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Abstract

Motivated by matching platforms that match agents in a centralized manner, we study
dynamic two-sided matching in a setting where both customers (demand) and service providers
(supply) are heterogeneous and the pool of service providers is limited. We model heterogeneity
on the two sides of the market by demand weight vectors drawn i.7.d. from some distribution, and
supply feature vectors drawn 4.i.d. from a (possibly) different distribution. The matching of a
demand-supply pair generates a matching value that depends on their weight and feature vectors.
We adopt a notion of regret, specifically the additive loss relative to the value (per match)
achievable in the limiting hindsight optimum as our performance metric for matching policies.
Simple myopic policies suffer non-vanishing Q(1) regret in large markets. We propose a forward-
looking supply-aware policy dubbed Simulate-Optimize-Assign-Repeat (SOAR) which balances
between producing high match value for the current match and preserving valuable supply for
future customers. We prove that SOAR achieves the optimal regret scaling under different
assumptions on the demand and supply distributions. En-route to proving our guarantees we
develop a novel framework for analyzing the performance of our SOAR policy which may be of
broader interest. As a corollary of our techniques, we also resolve an open problem posed in
Kanoria [2022].
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1 Introduction

Centralized matching platforms have transformed the way customers access services in sectors such
as hospitality, transportation, and finding a job. These platforms facilitate on-demand connections
between customers and service providers, based on customer needs and service provider attributes
and availability. A common feature of many of these platforms is that the demand and supply
sides are often both highly differentiated. For instance, on online home services platforms such
as Handy.com, customers arrive and specify various service requests (e.g., plumbing, room clean-
ing, furniture repair) and personalized service preferences (location, time, price). Simultaneously,
service providers on these platforms are differentiated by their diverse skill sets, locations, and
availability schedules. The value of a match between a given customer and a service provider de-
pends on both the specific preferences of the customer and the attributes of the service provider.
Platforms are tasked with maximizing the overall matching value of customers, a composite mea-
sure that incorporates customer satisfaction, service provider value, and the platform’s value, for
those arriving over a finite horizon.

The varied nature of both demand and supply poses challenges to the platform’s decision-
making, especially when supply is constrained. With a limited pool of service providers and the
arrival of customers over time, the platform faces a trade-off between (a) optimizing the value of
the current match and (b) maintaining a diverse pool of service providers for future customers.
While prioritizing (a) offers maximum immediate value, implementing (b) may bring the benefit of
facilitating higher valued matches for future customers. Balancing these two objectives to ensure
optimal outcomes is, in general, not straightforward. This motivates our central research question:

In a dynamic two-sided matching setting with heterogeneous customer and service providers,
how should a centralized platform match customers arriving over time to mazimize the overall
value generated?

We capture the platform’s problem through a feature-based dynamic matching model. In our
base model, a pool of n service providers is initially available and n customer requests arrive se-
quentially. Upon the arrival of each customer request, the platform immediately and irrevocably
assigns to it an available service provider, who then leaves the pool permanently. In our model,

customers and service providers are characterized by multidimensional vectors, where each dimen-



sion numerically encodes an attribute observable to the platform, for instance, job location, listed
prices, ratings, expertise (for service providers), and demographics in general. We capture market
uncertainty and heterogeneity by assuming the demand weight vectors (that represent customers)
and supply feature vectors (that represent service providers) are drawn i.i.d. from some demand
distribution P and supply distribution @, respectively. The match quality (or match value) between
a customer and a service provider is modelled by a quality function ¢(X,Y") that depends on both of
their weight and feature vectors X and Y respectively, one typical example being p(X,Y) = (X,Y).
The platform’s goal is to repeatedly make matching decisions to maximize the expected average
matching quality. In this paper, we also consider the setting of scarce supply where the number of
customers is more than the number of service providers. We show that our modelling framework

is flexible enough to incorporate such a setting (refer to Remark 1).

Modelling innovation. Much of the prior research on stochastic dynamic two-sided matching
and resource allocation assumes a small number of demand and supply (or resource) types (Talluri
et al. [2004], Bitran and Caldentey [2003], Braverman et al. [2022], Banerjee et al. [2022]). Such
an assumption is critical in ensuring theoretical guarantees but leads to a limitation in modeling
capability. In contrast, our feature-based modeling framework allows for many or even an infinite
number of demand and supply types while remaining analytically tractable. This is achieved by
exploiting proper continuity conditions such as a spatial structure on the feature vector spaces
and the matching quality functions. In particular, we obtain algorithms that provide provably
asymptotically optimal performance guarantees, i.e., our performance loss relative to the limiting
hindsight optimal solution vanishes as n, the number of supply (demand) units, increases.

Within the modeling framework, we study and quantitatively compare different matching poli-
cies. While it may be tempting for practitioners to greedily assign service providers that maximize
immediate matching quality, we observe that such myopic policies may end up incurring significant
quality loss, and are thus highly sub-optimal (see Proposition 1, Proposition B.3 and Conjecture
1). The sub-optimality stems from overlooking future customers and exhausting a particular group
of similar service providers too early. This observation necessitates the design of forward-looking

algorithms.



1.1 Main Contribution

In this work, we develop a simple forward-looking algorithm dubbed SOAR, which automatically
preserves supply diversity and achieves near-optimal performance within our model across a variety
of settings. We also develop an analytical framework for our algorithm SOAR which in turn enables
us to prove near-optimal performance guarantees and may be of broader interest. As a corollary
of our techniques, we also resolve some open problems posed in Kanoria [2022]. We now elaborate

on our contributions.

(1) A simple forward-looking algorithm. We propose a principled approach dubbed SOAR (short

for Simulate-Optimize-Assign-Repeat), that combines real-world applicability and a theoretical
performance guarantee. SOAR is inspired by model predictive control (MPC), a well-known
heuristic in dynamic control theory (see e.g. Bertsekas [2012], Camacho and Alba [2013] for
detailed discussion). The key idea is to utilize a simulated scenario of future demands to fa-
cilitate efficient online decision-making. More precisely, at each decision epoch (namely, when
a new customer arrives), the algorithm forms a projected demand pool, which includes both
the currently arriving customer and a simulated stream of future customers. It then matches
the arriving customer as per their assignment under the optimal offline matching between
the projected demand pool and the remaining supply pool. The two main steps of SOAR
at each decision epoch are (i) simulating a future demand stream and (i¢) solving an offline
assignment problem, both easy to implement. Regarding (i), we note that many companies
collect and store large amounts of demand data. This rich data can be leveraged to build high-
fidelity simulators for SOAR. Furthermore, our algorithm only requires simulating one sample
path of future customers in each decision epoch, setting it apart from most simulation-based
algorithms which fundamentally rely on sample average approximation (SAA) and require
simulating a large number of independent streams of future customers. Regarding (ii), the
bipartite assignment problem is a classical computational problem. Theoretically, a worst-
case guarantee of O(n?T°()) has been shown for this problem [Chen et al., 2022], ensuring
its tractability. In practice, several fast and highly scalable solvers have been developed for

this problem that can be directly plugged into SOAR.

(1) Novel analytical framework for SOAR. We note that MPC is generally considered to be a sub-




(iid)

optimal heuristic (see Section 6.5 of Bertsekas [2012]). Our main technical contribution lies in
developing a novel framework that allows us to systematically analyze and establish the near-
optimal performance of SOAR for stochastic feature-based dynamic matching. Serving as the
technical backbone of this work, our framework relies on a key observation (Theorem 1), which
expresses the performance of SOAR as the average of a sequence of hindsight optimum values.
In particular, when there are n supply providers and customers, let U,(SOAR) denote the
expected average matching quality under SOAR and U!! denote the expected average matching
quality achievable in hindsight. Then Theorem 1 asserts that U,(SOAR) = 13 UM
Equivalently in terms of regret, we have REG,(SOAR) = Uy — U, (SOAR) = L 570 (Uss —
UH), where Us, denotes the thick market limit (refer to Section 2). This result leverages
the symmetry induced by i.i.d. random variables, and is otherwise completely general; it
holds for arbitrary demand and supply distributions P, @), and for arbitrary matching quality
function ¢(X,Y’) that is bounded over the support of X and Y (boundedness is required
only to ensure these performance metrics are well-defined). It reduces bounding the regret of
the online algorithm SOAR to characterizing a sequence of bounds on the regret under the
hindsight relaxation for k£ = 1,2, ..., n, which are purely offline. We leverage this framework
to prove near-optimal regret guarantees for different quality functions and under general

structural assumptions on the demand and supply distributions.

Near-optimal performance of SOAR. SOAR enjoys a guarantee of near-optimal performance

across broad classes of demand and supply distributions and quality functions. Our general
performance guarantee, Corollary 2, states that SOAR is near optimal for any matching
problem satisfying a “regular scaling” property (Definition 1), which we believe essentially
incorporates all non-pathological matching instances. In particular, we demonstrate that
under a specific performance measure, namely, the average matching regret relative to the
hindsight limit matching value, the performance of SOAR is within a logn factor of that of
the hindsight optimum for any matching instance which scales regularly. We then explicitly
characterize the scaling of average matching regret incurred by SOAR in various interesting
classes of matching problems. In Section 4, we investigate matching for a general class of
quality functions ¢,(X,Y) = —|| X = Y|? (|| - || denotes Euclidean norm) for p > 1 under

two sets of assumptions on the demand and supply distributions, one restricting P and @ to



be the uniform distribution over [0, 1]¢, following the literature on dynamic spatial matching
(Akbarpour et al. [2021], Kanoria [2022], Balkanksi et al. [2022]), and the other allowing for

arbitrary distributions.

We characterize the regret scaling attained by SOAR under the two sets of assumptions re-
spectively, which are both optimal (up to a factor of at most logn) for each possible dimension
d and exponent p (see Theorem 2). In particular, sharper regret scaling is achievable under
the more restrictive assumption that both distributions P and @ are uniform over [0,1]¢. In
the same section, we also study the practically relevant dot-product matching quality function
(X,Y). In particular, we establish an equivalence between the dot-product quality function
and ¢, with p = 2, and prove in this special case that SOAR attains the sharper regret scaling
for a general class of smooth, regular, “uniform-like” distributions P and ) that can be non-
uniform and unequal (see Corollary 3, Theorem 3, and Table 1). The matching upper and
lower bounds in Table 1 together characterize the complete landscape of the regret scaling

with dot product quality.

As a corollary of our analysis, we also solve an open problem in Kanoria [2022] and generalize
some of the results in Kanoria [2022] to a setting with quality function ¢(X,Y) = —|| X =Y||?
for p > 1. Our results significantly advance the previous understanding of dynamic spatial
matching, which is mostly restricted to the special case with P = @ = Uniform([0, 1]¢) and
p = 1, [Kanoria, 2022, Balkanksi et al., 2022, Akbarpour et al., 2021].

Our results reveal several interesting insights as we summarize below. First, the “cost of
matching” dominates the “cost of uncertainty about the future” in our setting. In particular,
SOAR attains the same regret scaling (up to logarithmic factors) as the hindsight optimal
matching in all cases, indicating that knowing the future demand in advance does not allow
us to substantially reduce regret. Second, the regret of SOAR increases as the dimension
of vectors, d, increases. Since d corresponds to the level of heterogeneity on both sides of
the market in our model, this observation can be interpreted as matching is harder in a
market with more dimensions of heterogeneity. Finally, smoothness helps reduce regret, but
only in low dimensions. For d > 4 the regret scaling achievable is the same under smooth
versus arbitrary distributions. Section 5 describes a range of numerical studies, which provide

evidence that SOAR is near optimal and exhibits regret which vanishes rapidly with n in



various settings.

Table 1: The average regret scaling for ¢(X,Y) = (X,Y). Here a A b := min{a, b}.

P = @ = Uniform([0,1]9) P,Q Smooth P, Q Arbitrary

Lower Bound Q(n*(%/\l)) Q(n*(ﬁ/\l)) Q(n_(g/\%))
Algorithm of Kanoria [2022] (’}(71_(§A%)) - -
SOAR (this work) O(n~ (D) O(n~(GMD) O(n~ (M)

1.2 Related Literature

Matching Markets. Devising algorithms and guarantees for online matching is a central topic
for researchers at the intersection of CS, Economics, and OR/OM,; see, e.g., Aouad and Ma [2022],
Delong et al. [2022], Braverman et al. [2022], Udwani [2021], Papadimitriou et al. [2021], Ezra
et al. [2020], Ma and Simchi-Levi [2020], Ashlagi et al. [2019] among many others. In recent years
amid the rise of the platform economy, matching markets, with a rich set of newly emerging eco-
nomical/operational /computational challenges, have attracted significant attention in the academic
literature. [Aouad and Saban, 2022, Ashlagi et al., 2022, Shi, 2022, Manshadi et al., 2022, Der-
akhshan et al., 2022, Feng and Niazadeh, 2022, Immorlica et al., 2021, Aouad and Saritag, 2020]. In
this paper, we study a centralized online platform that aims at maximizing social welfare (expected
total matching quality). Like us, several works consider a reward-maximizing platform, where the
reward can be total revenue, total match number, etc. Aouad and Saritag [2020] studies a central-
ized matching problem in a stochastic environment with departures and formulate it as an MDP.
Manshadi et al. [2022] and Immorlica et al. [2021] investigate a decentralized platform, and how
to choose a good market equilibrium through appropriately designed match recommendations. Shi
[2022] conducts an insightful study revealing why platforms in the home services industries tend to

implement centralized matching policies, complementary to our work.

