chosen parameters)
~ — ~ — = 1
P(J N CIPE =P, Cig,R) 2 1= P(HIPY =P/, Cios R) —P(GIPE = P{,Cip, R) > 5. (40)

Eqgs. , , and together yield
-

i 1 s 61t

P(3ty <t <7:PF =P, A1|Ci, R) > G ﬁ
t=to

> (51(7’2—75(2))'

- 12N

Recall that 6; > 0 is a constant that depends on dg, K, a, tg is a constant that depends on
K,a,k, 1, & and 7 = CV/N where C is a constant that depends on K, o, €. Therefore, there must
exist a constant N7 depending on K, a, K, i, &, such that for any N > max{Ng, Ny, N¢, N, N1},
the above RHS is large than 8C S,

20
We thus complete the proof.
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E.4 Proof of Theorem 2

Proof of Theorem [2l We will show that P(#Deadlocked women > Q2N) > 0/(1+ p). To estab-
lish this, we will use Markov’s inequality on the number of women who are not deadlocked. By
Lemma [9] we know that

E[#Deadlock-free women] < (1 — )N . (41)

By Markov’s inequality, we infer that

1—o0 1
2
P(#Deadlock-free women > (1 — ¢°)N) < e = 1o (42)
Hence,
P(#Deadlocked women > Q2N) = P(#Deadlock-free women < (1 — g2)N) > % . (43)
1%

2

Choosing € = min(p we get the claim in the theorem.

0
9 m) )

To see that («a, K,0) € O if and only if ff—a > 1, notice that the system of equations in Definition
[ reduces to

%(1 — Vt—l) -1+ 6_%(1_%_1) . . K(l - (It) -1+ e~ K(1-ai)
P m=lon= K(1—ar)
— Ut

wtzl—at:

if we restrict p = 0. From this we can equivalently write

w = fi1(fa(wi-1))
where

%az—l%—e_%m Kr—1+4e K

fi(z) = K, , fa(x) = Tou

[

By straightforward algebra, one can verify that fi(f2(-)) is concave on [0, 1] with

dfi(fo(w))|  _ K?  dfi(fo(w))
dw T 4o’ dw <1

w=0 w=1

Since wp = 1, we must have that lim; . wy is the largest root of w = fi(f2(w)) on [0, 1], and that

limy_y o0 wy > 0 if and only if W

o > 1, or equivalently, f—; > 1. O

w=

F A Heuristic Argument for Conjecture

A heuristic argument of the branching factor. We first explain the branching factor in the
special case of p = 0 and extend the argument (heuristically) for the general case of p > 0.

In standard branching process theory (e.g. [10][24]), it is well known that the branching factor
of a branching process, given the offspring distribution being 7, can be derived as follows. Let u*
be the probability that this branching process does not extinct. Then, a key observation is that
the tree rooted at the root node extincts if and only if all subtrees rooted at one of the root node’s
offsprings extinct. Since each subtree is an i.i.d. sample of the branching process with offspring
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distribution 7, we have

ut = F(u*) 21— Ego,[(1 —u*)d). (44)
One can observe that
dF (u)
= Egunld].
du i d 77[ ]

Therefore, even if the offspring distribution 7 of the branching process is hard to express, we can
still hope to obtain the effective branching factor Eq.,[d] of the branching process by deriving the
function F' and evaluating its derivative at zero.

For example, consider the GW tree in Definition Let u* denote the (edge-perspective)
probability that a woman node in the GW tree waits forever, and w* denote the (edge-perspective)
probability that a man node in the GW tree waits forever. A key observation here is that a woman
node in the GW tree waits forever if and only if one of the better-ranked offspring man nodes (better
than her parent in her preference list), say, j, waits forever, and all the even better men (better
than j in her preference list) neither waits forever nor inspect with her and succeed. Similarly, a
man node in the GW tree waits forever if and only if one of his better-ranked offspring woman
nodes, say, ¢, waits forever, and all the even better women neither wait forever nor inspect with him
and succeed. Moreover, a man only wishes to inspect the parent woman (denote this probability
by a*) if all his better-ranked offspring woman nodes neither wait forever nor inspect with him and
succeed; and a woman only wishes to inspect with the parent man if all her better-ranked offspring
man nodes neither wait forever nor inspect with her and succeed. Denote y* to be the probability
that a woman wishes to inspect with the parent man and that the inspection will be successful if
conducted. Note that the terms y*, a*, u*, w* defined above coincide with Yo, oo, Uo, Weo defined
in Definition [l We formalize this connection in Proposition [3] later in this section.