Dynamic Resource Allocation. We formulate and solve an online matching problem with
1.1.d. demand and supply, which is categorized as a dynamic resource allocation problem in the

OR/OM literature. The d = 1 special case of the model has appeared in earlier works in the



OR/OM community under the name of (stochastic) sequential assignment problem (Derman et al.
[1972], Albright Jr [1972], with applications in the kidney exchange markets Su and Zenios [2005]).
The workhorse policy commonly used in several classical dynamic resource allocation instances is
the Certainty Equivalent (CE) policy (Balseiro et al. [2023b]). It is worth pointing out that directly
applying CE in our setting requires solving a fluid problem equivalent to an optimal transport (OT)
problem, which can be challenging when P and () are supported on infinite or even uncountable
sets (Taskesen et al. [2022]). Indeed, the finite-ness of the support of demand/supply distributions
is a key requirement not only to the design of CE but also to the analysis of several new algorithms
recently proposed in the field (Vera and Banerjee [2021], Bumpensanti and Wang [2020]). By
comparison, SOAR is a simulation-based computationally efficient proxy for CE with performance
guarantees, that naturally copes with infinite types of demand and supply in the matching context.
We note here that simulation-based policies have previously been proposed and studied in the
context of dynamic resource allocation problems [Talluri and Van Ryzin, 1999, Kunnumkal et al.,
2012, Freund and Banerjee, 2019, Sinclair et al., 2023, Ahani et al., 2023, Besbes et al., 2023].
The most relevant to our work is Besbes et al. [2023]. Subsequent to our work, in a recently
revised version of Besbes et al. [2023], the authors study a multi-simulation variant of our SOAR-
like policy. They use the compensated coupling framework of Vera and Banerjee [2021] to analyze
hindsight-based regret, and their theoretical guarantees on the dynamic matching problem are only
applicable under the setting with a few demand and supply types. Different from previous work, our
performance guarantee does not rely on sample-average-approximation (SAA) type analysis, which
depends on the number of simulated sample paths used. Instead, the SOAR algorithm developed
in this paper mimics MPC and only uses one simulated sample path in each decision epoch. We
develop a formula that characterizes the expected performance of SOAR (cf. Theorem 1), enabling
us to prove optimal regret scalings in various settings for very general demand and supply type

distributions.

Stochastic Online Matching. The problem studied in this paper is relevant to the literature
on stochastic online matching. This literature examines the stochastic online bipartite matching
problem in the known i4.i.d. input model, initiated by Feldman et al. [2009]. Many subsequent
papers have generalized the base model of Feldman et al. [2009], which assumed an unweighted

underlying graph and integral arrival rates, and proposed new algorithms. In particular, Manshadi



et al. [2012], Jaillet and Lu [2014], and Brubach et al. [2016] derived algorithms with improved
competitive ratio guarantees and studied models that relaxed the integrality restriction on the
arrival rates, allowing the arrival rates to be arbitrarily close to zero. Additionally, Haeupler
et al. [2011] and Brubach et al. [2016] extended the base model to the edge-weighted setting. A
key difference between our setting and the existing literature is the power of the adversary. In
the stochastic online matching literature, such as Feldman et al. [2009] and its successors, the
adversary can choose the supply units arbitrarily, leading to hard instances with non-vanishing
regret. In our setting, the supply units are 4.i.d. draws from a distribution, limiting the adversary’s
power as n grows (to “selecting” the “worst-case” distributions and the matching quality function,
in particular). Consequently, our setting inherently enjoys vanishing regret, regardless of regularity
assumptions like the continuity or smoothness of P,Q, ¢ (see Corollary 1). Subsequent to our
work, Saberi et al. [2024] studies a stochastic online metric matching problem where the adversary
chooses supply unit locations in a metric space.They leverage the algorithmic analysis framework

developed in this paper and achieve improved competitive ratio and provably near optimal regret.

Dynamic Spatial Matching. An intimately related literature to this work is dynamic spatial
matching. There the matching cost is typically chosen as the distance between two units. The
stochastic version of dynamic spatial matching is a specific instance in our model, with P =
Q = Uniform([0, 1]¢) and ¢(z,y) = —||z — y||. Kanoria [2022] studies this problem (under the so-
called “semi-dynamic setting”) and gives a complete characterization of the regret scaling. Their
Hierarchical Greedy algorithm achieves optimal scaling for all d > 1. However, the results and
techniques do not extend to general quality — || —y||? and unequal demand and supply distributions
as we previously alluded to. SOAR resolves an open problem posed in Kanoria [2022] by achieving
a provably tight regret scaling under —||z — y||? and P = @; see Proposition 2. Other related
works include Holden et al. [2021] which proposes a gravitational allocation method for spatial
matching in both dynamic and offline settings between two sets of uniform points on a 3D sphere
that achieves tight guarantee. Akbarpour et al. [2021], Balkanksi et al. [2022], and Kanoria [2022]
all study the case of excess supply, whereas we focus on the case of scarce supply in this work. In
general, randomized algorithms that are in spirit similar to MPC have been proposed to solve online
matching problems (e.g., Gupta et al. [2019]), that come with different performance guarantees (e.g.

competitive ratio) under various modeling assumptions. We believe that an attractive feature of



our work relative to prior work is the broad generality of the conditions under which we establish

near optimality of SOAR.

1.3 Notation

We denote f(n) = ©(g(n)) if there exists constant C' > 0 independent of n such that C~1g(n) <
f(n) < Cg(n). Similarly, we say f(n) = O(g(n)) if there exists constant C' < oo independent of n
such that f(n) < Cg(n) and we say that f(n) = Q(g(n)) if exists a constant C' > 0 independent of
n such that f(n) > Cg(n). The notation O, 0, will ignore the polylogarithmic factors in n. For

example O(nlogn) = O(n). We denote a A b := min{a, b}, a V b := max{a, b}.

1.4 Organization

The rest of the paper is organized as follows. In Section 2 we formally introduce the model.
In Section 3.1, we discuss how myopic policies like Greedy perform badly even in simple cases.
In Section 3.2, we formally define the Simulate-Optimize-Assign-Repeat (SOAR) policy, establish
a meta analysis framework and present the algorithm’s universal near optimality. In section 4,
we characterize the near-optimal regret scaling achieved by SOAR under several different sets of
assumptions. In Section 5, we present the results of numerical simulations for various settings and
compare the performances of several algorithms. In Section 6, we conclude with a discussion of key

takeaways and some challenging open problems.

2 Model

Let Y1,Y5, ..., Y, denote an initial endowment of n supply units, where each Y3 € V C R? is sampled
i.i.d. from a supply feature distribution ). A sequence of n demand units arrive sequentially over
time, each seeking one supply unit. The t** demand unit for ¢t = 1,2,...,n is a vector X; € X C R¢,
which is i.i.d. drawn from a demand weight distribution P. Upon the arrival of the demand unit
X, the platform must immediately and irrevocably assign an available supply unit Y to the current
demand unit X;. Such an assignment decision generates a feature and weight-dependent match
value of p(X¢,Y), after which the matched pair leaves the system, depleting the available supply
units by one. We refer to the function ¢ : X x ) — R as the (match) quality function. The above

decision-making process is repeated n times, until there is no supply unit left.
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The platform seeks a dynamic matching policy that maximizes the average expected match
value. Let H; denote the history of the system up to decision epoch ¢ (namely, when the tth
customer arrives) that incorporates the first ¢ — 1 demand units and their corresponding matched
supply units. Let S; denote the set of indices for the remaining supply units when the #*" demand
unit arrives, and A(S;) be the set of probability distributions over S;. We formally define a dynamic
matching policy as a collection of mappings m := (m;)1<¢<p, Where (X, Hy) € A(Sy) is the possibly
randomized assignment of supply unit given the #*"* demand unit X; and the current history H,.
We denote the average expected match value under = by

Ul P, Q.0) = - B [Z oK1, Vo) | M
t=1

where the expectation is taken over 7, P, (), and we slightly abuse notation 7; to represent both
the random variable and its associated distribution.

We do not assume the platform knows P and (). Instead, we assume that the platform has
access to m i.i.d. samples from P, collected from its historical matching activities. Our algorithm
and the corresponding theoretical results only require a moderate m relative to the scale of the
problem. In particular, m = Q(n?).

Benchmark. We use the limiting hindsight optimum of the problem as a benchmark to measure
and compare the performance of matching policies. To define this benchmark, we first introduce
the following hindsight relaxation

U (P,Q, ) = %E [sw D (X Yz, (2)

TES’n t=1

where S,, is the symmetric group on {1,...,n}. We refer to UM (P, Q, ¢) as the hindsight optimum
value of the problem. In words, the hindsight optimum is achieved by relaxing the non-anticipative
constraint on 7 and allowing access to the actual values of all arriving demand units X1,..., X, at
time 0. The limiting hindsight optimum value of the problem, denoted as Ux (P, @, ¢), represents the
thick market limit of the hindsight optimum: U, (P, Q, ¢) := lim,, o UM (P, Q, ¢), whose existence
is guaranteed by the boundedness and monotonicity of UH (see Appendix A for details.) For any
dynamic matching policy m and n > 1, we have Uso(P, Q, ) > U (P, Q,¢) > U, (m; P,Q, ) (due
to the monotonicity of U; as formalized in Lemma A.1 in Appendix A). We take U, (P, Q, ¢) to

11



be our performance benchmark, and define regret (of a policy 7) as

REGn(TF;P,Q,QO) = UOO(Pan(P) - Un(TF;P,Q,QD). (3)

For REG,(7; P,Q, ¢) to be well-defined, we assume the quality function ¢ is bounded. Note that
Uso(P,Q, ), UN(P,Q, ) and Uy (; P,Q, ) are all average (per match) quantities. We further note
that under proper regularity conditions, U, coincides with the optimal transport value between the
distributions P and @ with respect to the function ¢ (For a counterexample, see Remark A.3). We
shall hereafter drop the notation for dependence on distributions P and ) and the quality function
¢, denoting by Us, UM, U, (7) and REG,,(7) the corresponding objectives, since the distributions

are always clear from the context.

Remark 1. So far in our discussion, we have focused on a balanced market setting with an equal
number of supply and demand units. However, our model is flexible enough to incorporate the
setting with scarce supply and the corresponding rejection cost due to not being able to serve all
demand units. To this end, we introduce the notion of a virtual or dummy supply unit denoted as
dum. Maiching a demand unit to a virtual supply unit dum is akin to rejecting that particular
demand unit. To capture scarce supply within our model, we assume each supply unit is drawn
iid. from a specific distribution Q', which is a mizture of Q, the distribution of real supply units,
and Q¥™™ o Dirac measure on the atom dum. Such a distribution ensures each supply unit is
virtual with a certain probability p. Consequently, the number of Q-distributed real supply units
corresponding to n demand units follows a Bin(n,1—p) distribution and is always (weakly) less than
n, thus capturing scarce supply. Furthermore, our model can incorporate rejection cost. Let c(x)
denote the cost of rejecting a particular demand unit x € X. Then the matching quality function
O(x,y) = @z, y)H{y # dum} — c¢(z)1{y = dum} effectively captures the value generated from
matching the demand unit to a real supply unit and the cost incurred from rejecting the demand

unait.

3 SOAR: Algorithmic Principle and Performance Analysis

The two primary properties we seek from our matching technology are: (i) computational efficiency,

and (ii) provably near optimal performance. In the following discussion, we will first assess the

12



practically popular myopic algorithm against our desiderata and argue that it can lead to highly
sub-optimal matching outcomes. We then propose our algorithmic approach, SOAR, that possesses
both properties, and present a meta guarantee on the performance of SOAR, which will drive the

guarantees on regret scaling presented in the next section.

3.1 Insufficiency of Myopic Policies

We first consider the Greedy policy where each arriving demand unit is matched to a myopically
optimal supply unit. In terms of computational efficiency, each matching decision can be computed
in linear time. Motivated in part by ride hailing platforms, Kanoria [2022] and Akbarpour et al.
[2021] show that Greedy has near optimal performance if the demand and supply distributions are
identical (and uniform). However, this (near) optimality of Greedy is quite fragile. Beyond the very
special cases studied in Akbarpour et al. [2021], Kanoria [2022], Greedy can suffer from significant
performance degradation, resulting in non-vanishing regret. We formalize this using the following

instance.

Proposition 1 (Failure of Greedy). Suppose the supply distribution Q is supported on the atoms
{0,1}, ice., PY = 1) =1 —-P(Y = 0) = p and the demand distribution P has a continuous
distribution over the interval [0,1] with density bounded below and above, i.e., there exists v > 0
such that v~ < fp < ~ and has a CDF Fp. Fiz p € (0,1) and assume that Fp(1/2) # 1 — p.
Fiz p > 1 and consider the quality function ¢(X,Y) = —|X — Y|P. Then there exists a universal

constant ¢ = c(p, Fp,p) > 0 and ng € N such that for all n > ng, we have that REG,(Greedy) > c.

Note that Proposition 1 holds for a class of quality functions including the standard euclidean
distance with p = 1. To obtain some intuition for this result, consider the case of P = Uniform([0, 1])
and let p = 1/4. Consider the fluid limit of the problem. Whenever there are supply units available,
the Greedy algorithm matches demand unit arrivals located in [1/2, 1] to the supply units at location
1 and demand unit arrivals in [0,1/2] to supply units at location 0. However, as P(Y = 1) = 1/4,
the Greedy allocation would prematurely exhaust all the supply units at 1 by the end of the first
half of the time horizon, and then for the remaining half of the time horizon, all the demand units
will be matched to the supply units at 0. In contrast, the optimal fluid policy would match all the
demand units located in [3/4,1] to the supply units located at 1 and the demand units located in

[0,3/4] to the supply units located at 0. Due to the myopic nature of Greedy, the demand units
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with location in [3/4, 1] that arrive in the second half are forced to be matched to supply units at 0
resulting in large matching costs and hence the non-vanishing regret. This intuition is formalized

in our proof deferred to Appendix B.

Remark 2. In Appendiz B, we further illustrate the fragility of Greedy by analyzing its performance
on a broader class of instances (cf. Proposition B.3 and Conjecture 1). Specifically, for continuous
distributions P and Q) with densities bounded above and below on two intervals, and general quality
function o(X,Y) = —|X — Y|P for some p > 1, we show that the matching induced by Greedy is
sufficiently different from the hindsight optimal matching unless P and Q are identical (or suffi-
ciently similar), as measured by the Lévy—Prokhorov distance. This result strongly underscores the

inherent suboptimality of Greedy.