From the above description, we can derive the mapping function between u and itself, as in
Eq. . Note that the number of better-edge degree of a woman node is Poisson(Kz), where
z ~ Uniform(0,1); and the number of better-edge degree of a man node is Poisson(KZ/«), where
Z ~ Uniform(0, 1). Therefore,

*

Y

fl(w*va*) Elemsson Kz) [p(l —w* —a p) }

f ( ) EINPOISSOH (KZz/a) (1 —u l} )

u* = f2(w*7 CL*) £ ENPoisson(Kz) [Zw 1 —w* — a*p)i] )
=0

-1
w* = f2(u*7 y*) =S IENPOisson(K,%/a) [Z U*(l —u’ = y*)Z] :
i=0
Equivalently, we write

ut = Gi(ut,y) £ fo(fo(ut "), Al y"), y" = Gau'y") & fi(fo(u®,y"), ilu,y").  (45)

We first examine Eq. when p = 0. In this case, Eq. reduces to

-1 -1
u = f(w*) = ENPoisson(Kz) [Z w*(l - w*)l] ) f( ) - ~P01sson (Kz/a) [Zu 1 —u ) ] )

=0 1=0
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or equivalently,

~

ut = Gu") = f(f(u"). (46)

Thus Eq. resembles Eq. in the standard branching process case. Moreover, one can verify
easily that G'(0) = K which, as Theorem [2| states, identifies the deadlock regime if and only if

4o’
G’(0) > 1. In fact, another direct way of verifying that ff—; is indeed the branching factor is from
the offspring distribution, which is the product of the woman node’s better-edge degree % and the
man node’s better-edge degree %
Now consider Eq. when p > 0. We are interested in the partial derivative evaluated
at v = 0 and the corresponding value of y = . One can solve the value of § by finding the

(nonnegative) root for § = G2(0, ) (see Definition [47). This gives

aGl (’LL,y)

8(;1 ('LL, y)
ou

_ dha(w.a”) 4 dh(.a) dfi(w ')

da* du*

u=0,y=y w=0,a=a u=0,y=y

“(-3) ()

where g and a are the unique nonzero solution (we show in Proposition [3| below that there exists
a unique nonzero solution) to

u=0,y=y

K
Kya=1—e¢ 8w gy=1- eV,
o

This is the expression given by Conjecture [I}

The connection between the branching factor and the density evolution equations.
In the above we heuristically conjecture a branching factor for the associated tree process of
Gn(a, K,p). We now formally establish the connection between this conjectured branching factor
with the density evolution equations in Definition

Proposition 3 (Connection between density evolution and branching factor in Conjec-
ture (1)). The system of equations in Deﬁm’tion can be equivalently written as

u = Gr(u—1,9i-1), Y = Ga(w—1,ye—1)

where G1(-,-) and Ga(,-) are as defined in Eq. ([A7)). Moreover, y = G2(0,y) has a unique nonzero
root, denoted by ¥, and

8G1 (u7 y)

ou B
u=0,y=y

is equal to the branching factor in Conjecture [1]

Proof of Proposition[3. The first part of the proposition can be verified using straightforward al-
gebra. Now consider the equation y = G2(0,y), which gives

K
Kya=1—e¢ 8w gy=1- e~ wy.
@
Suppose y > 0, then this gives
_Ky

a—aed =1 PN (48)
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Note that the LHS increases in y > 0. To examine the RHS, let

Ky

A1—e_a

Y

9(y)

Take its derivative, we get

6_% (1 + % — e%>
g'(y) = 5
Yy

Note that e’a" > 1+ %, hence ¢'(y) < 0 for all y > 0, which implies that the RHS of Eq.
decreases in y > 0. Since

. _Ky . _Ky
lim a—ae” "« =0, lim a—ae o =q;
y—07t y—oo
_Ky _Ky
a—oe « _ . _ a—oe [e%
lim 1 —e ? v =1—¢P5 lim1—e? =0,
y—0t y—00

we have that Eq. has a unique nonzero root. Therefore we have the desired result stated in
Proposition O

G A Heuristic Derivation of the Giant Component Regime Using
MP

As a simple illustrative example, we now heuristically derive the classical result that for any ¢ > 1,
with high probability (w.h.p.) there is a “giant” connected component involving Q(n) nodes in an
Erdos-Renyi (ER) graph with edge probability ¢/n, whereas for any ¢ < 1, whp there is no giant
component: Asn — oo, for any node 7, the (random) local neighborhood of 7 (up to any fixed depth)
converges in distribution to a Galton-Watson (GW) process with offspring distribution Poisson(c),
i.e., a tree rooted at i where ¢ has Poisson(c) children, each of these children, independently, has
Poisson(c) children, and so on. Hence, one would expect there to be a giant component in the ER
graph if and only if, with positive probability the GW process does not suffer extinction (see [I5] for

a formalization of this intuition). Whether the GW process suffers extinction can be captured via
0 _

j—k T 1
for all edges (j,k). Thereafter for all ¢ > 0, update the messages as follows: mggk = 1 if there
exists I € N(j)\k such that m{"D = 1, else m" = o0. (Note that mgik does not depend on

l—j j—k T
mg:;), i.e., the self-exclusion property holds.) Observe that if &k is the parent of j then mgik =1

the following simple message passing algorithm with binary messages in {0, 1}: initialize m

if and only if the subtree rooted at j has depth at least ¢; we are interested in lim; s m§2k which
is 1 if and only the subtree has infinite depth. Fixing a node j (and not revealing its subtree),

the probability 7(*) = Pr(mgik, = 1) can be iteratively computed to be 70 =1, and 7® =
probability that j has no children who sent a 1 to it at ¢ — 1. Since each child independently sent a
1 with probability 7(*=1)), the number of children who sent it a 1 is Poisson(pr*~1), and we obtain
ot =1 — exp(—pw(tfl)). It easy to verify that m* = limy_,eo 7 exists and is strictly positive if
and only if ¢ > 1. Thus, if ¢ > 1, the GW process avoids extinction with positive probability 7*,

and correspondingly a giant component of size nearly 7*n occurs in the ER graph. On the other

hand if ¢ < 1, we have 7 < ¢ EmicN 0, i.e., the GW process suffers a quick extinction, and w.h.p.