3.2 Simulate, Optimize, Assign, Repeat (SOAR) Principle

We now present SOAR, a principled simulation-based approach to general stochastic dynamic two-
sided matching, and establish a meta-performance analysis framework. Our key result is a weighted
sum representation of the expected average matching quality of SOAR, where the terms in the
summation are precisely the hindsight optimum values. Such a direct connection between the
policy performance and the hindsight optimum leads to several interesting structural results, as

well as concrete regret analysis in specific settings. The latter is summarized in the next section.

3.2.1 Policy Description

Our policy does not require the precise distributional knowledge of P and (). Instead, we utilize
independent demand samples of P to facilitate matching. For ease of mathematical exposition,
we conceptualize this sampling access requirement by assuming access to a demand unit simulator
SIM. More precisely, upon calling SIM, we get an independent demand sample drawn from P. A
pool of m historical i.i.d. demand units can thus be viewed as being generated from m repeated
calls to SIM.

We formally state SOAR in Algorithm 1. The algorithmic principle is simple and can be sum-
marized as follows. Upon each arrival of a new demand, the algorithm simulates a future demand
scenario and solves a hindsight assignment problem, based on which the new demand is assigned

to a supply unit. It is worth mentioning that to operationalize SOAR, we only need ©(n?) inde-
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pendent samples of demand, since only one simulated sample path and no more than n samples
are needed for each demand arrival. This sets SOAR apart from many other simulation-based al-
gorithms employing sample average approximation (SAA), which significantly relies on the volume
of independently simulated samples to enhance performance. Also, there are standard algorithms,
e.g., the Hungarian method and its variants, for solving the perfect assignment problem (4) and the
state-of-the-art runtime has been reduced to almost linear time in the number of edges [Chen et al.,
2022]. Hence, for each demand arrival, our problem of computing a perfect assignment requires a
runtime of (’)(n2+°(1)). Combining the above, SOAR is both easy to implement and computationally
feasible. We remark that in our base model each individual demand is matched upon arrival, but
in practice it is often possible to batch and match. SOAR can be easily modified to suit such a

scenario, in which the computational and sampling burden is further reduced.

Algorithm 1: Simulate-Optimize-Assign-Repeat (SOAR)
Input: supply units Y = {Y1,Ys,...,Y,}, simulator SIM, quality function ¢

1 ymatched — @
for t + 1 ton do

2 Observe demand X; and denote it as X := X // re-label demand unit

3 yun—matched = {}707 }717 . 7Yn—t} — y\ymatched // re-label supply units

Call the simulator SIM with random seed U ~ Uniform([0, 1]) and denote the simulated

demand scenario as thim = {Xl, c. ,Xn,t} // Simulate a future demand scenario

5 Randomly permute the demand pool XoU XF™ and denote the random permutation as
o

6 Solve the maximum quality matching optimization problem in (4) // Optimize based on

a simulated demand scenario

N+ arg max Zcp( U(k),f/n(k)), (4)

7 is a permutation E—0

7 Allocate ffn*(a(o)) to X; // Allocate the supply unit according to the optimal
permutation ~
8 Ymatched ¢~ Vmatched U {Yn*(U(O))}
end
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3.2.2 Meta Performance Analysis

A simple formula connects the performance of SOAR with the sequence of hindsight optimum
values. Recall that for the setting with n supplies and demands, U,(w) denotes the expected
average matching quality achieved by policy 7 for the dynamic matching problem, and UM denotes

the hindsight optimum value.

Theorem 1 (Meta Performance of SOAR). Assuming that n supply units are drawn i.i.d. from
a distribution QQ and the demand units are drawn i.i.d. from a distribution P. For any quality
function ¢ that is bounded on the support of P and @Q, we have that the expected average match
value of SOAR is given as

n

U,(SOAR) = ! > Uf. (5)
k=1

3

Theorem 1 holds regardless of the choice of P, Q and the quality function ¢. The boundedness of ¢
is imposed only to ensure U ,': is well defined. The key observation is that in each decision period,
all remaining supply units, irrespective of their feature vectors, are equally likely to be assigned
by SOAR to the current arriving demand unit. Such a property induces strong symmetry, and in
particular, the remaining supply units continue to be distributed i.i.d. as per @ throughout the

decision-making process, from which the theorem follows immediately.
Proof. The proof relies on the following key observations:

(i) Remaining supply units are i.i.d: The remaining supply units at each decision epoch t €

{1,2,...,n} are located i.i.d. according to Q.

(1) Ezpected quality is the average hindsight optimum value. In particular,

1 n—t+1 o
E QO(Xt, YﬂEOAR) = mEXNRYNQ [Hl;iX Z ¥ (Xkyyo(k)) = UTIL{ftJrI‘
k=1

Note that (i2) is a corollary of (7). Indeed, upon the arrival of the ¢-th demand, SOAR calls an offline
matching solver while outputs a perfect assignment with respect to quality function ¢ between
{Xo, . ,Xn_t} and {}70, e jfn_t}, where Xg, ..., X,_¢is an i.i.d. P sequence by algorithm design,

and Yp,...,Y,_; is an i.i.d. Q sequence by property (7). Hence, the expected cumulative matching
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quality achieved by the offline optimizer equals the hindsight optimum (cumulative) quality, (n —
t+ l)Uf_tH. Due to symmetry, the expected matching quality of the matched pair (XO, }7,7*(0)) (or
equivalently (X, Yﬂtso/m)) equals that of any pair (Xj, Yn*(i)), from which (#7) follows.

We prove (7) inductively in t. Suppose (i) holds up to ¢ — 1. We show that upon the arrival of
the t'" demand, each remaining supply unit is equally likely to be matched and leave. Indeed, let
A; denote the event that TrEOAR = ¢, namely 17@ is matched to X;. Let B(xq,...,Zn—¢,n) denote the
event that {xo,...,zn—¢} is the demand pool and 7 is the permutation the offline matching output
by the optimizer, i.e., x; is matched to Yn(i). By design, one of xg,...,T,_¢ is the true realized
demand of ¢, and the rest are the simulated units (note the random permutation of indices of the

demand units in line 5 of Algorithm 1). Crucially, event B does not specify which unit is the true

realized demand, and 7 is independent of which unit is the true realized demand. We thus have

P(AZ-|B(x0, e Tt 77)> = P(%—l(i) is the true demand | B(xo, ... ,xn_t,n)>

= P(mnl(i) is the true demand | {zo,..., 2y} is the demand pool)

- 1
Cn—t+1’

where in the second equality we use the independence of i with {z,-1(; is the true demand}, and
the third equality follows from the fact that the n — ¢ + 1 units in the demand pool are 7.i.d. The
above implies P(4;) =

n—#t—l-l’ which then further implies property (i). Finally, Theorem 1 is an

immediate corollary of (7). O

Note that the proof of Property (i) does not require the offline matching solver to follow a
particular tie-breaking rule (such as uniform-at-random tie-breaking) in facing multiple optimal
solutions. Thus, Theorem 1 holds true for SOAR when implementing any tie-breaking rule under

multiple optimal solutions to the matching problem in (4).

Remark 3 (Extension to the setting of Bayesian learning with unknown demand distributions).
Performance guarantee similar to Theorem 1 continues to hold when the demand units form an i.i.d.
sequence with unknown distribution, where the platform is assumed to have a prior belief about the
true demand distribution from a class of candidate distributions and keep updating its knowledge as

demands arrive (cf. Theorem F.1). In such cases, we characterize the regret of a Bayesian learning
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version of SOAR, which consists of the regret of SOAR in the setting where the distribution is known,
and an additional regret term representing the learning cost due to not knowing the distribution in

advance (cf. Corollary F.2). We provide a detailed description and proof in Appendiz F.

Remark 4 (Regret Decomposition). Observe that Theorem 1 implies that the regret of the SOAR
algorithm can be written as the average of the regret of a sequence of hindsight problems, i.e.,
REG,(SOAR) = Uy, — U,(SOAR) = %Zzzl(Uw — U,!j) = %Zzzl REGy (H-OPT), where H-OPT

stands for the hindsight optimal algorithm.

Theorem 1 reveals the connection between the performance of SOAR and the convergence be-
havior of the sequence of hindsight optimum values. Rather surprisingly, Theorem 1 implies that
SOAR achieves vanishing regret under no assumption other than the boundedness of ¢, as we

summarize in the next Corollary.

Corollary 1. Under the same assumption as in Theorem 1, SOAR achieves vanishing regret:

limy_00 REG,(SOAR) = 0.

The proof follows immediately from Remark 4 and the monotonicity of U,':, which we delegate
to Appendix C. When the matching instance satisfies additional conditions, Theorem 1 further
implies the regret scaling of SOAR. In particular, we expect the regret of SOAR to converge at the
same rate as the regret of H-OPT as n grows in most spatial matching settings, as the former is the
Cesaro sum of the later via Remark 4. To formalize this intuition, we first introduce the following

regular-scaling property of an offline bipartite matching instance specified by primitives P, @, and

@Y.

Definition 1 (Regular and polynomial regret scaling). A matching instance (P,Q, ) is said to
scale regularly with parameter 8 > 0 if, for any 0 < € < 8, we have limsup,, ., 1~ (Uso—UM) =0
and liminf, . ¢ (U —UH) = co. Ifin addition lim,, o n®-(Use —UH) = Iy for some constant

lo, then we say the matching instance (P, Q, ) scales polynomially with parameter (3.

No policy can do better than the hindsight optimal policy and, in particular, we have REG,,(7) >
REG,,(H-OPT) for any . Under regular or polynomial scaling, the following corollary of Theorem 1
tells us that REG,,(SOAR) scales like REG,,(H-OPT).
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Corollary 2. For a matching instance that scales regularly with parameter S > 0, we have that,

for any € > 0, limsup,, ., N’ “REG,(SOAR) = 0 and liminf, . n®t*REG,(SOAR) = oo, and
REG,(SOAR) < n® - REG,(H-OPT) for n sufficiently large.

If, in addition, the matching instance scales polynomially with parameter 3, then there exists a

constant Iy = 11(P,Q, ¢) independent of n, such that for alln € N

liREG,(H-OPT), if € (0,1),
REG, (SOAR) <

l1logn - REG,(H-OPT), ifg=1.

Furthermore, in this case, the regret scaling of SOAR, which is also the optimal regret scaling (up

to at most a logarithmic factor), can be tightly characterized:

O(n="h), if 0,1),
REG,, (SOAR) = (n™") 5 e ©.1)

O(n~tlogn), ifp=1.

This corollary shows that SOAR enjoys a universal guarantee of near-optimal regret scaling
when the matching instance scales regularly. We note that regular (or polynomial) scaling seems to
be a relatively mild requirement, which is satisfied by a number of matching instances of practical
interest. For example, when both demand and supply units are uniformly distributed on [0, 1]d and
the cost function is —||X — Y||?, Us, = 0, the hindsight optimum scales regularly for all d,p > 2,
with 8 = p/d [Caracciolo et al., 2014]. Then it follows immediately from Corollary 2 that in these
examples, SOAR provides a tight regret scaling for all d,p > 2. Refer to Appendix E for details.
Indeed, we expect that matching instances satisfying certain basic conditions (e.g., continuity or
boundedness of quality function ¢) should all scale regularly or even polynomially. Determining
primitive conditions on P, @, ¢ under which the associated matching instances scale regularly or
polynomially is in general a mathematically intriguing question, and we defer further investigation
to future research. We defer the proof of the corollary to Appendix D.

To determine the precise value of 8 for a particular matching instance (P, @, ) can be quite

challenging (see Caracciolo et al. [2014]). In many cases, we are often only able to establish
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bounds on the hindsight regret REG,,(H-OPT). Indeed, REG,,(H-OPT) emerges as the objective of
an extensively studied problem: Empirical optimal transport (see Manole and Niles-Weed [2021],
Appendix G.1). Its rich literature provides upper bounds on REG, (H-OPT) for matching instances
belonging to various particular classes, e.g. P, satisfying certain smoothness conditions and/or
©(X,Y) = —|| X —Y|P. Leveraging the analytical framework set up in this section, we immediately
get upper bounds on the regret scaling of SOAR for these classes of matching instances. Such upper
bounds are tight if they are matched by an instance in these classes. In the next section, we take
the above approach to establish the near-optimal regret scaling of SOAR for some interesting classes

of matching instances.

4 Near-optimal Regret Scaling of SOAR for the —||X — Y| and
(X,Y) Quality Functions

In this section, we leverage our analytical framework (Theorem 1) to establish the near-optimal
regret scaling of SOAR for a general quality function ¢,(X,Y) = —||X — Y|P for p > 1. Two
important cases of this general quality function are p = 1 and p = 2. Our matching problem for the
case of p = 1 (euclidean distance cost) corresponds to the setting studied in the semi-dynamic model
of Kanoria [2022] assuming uniform supply and demand distributions. The Euclidean distance cost
has been widely studied in the context of ride hailing platforms [Akbarpour et al., 2021, Kanoria,
2022, Besbes et al., 2022]. In terms of regret scaling, the quality function ¢,(X,Y) = —||X — Y|
for the case of p = 2 is equivalent to the dot product quality function get(X,Y) = (X,Y) (see
Lemma G.7), which is a practically motivated quality function inspired by recommender systems
[Koren et al., 2009, Aggarwal et al., 2016], a close cousin of our matching problem. To obtain
our results, we leverage the fact that the offline version of our matching problem for the quality
function ¢, (X,Y) = —||X — Y||P is intimately related to the problem of quantifying the empirical
Wasserstein—p distance between two measures, which has been extensively studied in the literature
(Niles-Weed and Rigollet [2019], Ledoux [2019], Weed and Bach [2019], Manole et al. [2021]). The
meta performance analysis (Theorem 1) allows us to directly infer from these results the regret
scaling of SOAR in the corresponding online setting. We obtain two sets of regret scalings achieved

by SOAR: one set allows for general distributions P and @) (Theorem 2 and Corollary 3), and the
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other set requires P and @ to be sufficiently smooth (Proposition 2 and Theorem 3). For the
latter, we observe sharper regret scaling in low dimensions (d < 3). We construct hard instances to

demonstrate the tightness of these regret scalings.

4.1 Performance Guarantees for —||X — Y||? Quality Functions

We begin by providing near-optimal regret guarantees for SOAR for the ¢,(X,Y) = —|| X —Y|]?
quality functions under very general assumptions on the demand and supply distributions. The

proof of Theorem 2 is deferred to Appendix H.

Theorem 2. Suppose P and Q) are supported on bounded sets. Under the quality function ¢,(X,Y) =
—||X =Y||P for p > 1, there exists a universal constant C := C(P,Q,d,p) < oo such that the regret
of SOAR is bounded above as

Cn_%7 d<2(p/\2),

REG, (SOAR) < ¢ Cn=2logn, d=2(pA2),

Cn~ "7, d>2(pA2).
Furthermore, the aforementioned regret scaling is nearly the best possible, formalized as follows.
For each d > 1, there exists a pair of distributions P and Q (supported on bounded sets) such that

there exists a constant ¢ := ¢(P,Q,d,p) > 0 and the optimal regret scaling is bounded below as

en”z, d<2pA2),
. _1
;glfIREGn(W)Z en”z2, d=2(pA2),
cn_py, d>2(pN2).

In contrast to myopic policies like Greedy that incurs non-vanishing regret (cf. Proposition
1), our forward-looking simulation-based policy SOAR achieves vanishing regret. Moreover, the
upper bounds when viewed in conjunction with their corresponding lower bounds establish the
near-optimality of SOAR. We observe that the regret increases with dimension d. This is due to
an increase in the intrinsic hardness of matching, cf. Kanoria [2022]. Indeed, the available supply

units become sparser in higher dimensional spaces. Thus finding supply units that are compatible
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with the demand units along all dimensions becomes harder, resulting in larger regret.

Remark 5 (Dependence of constants). The universal constant C in the upper bound in Theorem 2
1s exponential in the dimension d. In contrast, the constant c in the lower bound scales polynomially
in the dimension d. It is unclear if the exponential dependence on d of the constant C is tight
or merely an artifact of the analysis and we leave the investigation of this question and possibly

improving the dependence of the constant C' on dimension d for future research.

Under more stringent conditions on P and @), sharper regret scalings are achievable. We state

such a result for the special case of P = @ = Uniform([0, 1]¢).

Proposition 2. Suppose P = Q = Uniform([0,1]%). Under the quality functions ¢,(X,Y) =
—[|X = Y||P for p > 1, there exists a universal constant C := C(P,Q,d,p) < co such that

Cnf(%/\l)]l{p #2}+C (n_l logn) 1{p = 2}, d=1,
REG,, (SOAR) < { ¢ (n~logn)? 1{p < 2} + C (n"L(logn)?) 1{p = 2} + Cn~'1{p > 2}, d=2,

Cnf(gﬂ)]l{p #d} 4+ C (ntlogn) 1{p = d}, d>3.

Furthermore, the aforementioned regret scaling can not be improved in general. For each d > 1,

there exists a constant ¢ := c¢(d) > 0 and the optimal regret scaling is bounded below as

cn_(%/\l)ﬂ{p;’é 2} +cent{p = 2}, d=1,

;fellfi REGh(7) > { ¢(n~tlogn)21{p < 2} 4+ c(n"Llogn)1{p = 2} + en'1{p > 2}, d=2,

cnf(%M)Il{p #d} + c(ntlogn)1{p = d}, d> 3.

We defer the proof of Proposition 2 to Appendix I. We note that in comparison with Theorem
2, the performance of SOAR improves for P = @ = Uniform([0, 1]¢) in various parameter regimes.
For example, in Theorem 2 where P and () can be general distributions supported on bounded sets,
for p € (2,d] and d > 4, the regret scales as ©(n~2/%). However, in Proposition 2, the regret scaling
improves to (:)(n*p/ 4). There are two main drivers for the sharper regret scaling: (i) smoothness
of the demand and supply distribution and (ii) both the demand and supply distributions being
identical. In light of the hard instance for Theorem 2 that consists of discrete distributions (cf.

proof of Theorem 2 in Appendix H), the smoothness of distribution Uniform([0, 1)) in Proposition
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2 seems necessary for the sharper regret scalings. Later in Subsection 4.2, we present a similar
regret guarantee in the case of p = 2 (equivalently, the case of dot-product quality function) (cf.
Theorem 3), for a more general class of P and @ that allow for possibly non-uniform and unequal
distributions, assuming some proper smoothness conditions. However, such an extension is not
immediate for general p # 2 due to lack of regularity of the optimal transport map (Ma et al.
[2005]), and we defer a more in-depth exploration of the assumptions that may yield sharper regret
scaling for general quality function to future research.

Open Problem in Kanoria [2022]. The case of p = 1 (euclidean distance cost) has been ex-
tensively studied for all d > 1 in Kanoria [2022]. Kanoria [2022] develops a greedy-like algorithm
called Hierarchical Greedy and shows that Hierarchical Greedy achieves near-optimal regret scaling
for all d > 1. However, this near optimality does not hold for general p > 1: for a fixed d > 2 and
p € (d/2,d], the regret of Hierarchical Greedy scales as ©(n~'/2) whereas a sharper regret scaling of
(:)(n_p/ ) is achievable via SOAR and up to logarithmic factors, this regret scaling is tight. In fact,
Kanoria [2022] leaves it as an open problem to close the gap between the regret scaling achieved
via Hierarchical Greedy and optimal regret scaling of Q(n?/9) (assuming d > 2,p < d) for uniform
demand and supply distributions and ¢,(X,Y) = —|| X —Y||P. As a consequence of Proposition 2,

we resolve this open problem.

4.2 Performance Guarantees for the (X,Y) Quality Function

We first observe that in terms of regret, the dot-product quality function (X,Y) is equivalent to
02(X,Y) = —|| X —Y|]? (cf. Lemma G.7). Therefore, the regret scaling of SOAR for the dot-product
quality function under the assumptions of the demand and supply distributions being supported

on bounded sets follows immediately from Theorem 2.

Corollary 3. Suppose P and @ are supported on bounded sets. The regret scalings for the dot
product function (X,Y) = (X,Y) correspond to the regret scalings demonstrated in Theorem 2
with p = 2.

Remark 6 (Near-optimal regret scaling with scarce supply and rejection cost). Recall that we
modelled scarce supply and rejection cost in Section 2 by considering an augmented demand and
supply distribution P’ and Q' and a modified quality function. For the particular quality function

o(X,Y) = (X,Y), its corresponding quality function that incorporates the rejection cost can be

23



reformulated so as to retain the dot-product form, albeit in a different, augmented feature space.
The key idea is to view the rejection cost as an additional dimension for the demand unit’s weight
vector. As before, let c(x) denote the cost of rejection for a demand unit x € X that is measurable

and bounded. Let dum = (04x1,1) and define the following d + 1 dimensional spaces
X' ={(z,—c(zx)): z € X} C R, V' ={(y,0) : y € Y} U dum C R

Then for any 2’ € X" and y' € V', we have that ¢'(z',y') = (x,y)1{y # dum}—c(x)1{y = dum} =
(',y). Let P' denote a distribution supported on X' and Q" denote a distribution supported on )'.
As previously discussed, Q' is a mizture distribution of Q and Q™. By modelling the virtual
supply unit dum in the distribution Q' and the rejection cost in distribution P’, we are effectively

back to the balanced setting with n supply units Y{, Yy, ..., Y, independently sampled from Q" and n

n
demand units X1, X}, ..., X] independently sampled from P', associated with the dot-product quality
function. Furthermore, we note that P’ and Q' will be supported on bounded sets as long as P and
Q are supported on bounded sets and c is a measurable bounded function. Hence from Corollary 3,

even under scarce supply, we are able to achieve near-optimal regret scaling for the quality function

©(X,Y)=(X,Y). Note that the benchmark in the case of scarce supply is Uso(P', Q).

Remark 7 (Extension to polynomial kernel quality functions). Our regret bound on SOAR for the
dot product quality function implies regret bounds for a broader class of quality functions which
we refer to as the polynomial kernel quality functions. For some q € N, we refer to @Eer(X, Y) =
(X,Y)? as the polynomial kernel quality function. Using Corollary 3, one can easily establish
vanishing regret for SOAR under this more general class of polynomial kernel quality functions
op (X,Y) (see Corollary J.1). The key idea is the well-known result that for each choice of q €
N, there exists a mapping ¢q : R? — R% where dg = (dj;q) such that o] (X,Y) = (X,Y)1 =
(pg(X), pq(Y)) [Murphy, 2022]. This dot product representation allows us to invoke Corollary
3 and establish vanishing regret. Furthermore, the vanishing regret guarantee of SOAR can be
extended to a conic combination (weighted sum with non-negative coefficients) of polynomial kernel
quality functions corresponding to different values of ¢ € N, i.e., pyer(X,Y) = ZZZ:O agpie (X, Y) =
g0 aq{X,Y)? (see Corollary J.1). For further details, refer to Appendiz J.
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In Proposition 2, we showed that sharper regret scalings are achievable by SOAR when the
demand and supply distributions are uniform. Under the dot-product quality function, we can
further generalize those results to settings where demand and supply distributions are smooth
(uniform-like) and possibly distinct and under a key curvature condition on the Brenier potential.
The Brenier potential (Brenier [1991]) is a convex function ¢y whose gradient uniquely defines
the optimal transport map 7p_,qg from P to @ under the quadratic cost (equivalently, the dot-
product quality function), for P and @ satisfying some smoothness assumptions. We refer the
interested readers to Villani [2009] for a detailed introduction of the Brenier potential and the

related background knowledge of optimal transport (a brief discussion is provided in Appendix G).

Assumption 1 (Curvature condition). The Brenier potential 1y is a closed, convez, function such

that o € C2([0,1]%) and (1/\)Igxq = V*o(x) = M gxq for all x € [0,1]% and for some X > 1.

The curvature condition on the the Brenier potential in Assumption 1 has been borrowed from
Manole et al. [2021] and it enables us to prove sharper regret scaling under smoothness assumptions
of the demand and supply distributions. This sharper regret scaling is formalized in Theorem 3

presented below.

Theorem 3. Suppose P and Q are absolutely continuous distributions on [0, 1]d with densities p
and q. Assume that there exists v, > 1 and 4 > 1 such that ’yp_l <p < and 'yq_l < q <y over
[0,1]¢ and further assume the curvature condition in Assumption 1. Under the quality function
o(X,Y) = (X,Y) there exists a universal constant C' := C(P,Q,d) < oo such that the regret of
SOAR is bounded above as

Cn~'logn, d=1,
REG, (SOAR) < ¢ Cn~! (logn)?, d=2,
Cn-d, d>3.
Furthermore, the aforementioned regret scaling can not be improved in general. The lower bound

on the optimal regret scaling with quality function o(X,Y) = (X,Y) follows from Proposition 2 for
the case of p = 2.

We defer the proof of Theorem 3 to Appendix K. Comparing Corollary 3 with Theorem 3
for p(X,Y) = (X,Y), we observe that for d < 3, Theorem 3 provides a sharper regret scaling:
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contrast the regret scaling of ©(n~'/2) for d < 3 and p = 2 in Corollary 3 with ©(n~!) for d = 1,2
and ©(n~2/3) for d = 3 in Theorem 3. The special structure of the dot-product quality function
©(X,Y) = (X,Y) (aspecial case of p,(X,Y) = —||X —Y||” for p = 2) enables us to derive sharper
regret scalings under some smoothness assumptions of the demand P and supply @ distributions

and the curvature condition in Assumption 1.

5 Numerics

In this section, we describe our numerical simulations for different dimensions d and different sets
of demand and supply distributions. We focus on the quality function p(X,Y) = —||X — Y|?
unless mentioned otherwise, where we recall the equivalence between this quality function and
e(X,Y) = (X,Y) in terms of regret. We consider different demand and supply distributions and
evaluate the performance of different algorithms as listed in Table 2. In this section, we focus on
settings that satisfy our theoretical assumptions and as such our numerical experiments exemplify
our theoretical guarantees that our proposed algorithm SOAR achieves vanishing regret at near-
optimal rate in all the settings we consider whereas myopic policies like Greedy or OT + Greedy
(a smarter variant of Greedy) either suffer from non-vanishing regret or the rate is sub-optimal.
In the following subsections, we describe the settings considered in detail and present the regret
scaling for different algorithms. Note that all the plots are presented in the log —log scale. In
Appendix L, we compliment our numerical investigations in this section by broadening the scope
of the experiments beyond the confines of our theoretical assumptions. In particular, we study
natural variants of SOAR for different environments: known i.i.d setting, unknown i.i.d setting
and time-varying demand distribution setting. Our numerical investigations demonstrate strong

numerical performance of natural variants of SOAR.

Table 2: Summary of algorithms considered for numerical simulations

Algorithm Requires OT Map Description
SOAR No Algorithm 1
Greedy No Match X; to nearest supply
OT + Greedy Yes Transport X; to @ and match to nearest supply
Hierarchical Greedy N/A Algorithm 1 in Kanoria [2022]
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5.1 Setting (I) P =@ = Uniform ([0, 1]%)

We consider the case of demand and supply distributions being equal and in particular, being
Uniform([0, 1]¢). For this setting, we present the results for d € {1,2,3} in Figure 1. We compare
the performance of the Hierarchical Greedy (Kanoria [2022]), Greedy, and SOAR algorithms. In
Figure 1, we observe that as the number of supply units n increases, SOAR performs better than
Greedy and Hierarchical Greedy. Observe the slopes corresponding to the different algorithms. Both
Hierarchical Greedy and Greedy algorithms have a slope close to —0.5 which corresponds to the
regret of these algorithms scaling as O(n_l/ 2). For SOAR, the slope for different values of d closely
matches the theoretical regret guarantees of O(logn/n) for d = 1 (slope is —0.82), O(log® n/n) for
d =2 (slope is —0.78) and O(n=2/3) for d = 3 (slope is —0.64).
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Figure 1: Comparing the performance of Hierarchical Greedy (HG), Greedy and SOAR for P = Q =
Uniform ([0, l]d).