there is no giant component in the ER graph.
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H Model Extensions

In this appendix, we discuss two extensions of the base model presented in Section First, we
consider vertical differentiation between agents, i.e., instead of assuming all agents are ex ante
homogeneous, we assume a certain fraction of them are more preferred than the rest. In the second
extension, we model agents on one side of the market as being willing to conduct parallel inspections
with their current top two potential partners, thus expanding the set of inspections which can be
conducted. We show that our analysis framework can still be applied to these extensions with proper
modifications, and that we can still characterize the size of information deadlock in these markets.
Moreover, we show that introducing vertical differentiation and allowing parallel inspections help
reduce deadlock.

H.1 Vertical Differentiation Between Agents

Assume there are two types of women, popular (P) and ordinary (O). The random consideration
graph is generated as in the base case, as well as the women’s preference rankings. The men’s
preference rankings are generated as follows: any P-type woman in a man’s consideration set
is ranked higher than any O-type woman in that consideration set, while within each type the
rankings are independent uniformly random permutations. We denote by Gn(«, 3, K, p) a random
market with SN P-type women, (1—/3)N O-type women, and a/N men, where each woman-man pair
considers each other independently with probability %, and any inspection succeeds independently
with probability p. Given such a randomly generated market, following the PS process defined in
Figure [l we can similarly count the number of P-type and O-type women who have not cleared
at time ¢, denoted by A%yN(a,B,K,p) and AaN(a,B,K,p), respectively. Let A%N(Q,B,K,p)
be their sum. Also, we can probabilistically describe the residual market for N — oo by the
MP algorithm in Figure |§| and associated density evolution (DE) equations. Note that the DE
equations come with an amendment that there are two densities for each message, one for each
type of woman (characterized by a superscript). For example, the densities for accept message
are denoted by af and af, where a! is for when the recipient woman is of P-type, and af is for
when the recipient woman is of O-type. We give the corresponding DE equations in Definition [9] in
Appendix [I] in the e-companion. Similar to A(«, K, p) = lim;_,o Kw;q; in Definition [4] capturing
the fraction of women in deadlock in large random markets in the base model, we define here
M(a, B, K,p) = limy_s0o Kwl gl and XO(a, B, K, p) := limy oo KwPqP to capture the fraction of
P-type and O-type women in deadlock, respectively, in large random markets where § fraction of
women are of P-type. Moreover, AB(a, 8, K,p) := BAF(a, B, K, p) + (1 — B)A° (o, B, K, p) is the
fraction of both types of women in deadlock in such a market. This result, which is analogous to
Theorem [1] in the base model, is formalized in Theorem [3]in Appendix [[] in the e-companion.

Deadlock Size for P-type Under Different Primitives (p=0.3, a=1) 1 Deadlock Size for O-type Under Different Primitives (p=0.3, a=1)
T : . T : : : : . : : . : : : : : .
N — 3=0.3 ~ —3=0.3
=< 08} |—= -5=05 < 08F |~ 3205
g p=07 8 5=0.7
% 0.6 P ‘% 0.6
% - %
2 04 2 0.
= , = 0.4
g ’ g
£ 0.2 / / S 02
/
o) E— SR TR T TN . o) E— R TR T T T
0 0.5 1 1.5 2 25 3 3.5 4 4.5 5 0 0.5 1 1.5 2 2. 3 3.5 4 4.5 5
Women average degree K Women average degree K

Figure 17: Deadlock size A\”' and A for P-type and O-type women, respectively, as a function of
the women’ average degree K. We fix the inspection success probability p = 0.3 and the men-to-
women ratio @ = 1. In the left figure we plot the deadlock size for P-type. In the right figure we
plot the deadlock size for O-type. We compare values for different H-type proportion .
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Deadlock Size Under Different Primitives (p=0.3, a=1, K=4)
1 \ : \ \

o]
T

© o 9o
o

N
T

Deadlock size

©
N

Vs O-type | |

0 0.2 0.4 0.6 0.8 1
P-type women fraction (3

Figure 18: Deadlock size A, X9 and AP for P-type, O-type, and All women, respectively, as a
function of the P-type women fraction 8. We fix the inspection success probability p = 0.3, the
men-to-women ratio a = 1 and the women’s average degree K = 4. The yellow curve plots the
deadlock size for O-type. The blue curve plots the deadlock size for all type. The red curve plots
the deadlock size for P-type.