5.2 Setting (II) P = Uniform ([0, 1]d) ,Q = Uniform ([0, Q]d)

We consider an example where the demand and supply distributions are unequal and the optimal
transport map is fairly easy to compute i.e Tp_,o(X) = 2X. This enables us to implement the
OT + Greedy algorithm, which is a smarter variant of Greedy. The OT + Greedy algorithm is as
follows: upon observing a demand request X;, we first transport the demand request X; using the
optimal transport map 7Tp_,g and then greedily match the transport demand unit 7p_q(X¢) to
its nearest existing supply unit. By computing the transport map of the demand units, the OT

+ Greedy algorithm reduces to a dynamic greedy matching between random points of the same
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distribution. Moreover, instead of directly implementing a greedy matching between the demand
unit and existing supply units, by utilizing the optimal transport map 7p_,¢, we are able to make
the Greedy algorithm forward looking. For this setting, we present the results for the case of
d € {1,2,3} in Figure 2. Note that this setting is equivalent to the previous setting upto the
optimal transport. In this setting, we observe that the Greedy algorithm suffers from non-vanishing
regret and this is in line with Proposition 1. Both the smarter variant of Greedy, which we dub as
OT + Greedy, and SOAR are able to achieve vanishing regret. However, we note that OT 4 Greedy
requires nontrivial knowledge of the underlying model, namely the optimal transport map between
P and @, which quickly becomes a computation burden in more complex settings. Moreover,
observe the slopes of the curve corresponding to OT 4 Greedy and SOAR algorithm. The slope of
the curves corresponding to SOAR are steeper compared to the ones corresponding to OT + Greedy
for d € {1,2,3} which implies that SOAR achieves a sharper regret scaling in comparison to the
OT + Greedy policy.
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Figure 2: Comparing the performance of Greedy, OT + Greedy and SOAR for P = Uniform([0, 1/2]%)
and Q = Uniform([0, 1]%).

5.3 Setting (III) P = TruncNorm (1, Y),Q = Uniform ([0, 1])

We consider an example where the demand and supply distributions are unequal however it is
non-trivial to compute the optimal transport map. In particular, we assume that the demand
distribution is a truncated normal with mean u = (1/2) X 14x1 and covariance ¥ = 0.1 x Ijxq
and the supply distribution is Uniform ([(), 1]d). Since the optimal transport map is non-trivial to
compute, we approximate the value of the fluid optimum for each d via simulation. For this setting,

we present the results for the case of d € {1,2,3} in Figure 3 and compare the Greedy algorithm
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and the SOAR algorithm. As before, we observe that the SOAR algorithm outperforms the Greedy

algorithm.
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Figure 3: Comparing the performance of Greedy and SOAR for P = TruncNorm(u,>) and Q =
Uniform([0, 1]9).

5.4 Setting (IV) P = Uniform ([O, 1]d) ,Q = TruncNorm (j1g_9x1, Xg_2xq—2) X Ber(0.7) x
Ber (0.2)

We consider the case where demand and supply distributions are unequal, the optimal trans-
port is non-trivial to compute and moreover, the supply distribution is not smooth unlike the
previously consider settings. We focus on the case of d > 3. The supply distribution is @ =
TruncNorm (% X 1g_2x1,0.1 X Hd_gxd_g) x Ber(0.7) x Ber(0.2). Since the optimal transport map is
non-trivial to compute, we approximate the fluid optimum value via simulation. For this setting,
we present the results for the case of d € {3,4,5} in Figure 4 and compare the Greedy and SOAR
algorithms. We observe that as n increases, the performance of SOAR dominates the performance

of Greedy algorithm.

6 Conclusion and Future Research

In this work, we study a dynamic two-sided matching problem as the market thickness n scales,
and characterize the optimal regret scaling for all dimensions d. We develop a principled simulation-
based approach dubbed Simulate-Optimize-Assign-Repeat (SOAR) and demonstrate that this forward-
looking policy is vastly superior to myopic policies like Greedy. En-route we develop a novel frame-

work for regret analysis where we provide a simple formula connecting the performance of SOAR

29



10—0:5 |

E 107t - n
e 1071 1
10
3 w0t .
= —»— Greedy —x— Greedy —x— Greedy
—e— SOAR —o— SOAR —e— SOAR
| Lol Lol | Ll Lol Ll Lol Ll
10! 102 103 10! 10? 103 10! 102 103
No. of Supply Units n No. of Supply Units n No. of Supply Units n
(a) d=3 (b) d=14 (¢)d=5

Figure 4: Comparing the performance of Greedy and SOAR for P = Uniform([0,1]%) and Q =
TruncNorm (p, 3) x Ber(0.7) x Ber (0.2).

with a sequence of hindsight optimum values. As a corollary of our techniques, we also resolve one
of the open problems in Kanoria [2022].

Our algorithm SOAR and results crucially rely on knowledge of the horizon n. Given the
recent burgeoning interest in the study of online resource allocation problems in the presence of
horizon uncertainty [Besbes and Sauré, 2014, Aouad and Ma, 2022, Balseiro et al., 2023a, Bai et al.,
2023], an interesting follow-up would be to design and analyze near-optimal algorithms for such
uncertain scenarios. One approach to modelling horizon uncertainty is to assume distributional
knowledge of the horizon [as done in Bai et al., 2023, Aouad and Ma, 2022], where the horizon
length (total demand units) is modelled as a random variable N and this is known to the platform.
Assume that n = E[V], then in assigning n supply units to the N arriving demand units, SOAR
can be implemented by fixing the number of demand units as if it was n. If in addition, N is
well concentrated, i.e., var(N) = o(n?) (e.g., N is a Binomial or Poisson random variable), SOAR
achieves vanishing regret where the rate may depend on the variance of N. On the other hand, if
the variance is large, i.e., var(N) = Q(n?), then SOAR suffers from non-vanishing regret and this
observation is in line with other resource allocation works studying horizon uncertainty [Aouad and
Ma, 2022, Bai et al., 2023]. The large variance case is quite challenging and developing near-optimal

algorithms would require novel approaches and we leave this line of research for future work.
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A Proof of U (P,Q, ) > UNP Q,p) > U,(r; P,Q,9)

That U (P, Q, p) > U, (7; P,Q, ) is straightforward. To prove the result it suffices to show the first
inequality, i.e. Uso(P,Q,¢) > UH(P,Q,¢), which follows from the next Lemma. With bounded
quality function ¢, UM are trivially bounded, then by monotone convergence theorem Uy (P, Q, @)

is also bounded, making it a valid performance benchmark.
Lemma A.1l. Uf,n > 1 is a monotone increasing sequence.

Proof of Lemma A.1. For each realized (Xi, Y(y))1<t<n, We consider a specific randomized permu-

tation. Simulate n — 1 demand units X{,...X] ; 4.4.d. from P. Let X\ denote the optimal assign-
ment between {X7,... X, _1,X,} and {Y1,...,Y,}. We then optimally match {X;,...,X,,—1} and
{Y1,...Y,}/{Y), }. The above constitutes a permutation (possibly randomized) between { X1, ..., X, }

and {Y1,...,Y,}, which we call ¢’. Notice that

1 d 1o |¢
Uf = “E|sup > o(X:,Ys) | = ~E |3 0(X4,Y,)
n O'GSn t=1 n t=1
1 n—1 1
t=1
n—1

1
— UH *UH,
n n—1 + n n

where the last step follows from (a) Xi,...Xp—1 is i.i.d. P, (b) {Y1,...Y,}/{Y),} is i.i.d. Q and
(¢) (Xp,Y),) is a pair taken from the optimal offline assignment of size n. The desired result thus

follows. o

Remark A.3. We provide an example to highlight the distinction between the limiting hind-
stght optimum and the fluid optimum, which in our setting is the optimal transport value be-
tween the distributions P and Q w.r.t. function @. Suppose the supply and demand distributions
P = Q = Uniform([0,1]), and the quality function is ¢(X,Y) = 1{X = Y}, then for any finite
number of supply and demand units n, the hindsight optimum value U, (P, Q, ¢) = 0. Consequently,
Uso(P,Q, p) = 0 whereas the fluid optimum is 1.
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B Proof and Additional Discussion on the Failure of Greedy in

Section 3.1

In this section, we will provide a proof for Proposition 1 and state and prove Proposition B.3.

B.1 Proof of Proposition 1

Proof of Proposition 1. We assume that the quality function is p(X,Y) = —|X — Y'|P. Instead of

taking the quality function maximizing perspective, we will take the cost minimization perspective
and consider the cost function d(X,Y) = | X—Y|P. Note that the we will use U, (Greedy; P, Q), UH(P, Q)
and Uy (P, Q) to denote the average matching cost under Greedy, the hindsight optimal cost and
the limiting hindsight cost. Note that UH (P, Q) > U.(P, Q) and hence we have that

REG,, (Greedy; P, Q) = U,(Greedy; P, Q) — Uso (P, Q) > U, (Greedy; P, Q) — UH(P,Q) (B.1)

Note that since f,(x) > 0 for all = € [0, 1], we have that Fp and F' are strictly increasing functions
over the interval [0, 1], where F5'(y) = {z : Fp(x) = y}. Fix p € (0,1) and let Fp(0.5) :=a # 1—p
and let & := Fp(0.5) = 1 — Fp(0.5). Let us assume that o < 1 — p. Note that this assumption is
without any loss because if & > 1 — p, then the entire analysis can be symmetrically made for the
supply units located at 0.

Define » £ p/(1 — a). Note that since @ < 1 — p (by assumption), we have that r < 1. Define
52 1—a—p>0. Note that (1 —r)p = rd. Define 2* £ Fp'(a + 6/2), 2* 2 Fp(1 — p) and
72 Fpl(1—p/2). Sincea < a+6/2<1—p<1—p/2and Fp' is strictly increasing, we have
that 0.5 < z* < 2* < T*.

For z3 > x1 and ty > t1, define N7\, (z1,32) = Z';f:tl 1{X} € (a,b)} to be the number of demand
units that arrive in the time interval {¢1,¢; +1,...,t2} and are located in the interval (x,z2). Let

NY =37_, 1{Y}; = 1} denote the number of supply units located at 1.



We will now define some events

Y = {pn —/n/16 < N} < pn —/n/8}
= {6rn/2 — /n/32 < N[, (0.5, 2%) < drn/2+/n/32}
= {6rn/2 — /n/32 < Nj} LMJ( %, 2%) < 6rn/2 +v/n/32}
= {prn/2 = Vn/32 < N{,,, (z*,T*) < prn/2 + v/n/32}
Ly = {prn/2 — /n/32 < Nj¥,.,|(T*,1) < prn/2 + v/n/32}
Hi* = {6(1 = r)n/2 = Vn/32 < Njj,, 1 11.,(0.5,2%) < 8(1 —r)n/2+ v/n/32}
(1=7r)n/2 = Vn/32 < N[, (@t 2%) <61 = r)n/2+ /n/32}
Hi' = {p(1 = r)n/2 = /32 < N[jp 410", 7°) < p(1 = 1)n/2 + v/n/32}
(=) (

H' = {p(1 —7r)n/2 = /n/32 < N[\ |11, (T, 1) < p(1 = r)n/2 + /n/32}

*

H ={6(1

We have that N ~ Binomial(n, p) and hence using CLT there exists a constant ¢ > 0 such that
P(EY) > c¢. We have that P(X € (0.5,2%)) = Fp(2*) — Fp(0.5) = §/2. Similarly, we have that
P(X € (z*,2%)) = §/2, P(X € (2%,7")) = p/2 and P(X € (z*,1)) = p/2. Therefore, using
standard CLT arguments, we have that there exists a constant ¢ > 0 such that P(LX) > ¢ for all
i € {1,2,3,4} and P(H;*) > c for all i € {1,2,3,4}. Define G = EY N (N}, L) N (Ni, HY),
then using standard conditioning arguments (refer to Besbes et al. [2023]), we have that for some

constant 5 > 0, P(G) > .

Hindsight Optimum. Under the event G, we have that NiX (z*,1) > pn—+/n/8 and N} < pn—
v/n/8. Therefore, under the event G, the hindsight optimal will match all the supply units located
to 1 to the demand units that arrive in the interval (z*,1). Note that since Ni% (z*,1) > pn—+/n/8,
not all demand units in the interval (z*,1) will be matched to the supply units located at 1. The
demand units not matched to the supply units located 1 will be matched to the supply units located
at 0.

Greedy Algorithm. Under the event G, we have that N1XL n

pn — /n/8. Therefore under the event G, the Greedy algorithm will match all the supply units

(0.5,1) > pn — /n/8 and N{ <

located at 1 to the demand units that arrive in the interval (0.5,1) up till the time ¢ = |rn]. For
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t > |rn| +1, Greedy will match all the demand units to the supply units located at 0. This includes

the demand units that will arrive in the interval (z*,1). The two places that Greedy differs from

the hindsight optimal matching is:

(4)

at least drn —\/n/8 of the demand arrivals in the interval (0.5, 2*) during the first |rn] time
steps are matched to the supply units at 1 under Greedy whereas they are matched to the
supply units at 0 under the hindsight optimal matching. This is because all the arrivals in
(0.5, 2*) are matched under the hindsight optimal to the supply units at 0. Under Greedy, we
have that at most prn + /n/16 arrivals in the interval (z*,1) get matched to supply units at
1 and since there are at least pn — y/n/16 supply units at 1, we have the at least drn — \/n/8
of the arrivals in (0.5, z*) get matched to supply units at 1.

at least p(1—7r)n—+/n/8 of the demand arrivals in the interval (z*, 1) during the last n— [rn|
time steps are matched to the supply units at 0 under Greedy whereas under the hindsight
optimal matches these demand units are matched the supply units at 1. This is because
all the demand arrivals in the last n — |rn| time steps are matched the supply units at 0
under Greedy since Greedy prematurely exhausts all the supply units at 1. Since there are
pn —+/n/16 supply units at location 1 and at most pn +/n/16 of the demand arrivals in the
interval (z*,1) get matched in first [rn] time steps, we have that at least p(1 —r)n —/n/8

demand units are available to be matched in the last n — [rn] time steps.