The outcomes of P-type women are not affected by the presence of O-type women. The sub-
market consisting only P-type women and men is equivalent to the base model with parameters
(K,a/pB,p). Therefore the size of deadlock for P-type women increases with /3, since in the base
model the size of deadlock decreases with «. For O-type women, their outcomes are affected by
both O-type and P-type women. There are two competing forces that drive O-type women into/out
of deadlocks. If the fraction of P-type women is larger, since they are systematically more popular
than O-type women, the effective number of match opportunities for O-type women is smaller,
causing more O-women to be stuck in a deadlock. On the other hand, since the number of O-type
women decreases, the level of competition from within the group (O-type women) decreases, alle-
viating deadlock. Figure [17] shows that the size of deadlock for both types increases with women’s
average degree K, and P-type women experience the same outcome as in markets with primitives
(K,a/pB,p). The fraction of O-type women in deadlock, however, is not monotone in §. Figure
shows the size of deadlock as a function of the P-type fraction 8. Note that the size of O-type
deadlock is first decreasing then increasing in . For small values of 3, the outcomes of O-type
women are mainly driven by the in-group competition, hence deadlock decreases with [ since the
number of O-type women decreases. For large values of [, the competition effect from P-type
women increases and dominates the effect of other O-type women. Therefore the size of deadlock
increases for O-type women as it increases for P-type women. Holding (K, «, p) fixed, the total size
of deadlock for women is minimized for [ lying at the threshold 5* between the deadlock versus
deadlock-free regime for P-type women.

H.2 Parallel Inspections

Assume that while women are only willing to inspect with their top one most preferred men,
men are willing to inspect with their top two most preferred women. Therefore the inspections
conducted now include any woman-man pair (7, j) such that woman ¢ has no preferred man in her
consideration set and man j has at most one preferred woman in his consideration set. We call this
top-2 mutual inspections. However, since every agent only has match capacity one, not all successful
inspections are guaranteed to match. For example, a man j may conduct a top-2 mutual inspection
with his second most preferred woman i’ and succeed, hence (7', j) are temporarily matched. Later,
the same man j may perform another top-2 mutual inspection with his top most preferred woman
1 because she now sees him as the most desirable in the remaining consideration set. If this later
inspection succeeds, j will break up with ¢’ to form a new match with . What’s more, the formation
and breaking-up of temporary matches may propagate in the network. In the previous example,
woman 7', after her temporary match with man j breaks up, can then go to her next favorite man 5’
for a mutual inspection, which, if it succeeds, may cause j’ to break-up with his previously formed
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match, and so on. The Partner Search process for this setting is described in Figure

Partner Search (PS) following top-2 mutual inspections

Initialize the market: agents Zy <— Z; opportunities Jy < J; potential pairs & < &; temporary matched pairs
Eo « 0; time t « 1.
while |Z,_:| > 0 do
Initialization: Zy < Zi—1; Ji < Ji—1; Et < Ei—1; f:'z — gt71
while 3 a top-2 mutual inspection (i,5) € &—1\ {(7',5') : 35" s.t. (7/,5") € -1} do
Perform inspection (i, 7).
if inspection (i, j) succeeds and Vi’ > i, (', j) ¢ & then
The pair matches and leaves the market: Z; < Z;\{i}, J: + J:\{j}, & < EN{(Z',7') : ¢ =i OR j' = j}.
else if inspection (4, j) succeeds and 3i’ = i such that (i’,j) € & then
The pair temporarily matches: &; < &, U{(,5)}, & + E\{(7,7) : 7' < i}.
Any inferior temporary matches get unmatched: &; < & \{(@@,7) 4 <, i}

else > The inspection fails
The pair is removed from the set of edges, but the agents remain: & < & \ {(¢,7)}.
end if

end while
Eliminate any woman ¢ and man j with empty consideration sets: Ty < Z; \ {i}, J: < J: \ {4}
Advance time: t <t + 1.

end while

Figure 19: The Partner Search process under top-2 mutual inspections. Preference/fitness rank-
ings remain unchanged throughout.

Note that although matches can be formed and then broken-up, the same match cannot be
reformed again after it’s broken-up, and the PS process will eventually converge (we show this in

Message Passing (MP) following top-2 mutual inspections

Input: (Z,7,&, (=i,Vi € I),(=;,Yj € J)) with latent inspection results €;; ~ Bernoulli(p),V(i,5) € £.
Initialize the messages: m\"). = U,m!”), = W for all (i, ) € &.

—7J J—
t+ 1
do
Update man-to-woman messages: For all (z,7) € &, let
A if for all i’ = 1, msf;lj) = N except for at most one i’ =; i such that mi,t,__i; =U;
O R if for some 7’ > LmEf;lj) =Y, and mgf,;l; = N for all " >; i’ except (49)
s for at most one i’ >, i’ such that mgf,j; =T,
W otherwise.
Inspection ready: For all (i,5) € &, let
@ _ J1ifforall j =; j, either i) = A and € = 0; or )., = R.
ij . (50)
0 otherwise.
Update woman-to-man messages: For all (z,7) € &, let
Yif I[) =1and e; = 1;
*) N if [Z@ =1 and €;; = 0, or if for some j' =; j,
iy = () ) (51)
= A and Il,j, =1and ¢, = 1;

U otherwise.

t—t+1
while some message changed

Figure 20: The Message Passing algorithm following top-2 mutual inspections.
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the next paragraph). Define ]\'}V = ‘It \ {z” 37 st (¢,9) € gt} , which is the number of women

waiting at timdﬂ t. Intuitively, in the final market outcome, the size of deadlock should be smaller
than that in the base model since a man previously stuck waiting for his favorite woman can now go
to his next favorite. We show that this is indeed the case, and we characterize the market outcome
using a modified Message Passing algorithm in Figure

Similar to the base model, the modified MP algorithm tracks an accelerated version of the
modified PS process, described in Figure 22]in Appendix [J]in the e-companion. With the modified
PS, MP and APS, Lemma follow as in the base case. Note that similar to Lemma [3| and its
proof (in Appendix [B|in the e-companion), we can also show that the outcome of the modified
MP algorithm does not depend on the sequence of message updates, by defining a partial ordering
over message vectors and utilizing Tarski’s fixed point theorem. Observe that there is a natural
ordering of the man-to-woman messages {A, R, W} here, since the MP algorithm will only update
the W message to either A or R, and update the A message to R. Likewise, the woman-to-man
messages will only possibly be updated from U to either Y or N, and from N to Y. The rest of the
argument is analogous to that in the proof of Lemma [3] in Appendix [B] The result of Theorem
also follows in this modified case, with a set of modified DE equations and A given in Definition

in Appendix [J]

Figure hOWS the value of \, together with the fraction of women who exhaust their consider-
ation sets (termed “single” as before) and the fraction of women matched. By comparing the blue
curve with that in Figure we can easily see that the deadlock regime indeed reduces as agents
are willing to perform more inspections. For example, in a market with the same number of men
and women, where women’s average degree is five and the inspection success probability is 0.3, if
men are willing to inspect their top two candidates this transforms a situation with 87% deadlock
into a deadlock-free market.

Market Primitives: a=1, p=0.3

T T
~ = # deadlocked

08r ~ -~ — =#single
S o # matched
0.6 Se o —
-

0.4+ =1

Fraction of women

‘Women average degree K

Figure 21: Size of information deadlock, singleton, and matched women as functions of women’s
average degree K when men are willing to inspection their top two most preferred women. We fix
the men-to-women ratio to be @ = 1 and an inspection’s success probability to be p = 0.3.

Call the modified PS process which includes top-2 mutual inspections as top-2 PS. We formalize
in the next lemma that top-2 PS clears the market better than the vanilla PS.

Lemma 23. If a woman-man pair (i,7) match and leave by time t under standard PS, then they
also match and leave by time t under top-2 PS. Also, the residual market at time t under top-2 PS

is always a subset of that under standard PS, i.e., Stmp-g ps C &S,

I Appendix for Section

In this section, we provide supplementary materials for Section including the modified density
evolution in Definition [9l and the modified main result in Theorem [3

1"We do not count women who are temporarily matched, since if the process ends then, they can leave the market
with their temporariry partner, as opposed to waiting for the next available guaranteed inspection.
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We first give the derivation of density evolution. The derivation is similar to the proof of Lemma
(DE is exact on trees). By induction, assume that DE is exact on trees for up to iteration ¢ — 1.
Then, at iteration ¢, by the MP update rule,

af = P (man j sends A to neighboring P-type woman i in the tth iteration)

=Ky, {(vF 1) |P-type woman i ranks number dp + 1 for man 5}

K
(note that dp NPoisson<ﬁu> where u ~Uniform|0, 1])
«

BK
:E e au("z}i1*1)

eT(Vt—1*1) -1

K
BK (Vt 1 — 1)

[

9

ato = P (man j sends A to neighboring O-type woman ¢ in the ¢th iteration)

= Egp.ao{(vl 1) (v2 ;)% |O-type woman i ranks number dp + do + 1 for man j}

K 1— K
(note that dp ~Poisson<ﬁa> and dop NPoisson<(6)u> where u ~Uniform|0, 1])
o

K

—BK
:Eue%(%’i1_1) W(Vto—l_l)

(- ﬁ)K(Vt 1) 1

1-8)K ’
R0 - )

&
:e%(’/t 11,

Tf =P (man j sends R to neighboring P-type woman i in the tth iteration)

dp
=Eq, [Z((Vfl)l 1?/13D 1)

=1

_E,, [(1 — @l

P-type woman ¢ ranks number dp + 1 for man j]

P
11—y,

P-type woman ¢ ranks number dp + 1 for man j]

:yil(l - af)

P bl
1—-v,

r9 =P (man j sends R to neighboring O-type woman i in the tth iteration)

dp dp+do
_ P yi=1yP P l—dp—1, 0
_EdP7do[Z(Vt 1) Y1t Z )" (w2 )y
=1 I=dp+1

O-type woman ¢ ranks number dp + do + 1 for man j]

“E, (1= (vl )™yl n (1= (w2 )%) (vl )Py,
rie I VtP—1 1— %0—1

O-type woman 7 ranks number dp 4+ do + 1 for man j]
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yf_l (1 — e%(”ﬁl_l)) (eﬁTK(Vt}il_l) _ ato> y?—l
= +
P
1-v, 1-— Vgl