Let 78 denote the allocation under the Greedy algorithm. Then we have that

(a)
REG, (Greedy; P, Q) > U,(Greedy; P,Q) — U(P,Q),

)

t=1

© g [Z o(Xt, Yoe) —min Y~ e(Xy, Yo,)
t=1

D0 E |3 (X, Vo) — min > (X0, Vs, ) |G| P(G)
=1 7 =l
+n B DY e(Xe, Vi) —min Y o(Xy, Yo, )| GO P(GO),
t=1 7 t=1
(d) o n ) n
> pnE ZC(Xthwf) - mch(Xt,Yat) G|,
t=1 t=1




where (a) follows from (B.1), (b) from the definition of U, (Greedy; P, Q) and UH(P,Q), (c) follows
from law of total expectation and (d) follows from the fact that » 3" ; ¢(X¢, Yie)—ming >3 o(Xy, Y5,) >
0, P(G°) > 0 and P(G) > B. Now it suffices to show that there exists a constant x > 0 such that

n

n 'R Z o(X¢, Yre) — min Z (X4, Ys,)
t=1 t=1

G| >k

Given the supply and demand units {Y7,Ys,...,Y,} and {X1, Xo,..., X, }, let o(X) and 78(X)
denote the hindsight optimal assignment and the Greedy assignment of demand unit X respectively.
Furthermore, let Ay 4,(a,b) = {X; : k € {t1,t1 +1,...,t2} and X € (a,b)}. Now we have can
re-write the summation 37} | ¢(Xy, Yze) and 370 ¢(Xy,Ys,) as follows

n

YK V)= Y X mEX)+ Y (X))

t=1 XeA;1.,(0,0.5) XeA1:n(0.5,1)
YoeXeYo)= Y. dX.oX)+ D X,0(X))
t=1 X€A1:,(0,0.5) X€eA1:,(0.5,1)

Note that under the event G, we have that ¢(X,n8(X)) = ¢(X,0(X)) for all X € (0,0.5) and

therefore we have that under the event G,

D e(X1, Ye) —min Y (X, Yo,) = o X, 78(X)) — (X, 0(X))
=1 7 = XEAL(05,1) XEA1n(05,1)

For the Greedy algorithm we have that,

> X, 7E(X)) = > o X, 78(X)) + > o(X, 78(X))

XG-Al:n(O'E)vl) XGAI:UTLJ (05,1'*) XGALrnJ+1:n(0'57x*)
+ Y X, mE(X)) + > o(X, 78(X))
XeAl:I_rnJ (:17*,1) XGA\_rnJ+1:n(w*>1)
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For the hindsight optimal we have that,

Y X, 0(X)) = > o(X,0(X)) + > o(X,0(X))

XeAl:n(0-571) XEAI: Lrn] (05733*) XEAL’I'TLJJrl:TL(O'E)?x*)
+ ), dXo(X)+ > (X, 0(X))
XG-AI:LTnJ (I*,l) XGALTnJ«i»l:n(x*»l)

Under the event G, we have that for all X € Aj,,41:0(0.5,2%), we have that c(X,78(X)) =
¢(X,0(X)) and we have that | ZXEAHMJ (1) (X, m8(X)) — (X, 0(X))| < /n.

Therefore we have that

Y. (X m8(X)) — (X, 0(X))) = > (X, m8(X)) — e(X, 0(X))

X€A1:0(0.5,1) XEA, | pn (0.5,2%)
+ > o( X, 78(X)) — e(X,0(X)) = Vn
XGALTnJ—O—l:n(x*:l)
Next we will provide a lower bound for the sum ZXEALWLJ (0.5, (c(X, T8 (X)) — (X, 0(X))).
Consider the demand arrivals in Ajy.|,y,((0.5,2%), we have that c(X,78(X)) > (1 — z*)? and
c¢(X,0(X)) < ()P and this is true for at least drn/2 — /n arrivals. Similarly, consider the
demand arrivals in Ay |,y (2, 2%), we have that c¢(X,78(X)) > (1 — 2*)P and ¢(X,0(X)) < (z%)P

and this is also true for at least érn/2 — /n. Therefore we have that

> o( X, 78(X)) — e(X,0(X)) = [(1 = 2")" + (1 = 2")P = (") — (27)"](drn/2) — 2v/n
X €A rn) (0.5,2%)
Next we will provide a lower bound for the sum ZXGA\_rnJ+1:n (z*, 1) (c(X,m8(X)) — (X, 0(X))).
Consider the demand arrivals in A\, | 41.n (2%, T*), we have that c¢(X, 78(X)) > (z*)? and ¢(X, (X)) <
(1 — 2*)P and this is true for at least p(1 — r)n/2 — y/n arrivals. Similarly, consider the demand
arrivals in A\, |41, (7, 1), we have that ¢(X, 78(X)) > (7*)? and ¢(X,0(X)) < (1 —7*)? and this

is true for at least p(1 — r)n/2 — \/n arrivals. Therefore we have that

> (e(X, 78(X)) = e(X,0(X))) = [-(1 =7")" = (1 —2")" + (z")" + (27)"](p(1 — 7)n/2)
XEA | rpnj+1:m(z%,1)

_2\/ﬁ
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Define ' = (1 — 2*)? — (1 — 7*)P + (z*)P — (z*)P > 0. Since p(1 — r) = or, we have that

S (X m(X) - e(Xo(x)) 2 AL s

11—«
XE.AI:n(O-Syl)

Therefore we have that

n

n'E Z o(X¢, Yig) — minz (X4, Ys,)
t=1 t=1

G

>t (1—p—a)=5/vn

This concludes the proof as we can choose a large enough ng € N such that for all n > ng, the
lower bound in the Proposition 1 holds. ]
B.2 Additional Discussion on the Sub-optimality of Greedy

In this section, we provide additional evidence regarding the sub-optimality of Greedy. The formal

statement of the results require the following mathematical notion.

Definition 2 (Lévy—Prokhorov (LP) Distance). For two probability measures P and Q defined on
R with CDF Fp and Fg, we recall that the LP distance Ap(P, Q) is defined as

Ap (P,Q) =inf{e > 0: Fp(z —€) —e < Fg(x) < Fp(z +¢€) + ¢,V € R}.

More generally, the LP distance Aip(A1, A2) for a pair of probability measures on a metric space

(X,d) is defined as:
Arp(A1, A2) =inf{e > 0: A\ (A) < Xa(A°) + € and Ma(A) < M (AS) + € for all measurable A C X},

where A€ is the e-enlargement of the set A, defined as: A = {x € X : Ja € A such that d(z,a) < €}.

Proposition B.3. Suppose the demand distribution P and supply distribution @ are one dimen-
sional continuous distributions supported over bounded open intervals Zp and Lg, with densities
bounded above and below, i.e., there exists v € [1,00) such that v~' < fp(x) < 7 for all x € Ip
and y~1 < fo(x) <« for all z € I. Consider the quality function o(X,Y) = —|X = Y|P for some
p > 1. Suppose P # @ and the LP distance between them is strictly positive, A p(P,Q) > 0. For

any matching policy w, let pl' denote the induced empirical (joint) measure on the set of demand
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n

nodes X1 ..., X, and supply nodes Y1,...,Y,. More precisely, u= = * Sy 5(X¢,Ywi) with 0.y the
Dirac measure. In particularly, u§ and ph™® denote the empirical (joint) distributions induced by
the greedy algorithm and the hindsight optimal algorithm, respectively. Then there exists a universal
constant ¢ = c(y,p, ALp(P,Q)) > 0 such that

liminf A p(ug, phind) > ¢
n—0o0

where Ay p(-,-) is the LP distance between two probability measures.

Conjecture 1. Suppose p(X,Y) = —|X — Y|P with p > 1. If liminf, o ALp(pus, uh™) > 0, then

Greedy incurs non-vanishing regret as n scales, namely

lim inf REG,,(Greedy) > 0.

n—o0

The proof of Proposition B.3 relies on the following well-known structural result of the hindsight

optimal matching under matching quality functions —|X — Y|P for p > 1.

Lemma B.1. Under the matching quality function o(X,Y) = —|X = Y|P for p > 1, the hindsight-
optimal matching is unique and assortative. Specifically, the optimal matching first sorts both the
demand units and the supply units in descending order, then matches the i-th demand unit to the i-
th supply unit for all 1 < i < n. More generally, the optimal transport between probability measures
P and Q with respect to p(X,Y) is given by T(X) = Fél(Fp(X)), where Fp and F are the CDFs

of P and Q, respectively.

Lemma B.1 is a well-known result in optimal transport theory. In fact, the optimal matching

2
is assortative as long as %&’/@ > 0, which is satisfied by the class of quality functions —|X — Y'|P.
We omit the proof of Lemma B.1 and refer the interested reader to classic textbooks, e.g. Galichon

[2018] for details.

Proof of Proposition B.3. Suppose A p(P,Q) > ¢ > 0. Then there must (WLOG) exist x € R
such that Fp(x — ) > Fg(x) + 6. Note that we can WLOG assume that « € Zg, because on the
one hand Fp(z) + 6 < Fp(x —§) < 1 implies F(xz) < 1 — 6, on the other hand if Fg(xz) = 0, it
is WLOG to set = to be the left end point of Zg, as Fp(z — J) only increases and the inequality
Fp(x — 6) > Fg(x) — 6 remains valid. Similarly, we may assume WLOG that « — 6 € Zp. Let

App-10



n= %. Denote by A = Ay x Ay =[x —5—n,x—0+n] X (—o0,x+2n)|. Let £ = ﬁ. For notational
simplicity, we assume &n € Z. We proceed with the proof by stating a sequence of claims. We

provide proof sketches of the claims to simplify exposition.
Claim 1. liminf,, ;oo P(]i € [1,n]: Y; € [x,x + 2n]| > &n) = 1.

Recall that Y7,...,Y, are i.i.d. Q random variables. We have

n
i€ [Ln]: i€ fo,o+ 20 = 3 1{Y; € o, + 2]},
i=1
Since x € Zg and Fp(z) < 1 — 0, we thus have [z,z + 2n] C [z,2 + 0/7] € Zg (where we used
fo(:) < v on Ig). We thus have E[1{z < Y; < 2+ 2n}] = P(z <Y; <x+2n) > 2y . Since

2y~Ip > ¢, Claim 1 follows from the weak law of large numbers.
Claim 2. liminf, ,oo P ([i € [1,n] : X; € Ay > &n) = 1.

Similar to Claim 1, here we use the fact that + — ¢ € Zp. Zp is an interval with |Zp| > 7,
hence either [z —d —n,x — 0] CZp or [ — §,x — 0 + n] C Zp. Therefore |i € [1,&n]: X; € Ay| =
Zle 1{X; € A1} with E[1{X; € A1}] = P(X; € A1) > v~ > £ Claim 2 again follows from the

weak law of large numbers.
Claim 3. liminf, ,oo P (i € [1,n] : X; € A1, Yy, € Ag| > &n) = 1.

Essentially, we argue that those among the first {n demand units X ... X, that belong to A;
will all be matched to supply units in As under Greedy. Observe that by Claim 1, with probability 1
there are more than £n supply units that are initially available in [z, z+ 27]. Hence with probability
1 upon the arrival of the ({n)-th demand unit, there is at least one supply unit in [x,z + 27] that

remains available. We make the following observation.

Observation 1. If an arrival demand unit belongs to A1, and there is at least one available supply

unit in [z, x + 21|, then Greedy matches the demand unit to a supply unit in As.

Combining Observation 1 with Claim 1, we thus have | € [1,n] : X; € A,Yy, € Ag| > |i €
[1,én] : X; € A1,Y,, € Aol =i € [1,&n] X, € Ay]. Now by Claim 2, we conclude the proof of
Claim 3. Claim 3 immediately implies that u§(A4) = pf(A1 x Ag) = L 37 1 1((X;,Y,) € A)) > &2

hind

and in the next claim.

with probability 1 in the n limit. Now on the other hand, we treat u

App-11



Claim 4. Let u°T denote the optimal transport (joint measure) between P and Q. Then puCT (A€) =
pOT (A5 x AS) = 0 for any e < #. Here for any interval B = [lg,rg], the e-enlargement A€ =

[l —e€rB+ €.

By definition A = A{ X A5 =[x —0—n—€,x—0+n+¢€ X (—00,x+2n+¢€|. Since Fp(z—9) >
Fg(x)4+¢ and our assumption on the boundedness of fg, we know that Fél (Fp(z —6)) > o+~ 14.
Furthermore, Fél (Fp(x —6—mn—¢€) >z +~715 —~4%(n + ¢). To see this:

(a) (b
Fp(x—56—n—¢€) > Fp(x—8) —v(n+e€) > Folz+77 ') —v(n+e) > Folz+77'6 —7*(n+e)),

where (a) follows as fp(z) < v; (b) follows as fo(z) > 1/v. By Lemma B.1, the optimal transport
between P and () with respect to ¢ matches any demand unit in A{ to a supply unit that is greater
than = +~v~15 — 4?(n + €). Notice that the right end point of interval A§ is x + 21 + ¢, which is
smaller than 2 +y716 — v%(n + €) for any € < 8%3. As a result x0T (A§ x AS) = 0.

Claim 5. For any measurable set A" it holds true that lim, . (uh"(A")) = uOT(A").