)

wle—af—rf, w?zl—a?—r?,
qtp = P (man j is inspection ready for neighboring P-type woman i in the tth iteration)
=Eq [(af(l —-p)+ rf)d ‘man j ranks number d 4+ 1 for P-type woman z]
(note that d ~Poisson(Ku) where u ~Uniform|0, 1])

1— eiK(afp+th)

K(ap+wl)

qto = P (man j is inspection ready for neighboring O-type woman 4 in the ¢th iteration)
d
=Eq [(ato(l —p)+r7)
(note that d ~Poisson(Kw) where u ~Uniform[0, 1])
1 — e_K(a?p+wrfo)

K(afp+ wf)

man j ranks number d + 1 for O-type woman i

P P
vl =a'p,  y =dPp,

VtP = P (P-type woman ¢ sends N to neighboring man j in the tth iteration)
d

S (af (@ —p)+rf) T alp
=1

afp(1—qf)
afp+wf

=ql(1-p) +Ey man j ranks number d + 1 for P-type woman z]

=q(1—p)+

I

V,? = P (O-type woman i sends N to neighboring man j in the tth iteration)
d

S (@1 —p)+rF) T aPp
=1

afp(1 —qP)
atOp + wtO

=q¢P(1—p)+Eq man j ranks number d + 1 for L type woman z]

=g’ (1—p)+

I

uf =1—yf —vf,  wf =1-y0 —1p.

The DE equations for this case is summarized in the following definition.

Definition 9. For any (o, 3, K,p) € Ry x (0,1) x Ry x (0,1), let ud =u§ = 1,yf =vy§ = v =

O _ p _O ..P ,.O rp_ O P O, P, O _ P _ O, P O
vy = 0 and define sequence (a; ,ay,ry , 77, W ,We Gt 45, Yi > Yp > Vg sV, U Uy )g>1 as follows.
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Forallt=1,2,..., let

P efe D P Yia(l—ap) P p_.P
A = "BK ; ""tzil P ; p =1l—ap —rg s
a (Vt 1 1) S
1—e K(at p+wt ) (IPp(l — qP)
P P_ P P t t P P_ P
@G = 5 Y =qp; v=q¢ l—-p+—F——5 u =1—-y, —v
t K(afp—i-wf) ) t t t t ( ) afp‘i‘th t t t
BK w21 1 Ui (1 - eﬁf('/til_l)> (eﬁf('/til_l) - ato) (T
ato — 67(’/51*1) . . TtO — + ;
= ﬁ)K( T 1-vP, 1—v?,
1 — ¢~ Klafptuwp) afp(1 - ¢?)
O O O O O O o O t t
wy =1—ay —rg; = ; = I e 1-— 4+ ="
i CTI WS o0y ¢ Y T v = (1-p) Op w0

O _ o O
ug =1—y’ — v .

Also define \F (o, B, K,p) := limy_y00o Kw!ql, \°(a, B, K,p) := limy_y00 KwPq?, \P(c, B, K,p) :=
BAP (e, B, K, p) + (1 = B)A° (e, B, K, p), and

0" ={(a,8,K,p) : > 0,8 €[0,1, K > 0,p € [0,1], X' (e, 3, K, p) > 0}
forr=P,0,B.

Next we state the main theorem of this extension, which is analogous to Theorem [1|in the base
model. Recall that in a random market G (a, 8, K,p) with SN P-type women, following the PS
process defined in Figure [d] the number of P-type and O-type women who have not cleared at time
t are denoted by AtP’N(a,ﬁ, K,p) and A"QN(oz, B, K, p), respectively. Also, AtByN(a,B,K, p) is their
sum.

Theorem 3. Consider a sequence of markets Gy (o, 8, K,p) indexed by N and the corresponding
A%N(a,ﬁ, K,p), AtON(oz B,K,p) and A%N( ,B,K,p), for some sequence of t also implicitly in-
dexed by N. Consider set ©" and A (e, B, K ,p) forr=P,O,B in Deﬁmtwn@ Then the following
statements are true forr = P, O, B.

o If (o, B,K,p) € O, i.e., \N'(a, B, K,p) > 0, then for any sequence of times t = w(1) that is
also o(log N), we have

]\}gnoop (‘Af“,N(aaﬁaK,p) - )\T(Oé,ﬂ,K,p)N‘ < f(N)) =1

for some f(N) = o(N).
o If (o, 8, K,p) & O, then for any sequence of t = w(1), we have
i IP3( v(@ B, K,p) < f(N)) =1
for some f(N) = o(N).

Proof of Theorem[3. Analogous to the proof of Theorem O

J Appendix for Section

In this section, we provide supplementary materials for Section including the modified APS in
Figure the DE equations in Definition and the proof of Lemma
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Accelerated Partner Search (APS) following top-2 mutual inspections

Initialize the market: E;FS = 0; Z8TS « T; TS « T; NETS() « N(3),Vi € To; N&TS () « N (), V5 € Jo.
Eliminate women and men with empty consideration set.
t'+1
while 3 a woman 7 with a nonempty consideration set N3 (i) d > round ¢’

[Phase 1.] Each man j € J2F% makes an offer to his best woman i1 in the consideration set N5 (j). Woman
i1 (case 1) rejects the offer if i1 ¢ Z5F5. She (case 2) does nothing if j is in her consideration set N*F¥(i1) but not
the best one. She agrees to inspect with j if he is the best in N#F$(41). If the inspection succeeds (case 3), she
accepts the offer and the pair is temporarily matched. If the inspection fails (case 4), iz rejects the offer. Under
case 1, 2 and 4, j makes a second offer to his second best woman iy in ./\/ﬁff (j)- i2 then acts according to the same
rules as did 41. j stops only when his offer is accepted, or when he does not hear back from two women, or when
j reaches the end of his consideration set. Then we update the consideration set of j by removing all women who
rejected his offer and call it NAPS( /). Also update jﬁps by removmg all men with an empty consideration set. If
a man j is temporarily matched with 7 during thls phase, update 5 S by including (,7) and removing any pair
(i',§) where i’ # i. If (i',§) is removed from 575, then move i’ to It, P

[Phase 2.] Each woman i € Z5F% finds her best man ji € 45 in her consideration set N/F7 (i) and inspects
with ji if she received an offer from him. If the inspection succeeds, the pair is temporarily matched. If the
inspection fails, 7 goes to her second best man j2 € J, APS in NAPS( ). i stops searching only when she is temporarily
matched, or when her next best man in jﬁps did not make her an offer. Then we update the consideration set
of 4 by removing all men that failed the inspection and all men that are not in J7F° and call it N2F5(3). Also
update Iﬁps by removing all women who are temporarily matched and all women with an empty consideration
set. Update gﬁps by including all temporarily matched woman-man pairs (¢, ) in the current phase, and remove
(7', 7) where i’ # 1.

't +1
end while

Figure 22: The Accelerated Partner Search process following top-2 mutual inspections. Preference
rankings remain unchanged throughout.

We first give the modified APS definition in Figure

We now give the derivation of density evolution for this extension. Note that in the modified
MP algorithm in Figure the only part that is different from that in the base model (Figure @ is
the message updates for A, R, and W. Therefore we only give the derivations for a; and 7 below,
while wy = 1 — a; — 7 and the other parts are the same as before. By the MP update rule in Figure

20}

a; = P (man j sends A to neighboring woman i in the tth iteration)
=FE [IP (Vi’ - 1, i’ sends N to j except for at most one 7" >j @ such that i’ sends U to ])]
=Ey [Df_l} +Eq [dﬂtdjllﬂt,l} ( d ~Poisson(Ku/a), where u ~Uniform(0,1).)
_ ea 1=l _q N Ey1—1)ea & (=) —eg(‘;t—lfl)—kla
En1-1) K117

7 = P (man j sends R to neighboring woman ¢ in the ¢th iteration)
=E

[P(3i" >, 4,7" sends Y to j and Vi"” >, ¢’,i" sends N to j for at most one "' > 4’
such that i’ sends U to j)]

d
=Eq Z (ﬁéj + (1 - 1)515:%%—1) Yt—1
=1
1- Vt 1+ ut 1+ % (e%(ﬁtfl_l) — 1) + e%(ﬁtfl—l)at_l i
N (1—_1)2 Yt—1
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We summarize the DE equations in Definition [10| below.

Definition 10. For any (a, K,p) € Ry x Ry x (0,1), let g = 1,90 = vp = 0, and define sequence
(Gt Tt, We, Gt, Gt Up, Ut )e>1 as follows. For allt = 1,2, ..., let

on (P-1-1) _ %(ﬁtq _ 1)6§(fzt,1—1) — e X (—-1) +1

a; = - - Up—1;
L1 -1) B —1)?
- . By 1—1—20 K5 Ky 1)~

1= Doy + g1 + —Q(V’Efgif%”) (ea #e1-1) 1) +ea g,

- _
t (1—in_1)2 Yi—15

wy =1 —ay — 1y

1 — e Kl@apton) arp(1 — i) Wi (1— G)
G = =Gy =Gl -p) e =
4 K (atp + wt) Ye = %P r= ) atp + Wy t atp + Wy

Also define X(a,K,p) = lim Kwq.
t—o00
Next we prove Lemma 23]

Proof of Lemma[23 We prove this lemma by induction. Obviously the statement is true at time
t = 1, since the initial market at t = 0 under either PS or top-2 PS is identical, and any guaranteed
inspection under standard PS must also be a top-1 guaranteed inspection under top-2 PS (so this
pair must be permanently matched as opposed to temporarily matched). This implies that the
residual market at time t = 1 under top-2 PS must be a subset of that under standard PS, i.e.,
5{01}2 PS EPS. Assume the statement is true by time ¢ — 1, i.e., assume that if a woman-man pair
(i,7) matched and left by time ¢ — 1 under standard PS, then they must also matched and left by
time ¢ — 1 under top-2 PS. Also assume that the residual market under top-2 PS is a subset of the
that under standard PS at time ¢t —1, i.e., 5;3‘1‘2 PS¢ EPS,. Consider time t. We will show that if a
woman-man pair (7, j) matched and left by time ¢ under standard PS, then they must also matched
and left by time ¢ under top-2 PS. We will also show that the residual market under top-2 PS is a
subset of the residual market under standard PS at time ¢, i.e., EttOpQ e EFS.