We omit the proof. Combining Claim 4 and 5, we conclude that lim,, . p"(A€) = 0 for all
e < %. Now combining the above with the definition of LP distance (Definition 2), we conclude

that liminf, ., ALp (u%, ,uzi”d) > min (e, 52) > e . Combining the above completes the proof of

25675
(Ap(PQ))° ]

Proposition B.3 with the specific constant choice of ¢ = 25675

C Proof of Corollary 1

Proof of Corollary 1. From the proof of Lemma A.1, Uy (P, Q, @) = lim, oo UN(P,Q, ) exists.

Equivalently, {REG;(H-OPT)};>; is a non-negative monotone decreasing sequence and
lim REG(H-OPT) = 0.
k—ro0

By Remark 4, we have REG,(SOAR) = 1 3" | REG,(H-OPT), which also converges to 0 as n —
00. O
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D Proof of Corollary 2

Proof of Corollary 2. First, we show 8 < 1. By definition, REG,,(H-OPT) = U,, — U/!. As the

cumulative regret is at least a constant, U, —UH > % Take lim sup on both sides, lim sup,,_, ., n” ¢
(Uso — UM > limsup,,_, .o n?717¢ =0, thus 8 < 1 + ¢ for all € > 0.
1) limsup,,_,., n?~¢ - REG, (SOAR) = 0.

As limsup,,_, ., n° ¢ (Usx — UH) = 0, for any § > 0, there exists N5 € N such that n®~¢- (Uy —

UM) < 6 for n > Ns. Then we have for all n € N,

N5U Z = 5+€ N5U +5/(_/8+6+1)

nb—¢

9

a 1
REG,(SOAR) 2 U~ U, (SOAR) 2 Z(UOO—U,';')
"= " k=Nt
where (a) follows by definition; (b) follows Theorem 1; and (c) follows as € < 8, and 3} _ k=Pte <
fﬁs k—Btedk. Therefore, for any ' > 0, let Ny be the minimum n such that NsUsnf—¢"1 +
ﬁ < ¢, where the existence of Ng follows from 8 < 1+ €. Then we have for all n > Ny,

g /

0 < n?~¢-REG,(SOAR) < NsUpon® <1 4 — —
<n EGnp, ( ) < NsUson +_5+6+1<

Therefore lim sup,, ., n°~¢ - REG, (SOAR) = 0.
2) limsup,,_, ., n?*¢ - REG, (SOAR) =
As liminf, o nT¢ - (U — UH) = oo, for any M > 0, there exists Njy; € N such that nf*e.

REG, (H-OPT) > M for n > Njs. Then we have for all n > Ny,

REG,(SOAR)>

MZ

1
n

ol

k=Np+1
M/(l —p
n

1

Q

c - Nu 1 [ M
— + — — —dk + dk
k n Z k;/3+e n/1 k /N 1 kBT
15 ) - 6) (nl—ﬁ—e _ (NM + 1)1—6—6)‘

e If 54+ ¢€>1, then
nPt¢ . REG,(SOAR) > C'log(Ny)n T 1,

thus lim inf,,_,o 7T REG,(SOAR) =
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o If 34+ €< 1, then

nﬁ-i-é . REGn(SOAR) > 1L€(1 _ (NM + 1)/77/)1_5_6),

Therefore, for any M’ > 0, let N, be the minimum n such that #(1—(]\@44—1)/11)1_5_6) >

M’, where the existence of N, follows from 8 + € < 1. Then for all n > Ny,
nT¢. REG,(SOAR) > M'.

Therefore limsup,, . n?* - REG,(SOAR) = occ.

3) REG,(SOAR) < nf - REG,(H-OPT) for n sufficiently large.

‘We have shown that

< NolUoe | 6/(—B+e€e+1)

REG,(SOAR) - e

=0O(n Pt forn €N,

and for any M > 0, there exists Ny € N such that
REG, (H-OPT) > Mn "¢ for n > Ny;.

Combining them gives REG,(SOAR) < n¢ - REG,(H-OPT) for n sufficiently large.

Polynomial Regret Scaling Case.

If in addition, lim, e n® - (Us — UM) = Iy, i.e. for any 6 > 0, there exists N such that for any
n > N, |n® - REG,(H-OPT) — Ig| < §. Applying Theorem 1, we have for all n € N,

" O(n"), B#1,
REG,(SOAR) < NUs L lol:; 0 _
" " =N O(n'logn), B=1.
Therefore we have
liREG, (H-OPT), B8#1,

REG,(SOAR) <
lilogn - REG,(H-OPT), g=1.
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Similarly we have for n sufficiently large,

N n -8
1 C 1 lo—06 | O™, B#1,
REG,(SOAR) > -y — 4+ =}~ =2
n kK n -1 _
k=1 k=N+1 O(n "logn), =1
Combining the above gives the tight characterization of the scaling of REG,,(SOAR). O

E Examples of Matching Instances Scale Regularly

In this section, we list some problem settings when the offline optima scale regularly. First, we

introduce two useful results.

Theorem E.1 (Eq. (6) and (25) of Caracciolo et al. [2014]). Suppose a set of n demand points and
n supply points are generated independently and uniformly at random in the hypercube [0, 1]d, with

matching cost || X —Y||P. Then the average cost of the optimal assignment, denoted by UM (p,d), is

given by
L
o T T d=1,
H - (2)
e, e

Here and in the following the symbol =~ means that the term on the l.h.s. is asymptotically equal
to the r.h.s. ezcept for some additional terms decaying faster than each term in the r.h.s. (e.g.

UH2,1) =& + 95 —|— 0(-5)). Conjectured based on numerical simulations:

U,';'(p7 d) =~ e((ip)nfg + al(ip)ng_g_d ford>2p>0,

where coefficients e& ), a(p) are constants and (q4(x) is the Epstein zeta function.

By Definition 1, as Uy, = 0, and UH(p,d) = ©(n"P/%), it is easy to see this matching instance
scale regularly with 8 = p/d. For example, lim, ,o,n - UM(2,1) = ©(1), thus SOAR gives a tight

regret scaling.
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F Extension to the setting of i.12.d. demand units with unknown

distributions

The various regret scaling results of SOAR can be generalized to the setting where the demand
feature distribution is unknown a priori to the platform but can be learned on-the-fly in a Bayesian
fashion. More specifically, suppose the supply units are drawn i.i.d from distribution (), while the
demand units are drawn i.3.d. from distribution P that is unknown a priori to the platform, who
only has a prior belief, characterized by a prior distribution py over a candidate distribution set
P. Upon seeing the sequentially arriving demand units, the platform updates its posterior belief in
a Bayesian fashion p; < p;—1]/X;. The platform implements SOAR, which simulates i.i.d. future
demand sequence from a distribution in P sampled according to the current posterior belief p; at
each time ¢ to facilitate matching. We provide a detailed description of Bayesian-SOAR. At each

time ¢t > 1,
1. Observes the real demand X; and updates posterior distribution p;—1 — p; accordingly.

2. Draw a demand distribution from p;, then draw i.i.d. virtual demands Xt+1, ... Xn from that
distribution and, together with the real demand X;, form the input to the offline matching

subroutine to determine the current-step matching decision.

For clarity, we denote SOAR in this Bayesian setting by Bayesian-SOAR. See Algorithm 2 for a
detailed description. We establish an analogue of Theorem 1 for Bayesian-SOAR. We then derive
a decomposition of the regret of Bayesian-SOAR into the regret of SOAR with a known demand
distribution, and an extra learning cost. This result can be utilized to derive various regret scalings

under additional distributional /structural assumptions.

Theorem F.1. The average matching quality under Bayesian-SOAR 1is

Un(Bayesian-SOAR) £ Ep..,,Uy(Bayesian-SOAR; P, Q, ),

1 n
P E H-OPT t—1
B nEPNpO EPFl’Ptlept*LyZ;-lmatch,ed Un—t+1 (Ptfl’ yun-matched) ) (FQ)

t=1

d

where P;_1 is the time t — 1 “guess” of the true demand distribution, sampled from the current

posterior belief p;_y. Here Y'~! = {Y},,...Yj, ..} denotes the set of unmatched supply

un-matched
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Algorithm 2: Bayesian-SOAR

Input: supply units Y = {¥1,Y>,...,Y,}, prior distribution py over a distribution set P,

quality function ¢

ymatched — (Z)
for t + 1 to n do

2 Observe demand X; and denote it as Xg =X
3 Vun-matched := {Yb7 Yi,... ,Yn—t} — y\ymatched

[y

PUTS S

// re-label demand unit

// re-label supply units
Draw a distribution P;_1 ~ p;—1, then draw i.i.d. P,—; simulated demand scenario

// Simulate a future demand scenario

5 Randomly permute the demand pool XoU XFm and denote the random permutation as
o
6 Solve the maximum quality matching optimization problem in (F.1) // Optimize based

on a simulated demand scenario

n—t
*

n < argmax Z @(Xa(k)7 Y/r](k))a

7 is a permutation

7 Allocate f/n*(a(o)) to X,
permutation _

8 Ymatched <~ Ymatched U {Yn*(U(O))}
9 | Update p; < pr—1|X;

end

(F.1)

// Allocate the supply unit according to the optimal

// Bayesian update given observed real demand X

units before Xy arrives.

n—t

1
n—t+1 Xe,Xei1,,Xn <P TESh—t4+1

U2 (P Y matehed) =

n un-matched

ii.d. 5 max 90 (Xt7 )/37—1) + Z QD (Xt+i? Y.’jTi+1 )] .
=1

denote the hindsight optimum average matching quality between n —t+1 i.i.d. P demand units and

supply units in Yt !

un-matched’

Corollary F.2. The regret of Bayesian-SOAR can be decomposed as follows

REG, (Bayesian-SOAR) = Ep..,, [REG,(SOAR; P, Q, ¢)]

n
1
§ : H-OPT t—1 H-OPT
+ EEPNpO Eptfl7Pt71Npt*17y1t1;}matched U”*t+1 (P7 yun—matched) T Yn—t+1
t=1
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where REG,(SOAR; P, Q, ¢) denotes the regret of SOAR in the setting with known demand and

supply distributions P and Q.

Remark F.3. The expectation in the second term of eq. (F.2) in Theorem F.1 involves nested
expectations. The outer expectation is taken over the randomness in the true underlying demand
distribution P. Conditional on P and for each fized t > 0, the inner expectation is taken over the
randomness of (i) the posterior distribution p;—1 on the demand distribution, whose randomness
comes from the i.i.d. (real) demand sequence Xi,...Xy—1 drawn from P, (ii) the “guess” of the
demand distribution at time t, which is a distribution sampled from the posterior distribution pi_1,
and (i) the set of un-matched supply units, y;;}matched, which is determined by the initial set of
iid. @ supply units ygn_matched, and the supply units that were matched to the previous demand
units X1,...X¢_1, selected by the Bayesian-SOAR algorithm. Later in Lemma F.6, we prove that

y;;n_matched has a simple probabilistic characterization thanks to symmetry.

Remark F.4. Corollary F.2 decomposes the regret incurred by SOAR into two terms. The first
term captures the familiar regret term REG, (SOAR, P,Q, ¢) as in Remark 4, quantifying the quality
loss even when the platform knows the underlying demand distribution P. In addition to this term,
Bayesian-SOAR pays an extra regret term due to not knowing the demand distribution a priori. Here
pi—1 (for t > 2) is random — its randomness comes from Xi,...X;—1. As t grows, the posterior
pt—1 becomes more and more concentrated around the true underlying distribution P, and ultimately
converges to the delta measure dp. The rate at which ps—1 converges to 0p determines the scaling

of this extra regret term, and hence REG,(Bayesian-SOAR).
We now make a number of observations leading to the proof of Theorem F.1 and Corollary F.2.

Lemma F.5. For any t > 1, conditional on Xi,...,X¢_1, the input of Bayesian-SOAR to the
offline optimal matching solver (Xt,Xt+1, ces ,Xn) is a set of ii.d. demand units drawn from a
distribution sampled according to pi—1, identically distributed to the sequence of future real demand

units (X¢, ..., Xpn). In particular, (X, X1, .. ,Xn) are exchangeable conditional on X1, ..., X;_1.

Proof of Lemma F.5. Recall that for each ¢ > 1, the input of the Bayesian-SOAR algorithm to the of-
fline optimal matching solver consists of the real demand X;, and the virtual demands Xt+1, ey Xn,

that are drawn 4.7.d. from some distribution sampled from p;. Recall that X; can be viewed as an
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independent demand unit drawn from a distribution sampled from p;_1, and p; is the posterior dis-
tribution updated from p;—; with observation X;. (X, Xt+1; . ,Xn) constructed that way is thus
equivalent in distribution to an i.i.d. sequence of n —t+ 1 demand units drawn from a distribution
sampled from p;—;. Conditional on any Xj,..., Xy_1, the future real demand units Xy,... X, are
drawn i.i.d. from a distribution sampled from the posterior p;—i. Thereby it is identically dis-
tributed to what Bayesian-SOAR inputs to the offline matching solver. Furthermore, as a mixture

of (conditionally) i.i.d. sequences, Xy, ..., X, (and thus X, Xt+1, ... ,Xn) are exchangeable. [

Lemma F.6. For any fizved realized supply units {Y1,...,Y,}, under Bayesian-SOAR, yi-t

un-matched
is a subset of {Y1,...,Y,} withn —t+ 1 elements, drawn uniformly at random.
Proof. By the design of Bayesian-SOAR; in the first period we observe the true demand X7, update
the posterior distribution p; < po|X1, and simulate from Pl ~ p1 the virtual future demand
XQ, .. .,X’n. By Lemma F.5, the input demand sequence Xl,XQ, .. .,X'n to the offline matching
solver is a realization of i.i.d. sequence drawn from some By ~ po- From the perspective of the
offline matching solver, it takes as input a set of vectors {x1, z2,...,2,} without knowing their
identity, i.e. which vector is the true demand of the first period (Recall in the description
of SOAR we randomly permute the sequence X1, Xo, . . ., Xn) An important implication is that, the
output from the offline matching solver, given the set of input vectors {x1, xa, ..., x,}, regardless of
being randomized or deterministic, is oblivious, thus independent of the index of the actual (non-
simulated) demand vector. Now by Lemma F.5, the sequence Xj, ... ,Xn are exchangeable. Thus,
conditional on the set of values of {Xl,Xg, e Xn} ={x1,...,2,}, the actual order is uniform at

random. Namely,
. . 1
]P)(Xl = .fCi’{Xl,XQ,...,Xn} = {‘Tl?' "7‘1:71}) = ﬁ

for any ¢ = 1,...,n. This property of exchangeable random variables, along with the previously
established independence between the output of the offline solver and the index of the true demand

vector together implies that
. : 1 )
P (Y; was matched in the first period ) = — forall i = 1,...,n.
n

In other words, with respect to the randomness in the real demand X; and the simulated future
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demand Xs, ... X,,, in effect SOAR uniformly discards a supply unit in Y7, ..., Y,. Recall the result-

ing set is denoted y& Since with conditioning the statement is stronger, the unconditional

n-matched*

version of the statement directly follows. Specifically, ygn_matched is in distribution equivalent to re-

peating the following twice to ygn_matched: discarding a remaining supply unit uniformly-at-random,

which is further equivalent to picking a size n—2 random subset of ygn_matche q- The above argument

can be immediately generalized to any ¢ > 2, and we complete the proof. ]
Remark F.7. Lemma F.6 is crucially about the unconditional distribution of yi;}matched. The
conditional distribution given the historical demand sequence X1,...,X¢—1 fort > 2 is no longer
uniform.