We first show that if a woman-man pair (i, 7) matched and left by time ¢ under standard PS,
then they must alsohave matched and left by time ¢ under top-2 PS. If (7, j) matched and left before
time ¢t under PS, then by assumption they must also matched and left before ¢ under top-2 PS. It
only remains to consider the case that (¢, 7) match and leave at time ¢ under PS. If (4, j) match and
leave at time t under standard PS, then there are two cases for the same pair at time ¢ under top-2

PS. In case one, (i,7) € 5;3‘;'2 PS, meaning (7, j) are still considering each other at the beginning

of the t-th iteration. In case two, (i,j) ¢ 52‘{'2 PS meaning (i,7) are no longer considering each
other at the beginning of the ¢-th iteration. Next we discuss the two cases respectively.

In case one, (7, j) € 5;3%’2 PS Since (1,7) is a guaranteed inspection in £ and since 5;3‘{“2 PS
StPi Sl by assumption, (4, j) must also be a top-1 guaranteed inspection in 5;3‘{'2 S, Therefore, (i, j)
must inspect, match and leave at time ¢ under top-2 PS (note that their latent inspection outcome
is a success by assumption).

In case two, (i,7) ¢ 5;3‘;'2 PS_ This can be further classified into two subcases. In subcase one,
woman ¢ is already matched and left (note that this excludes the possibility of ¢ being temporarity
matched) with a preferred man by time ¢ — 1 under top-2 PS. In subcase two, man j is already
matched (possibility temporarily matched) with a preferred woman by time ¢ — 1 under top-2 PS.
The possibility of (7, j) inspected and failed is excluded since their latent inspection outcome must
be a success. The possibility of 7 or 7 matched and left with a less preferred partner is also excluded
since this means that j or i was ruled out by i or 7, i.e., j or ¢ matched with some preferred partner.
This goes back to one of the two subcases above. Next we discuss the two subcases.

o4



First consider subcase one. If ¢ is matched and left with j, then we are done. Otherwise, i is
matched and left with another man j’ =; j, say, at time ¢’ under top-2 PS, for some t' < t. This
implies that (i, j’) must be con81der1ng each other at the beginning of time ¢’ under top-2 PS, i.e.,
(1,7)) € 5:,05)12 PS5 Since EtOP 2PS ¢ EPS| by assumption, (i, ;") must also be considering each other
at the beginning of time t’ under PS. In order for (i,7) to inspect at time ¢ > ¢’ under PS, ¢ must
have ruled out all preferred men before ¢, including j'. Denote by t” the time ¢ ruled out j’ under
PS. We must have ¢’ < t” < t. Note that (i, j') cannot inspect and fail, since their latent inspection
outcome is a success. Therefore j' must be matched and left with some other woman i’ # 4 at time

" under PS in order to be ruled out by i. By the induction assumption, this indicates that (i, j )
must also be matched and left by time ¢’ under top-2 PS, contradicting the presumed fact that j’
is matched and left with woman 7 # 7’ at time ¢’ under top-2 PS.

Now consider subcase two. Suppose j is matched (possibly temporarlly) with another woman
i’ >; 1, say, at time ¢’ under top-2 PS, for some ¢’ < ¢. Since 5:,01)12 s C Et, 1 by assumption, it
must be that (i/,5) € £/5,. In order for (i,7) to be able to match and leave at ¢t > ¢ under PS, j
must have ruled out i’ before ¢ and after ¢'. This implies that i/ matched and left with a preferred
man j' =y j, say, at time ¢ € [t/,t) under PS. By the induction assumption, (¢’,;’) also matched
and left by time ¢” under top-2 PS, making it impossible for (i’,j) to also match and leave. The
only remaining possibility is that (i, 5) temporarlly matched at ¢/, and later (¢, ;") matched and
left by ¢” > ¢’ under top-2 PS, indicating (¢, j') € 5:/°p12 PS However this is also impossible since
j' =4 j and hence (i, j) cannot be a top-2 guaranteed inspection in S;,o_pf s,

We have thus proved that if a woman-man pair (7, j) matched and left by time ¢ under standard
PS, then they must also matched and left by time ¢ under top-2 PS. It remains to show that
EttOP_Q PS¢ EPS. Tt suffices to show that if (i, j) inspected and failed at time ¢ under PS, then
(i,5) ¢ EFP2TSIf (i, 5) ¢ €725 then we are done. Suppose (i, ) € £/°%2 . Note that (i, j)

inspected and failed at time ¢ under PS implies that (7, j) is a guaranteed inspection in SPS Then

ror- 2P C &S, by assumption, (4, j) must also be a guaranteed inspection in Et‘)p'z P . Thus

¢ 5ttop 2 PS.

since &,

(4,7) must inspect and fail at ¢ under top-2 PS, and hence (i, j)
]
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