With Lemma F.5 and Lemma F.6, we now prove Theorem F.1 and Corollary F.2.

Proof of Theorem F.1. By definition

1
U, (Bayesian-SOAR) = —E
n

zn: o (Xt YBayesian—SOAR)]
P 9

t=1

where Y;Bay“ia"_SOAR denote the time ¢ match to the incoming real demand X;. Hence by the tower

rule, to show eq. (F.2), it suffices to prove

UL (P, Vi L )

n un-matched

o Bayesian-SOAR
P:| - Eptfl"/ptflayli;-lmatched |:()0 ()(t’}/;t ) P:| ’

t—1
Pi—1 ~Pt—1 7yun—matched

We prove a stronger version of the above equation, that is, the two conditional expectations are

-1
n-matched

equal even with p;,—; and 373 further fixed and conditioned on. Recall that

1 n—t+1
H-OPT t—1 _ Z ' ,
Un—t-‘rl (Ptfl’ yun-matched) - n—t+ 1EX2,X£+1...,X7’11'i~'d'Pt,1 TEISI'Laferl P (Xt+i—1> Yv]f)
=1

On the other hand, the Bayesian-SOAR algorithm inputs {Xt,Xt+1, e Xn} to the offline optimal
matching solver, where X; is the real demand unit, and Xt+1 ... X, are the virtual ones. The total

conditional expected matching quality that the offline solver achieves is

n—t

E . .. max ¢ (XY E(XY) Lt

X, X1 Xn K Py reSn—t-H(p( b ]Tl)+. ISO this L ) |t l’yun_mamhed ’
1=
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where X, Xt-i—l .. ,X’n s P;_4 follows from Lemma F.5. Since the so-distributed X;, Xt+1 Xn

are exchangeable, thus by symmetry we have the expected matching quality contributed by any of

them is equal, and in particular, the expected matching quality of the real demand X; is equal to

n—t

1 N
- X oy X, Y (X Y )
n—t+1 X,Xe41...Xn Nd'Ptfl Ter‘gla}:+1 v ( b ]Tl) * ; v b S

1
Pt—1, yun-matched] ’

where we again use the fact that the offline matching solver is oblivious of the true identity of each
input demand unit, just as in the proof of Lemma F.6. Combining the above with the definition of

Bayesian-SOAR thus yields eq. (F.2). O

Proof of Corollary F.2. With Theorem F.1, and in particular, eq.(F.2), we have

REG,, (Bayesian-SOAR)

=EppUsc(P,Q, ) — (Baye5|an SOAR),

H-OPT -1
Z EPt—1NPt71,y3;1matChed |:Un i+1 (Pi-1, un- matched)
=1

)

1
= EPwpo Uoo(P7 Q7 90) - EEPNPO

d

n
- %EPNKJO [Z EPt—lNPt—lvyi;}matched I: (P Q7 ) 711{ (t)flT(Pt_h yun matched) P:| ’
tzl
= EEPNPO Z( (P Qa ) E?flT(P yun matched))]
1 t=1 .
+ EEPNpO ZEPtlept*17y|i;-1n1atched |:UTI;I (t)fiT(P yun matched) UrlL{ (t:)}:lT(Pt 1y yun matched) P:|
t=1

By Lemma F.6, yﬁn matcheq Under Bayesian-SOAR is a uniform-at-random subset of size n — ¢ + 1

of {Y1,...,Y,}. Since the supply units are initially i.i.d. @, we thus conclude that }! !

un-matched 15

a set of i.i.d. Q supply units. Namely, U ?flT (P, yun matched) is the average hindsight optimum

matching quality between n —t 4+ 1 i.i.d. P demand units and n —t + 1 7.i.d. @) supply units. By
definition of REG,(SOAR; P, @, ¢) and Remark 4,

n—1
EPNPO Z P Q’ 711{ (t)-flT(P yun matched)) = ]EPNPO [REGH(SOARv Pv Qv 90)] ’
t=0

which is the first term in the regret decomposition in Corollary F.2. Combining the above thus
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conclude the proof of Corollary F.2. O

Next we discuss a concrete example, for which, utilizing Corollary F.2, we derive the regret
scaling of Bayesian-SOAR.

Example. Consider a discrete setting with P = {P', P2, ..., P} where P is associated with
density function f*, and py = Unif(m). Let P* € P be the true underlying distribution. The

posterior distribution p; has a closed-form expression

I, fR(X3) i

pR) = S T ()

=1,...,m.

Observe that IT¢_; f*(X;) = exp (3/_, log f*(X;)), and therefore

z W k( — exp Z log
Ity fR(XG
The above RHS can be rewritten as exp (t 1 Zf 1 log (X )) which, for large ¢, is approximately

fR(X5)

exp <t]EXNP* [log fkg”)’ or, equivalently, exp (tDkr,(P*|P¥)), where Dy (P*||P*) is the KL-

divergence between the two distributions. For technical convenience, we assume the distributions

in P are well-separated and regular. In particular, suppose § = min;_pepm) Dy (P7||P¥) > 0.
Furthermore, suppose 0 < I < f*(z) < u for a pair of constants I, u, for any k € [m] and for any
r € R% In addition, we shall assume the matching quality 0 < ¢(-,-) < C for some universal
constant C' > 0. Formalizing the above intuition, we derive a bound on the convergence rate of the

posterior distribution, stated in the following lemma.

Lemma F.8. There exists a constant co that depends only on the problem primitives §,u,l, such

that for any P* # P*, pi(k) < e 3t with probability at least 1 — exp(—tca)
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Proof. Observe that

_ I fR(XG)
pt(k?) - Zq]n:1 nglfj(Xi)v
_ I ()

o nglf*(Xi) ’

t
_ f(X)
= exp <—;10g fk(Xi)> )
exp | — t o) S(X)
= exp < ;1 8 fk(Xz'))

Denote by Y; = log ;Zgg and Z; = >'_, V. Then py(k) = exp(—Z;). By our assumption, E[Y;] =
Dxi, (P*||P*) > 6 > 0. By the regularity condition, we have |Y;| < log(%). The Hoeffding’s bound

then yields for any € > 0,

Consequently (by setting e = §/2), with probability at least 1 — exp (—tca), pr(k) < exp (—%),

2

SToa(a/l) is an absolute constant. O

where ¢y = 810§

‘We thus have
ULOPT (p* yi-1 ) = ULV (P, Vi )‘P*]

un-matched un-matched
p*]

=C Z Eptfl[pt—l(k)lp*]

k:Pk+£P*

(€ (st » o0 (50)) + coxn (-21))

<C (m2 exp(—(t — 1)cg) + mexp (—(t — 1)3)) < ayexp(—(t — 1)by),

E t—1
pt*l7Pt*1N'Dt71’yun—matched |:

IN

CE [1{3_1 4 P

t—1
Pt—1,Pr—1~pt—1,Y ) atched

where a; = 2m?C and b; = max (‘5 62

5 W)' Combining the above with Corollary F.2, we

immediately derive the following result.

Corollary F.4. In the setting of Bayesian learning with discrete candidate distribution set {P*, ..., P™},
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suppose the following conditions are satisfied:
1. 6 = minjspepm Dxr (P PF) > 0.
2. 0 <1< fk(x) <wu for a pair of constants I, u, for any k € [m] and for any x € R?.
3. The matching quality 0 < ¢(-,-) < C for some universal constant C' > 0.

Then we have

REG,(Bayesian-SOAR) < Ep.,, [REG,(SOAR; P, Q, ¢)] + %,

where Cy = 2m?C <exp (max (g, ﬁ%)) — 1) _1.

In this example, the extra cumulative regret term due to not knowing the true underlying distri-
bution is O(1), thus dominated by REG, (SOAR), thus the regret scaling of REG,, (Bayesian-SOAR)
remains what we have derived in the corresponding known i.i.d. setting (see Theorem 2, Proposition

2 and Theorem 3).

G Details Related to Optimal Transport and Useful Known Re-

sults

In this section, we will provide some additional notation and some existing results in the empirical

optimal transport literature which will leverage to prove the theorems in Section 4.

G.1 Background on Optimal Transport and Wasserstein-p distance

In this section, we provide some background on optimal transport and Wasserstein-p distance.
Some of the notations are adapted from [Manole et al., 2021, Section 2]. For a fixed d > 1, let
X,Y C R? and let P(X) denote the set of Borel probability measures with support contained in X.
Let P € P(X) and Q € P(Y). An optimal transport map Tp_,q from distribution P to @ (with

support in the set 2) is any solution to the Monge problem Monge [1781] defined as

arg min / I = Tpoo(@)|2dP(x), (G.1)
Tr—»Q€e7(PQ)JQ
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where 7 (P, Q) is the set of all transport maps between P and @, i.e., the set of Borel-measurable
functions 7 : @ — € such that 7TxP = Q. Here, 74Q denotes the pushforward measure of @

induced by 7. The convex relaxation of the Monge problem is the Kantorovich problem,

argmln/ |z — y||?dn(z,y), (G.2)
7ell(P,Q)

where II( P, Q) is the set of couplings of probability distributions P and @, i.e, the set of probability
distributions over X x ) with first and second margins being P and ). Therefore, a probability
measure 7 over X X ) belongs to II(P, Q) if and only if 7(4 x Y) = P(A) and n(X x B) = Q(B)
holds for every subset A of X and B of ). It can be shown that a minimizer m always exists for
(G.2) [Villani, 2009, Theorem 4.1] and is called the optimal coupling. The corresponding optimal

value of (G.2) is referred to as the Wasserstein-2 distance

1/2
wrar=(_ju [le-uiiren)

The above optimization problem is an (infinite-dimensional) convex program with linear constraints,

and it admits a dual maximization problem, known as the Kantorovich dual problem given below.

2 o«
WE(P,Q) = s [ oir+ [ vaa. (G.3)

where K is the set of pairs (¢, ) € L1(Q) x L' () such that ¢(z) +v(y) < ||z —yl|? for all z,y € Q.
Let ¢, 1y be the pair for which the supremum is achieved. The Kantorovich dual problem can be

reparameterized and it is equivalent to the following semi-dual problem

W2(P,Q) = sup / WdP + / edQ. (G.4)

YELL(Q

The Brenier potential % is the solution of the semi-dual problem in (G.4) and is related to ¢g as
= || - ||* = 2¢0. So far, we focus on the cost function ¢(z,y) = ||z — y||?, but we can define the

optimal transport cost more generally as well. Given a non-negative cost function ¢: X x Y — R,
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the optimal transport cost based on c is defined by

OT.(P,Q):= inf /C(x,y)dﬂ(x,y). (G.5)

mell(P,Q)

Consider i.i.d. random variables X1, Xo,...,X,, ~ P and Y1,Y5,...,Y, ~ @ and let P, and @,
denote their corresponding empirical measures, i.e. P, =230 | dx, and Q, = L 3"}, dy,. The

empirical optimal transport cost based on c is defined as

1 n
OT¢(Py,,Qn) :=inf — E c(Xk, Yyk)), o is a permutation of {1,2,...,n}.
on
k=1

For the special case of ¢(z,y) = ¢p(z,y) := ||z —y||P (note that the cost function ¢p(z,y) is negative
of the quality function ¢,(x,y)) for p > 1. For p € [1,00), the Wasserstein p-distance between two

probability distributions P and @ on Borel sets of R? with finite p-moments is defined as

W@t [ Hx—yrpdw(:c,w)l/p:( inf E<x,y>w[||:v—y|m)l/p. (G.6)

TEM(P,Q) TEM(P,Q)

Note that W} (P, Q) = OT,,(P,Q) = —Ux(P,Q), where Ux(P,Q) is the fluid optimum for the

quality function ¢p(z,y) = —||z — y||P. Moreover, we have that
1 n
OTe, (Pn, Qn) = W (Pn,Qn) = igf - kz | Xk — You)llP, o is a permutation over {1,2,...,n}.
=1

Note that E [W2 (P, Qn)] = —UH (P, Q) where U} is the hindsight optimum matching value for the
quality function ¢,(X,Y) = —|| X = Y|P

G.2 Existing Results on convergence of Empirical Optimal Transport value

In this section, we will present some results on the convergence of the empirical optimal transport
value to its limit for different quality functions and different assumptions on the distributions P
and Q. A function ¢ : U — R on a convex domain U C R? is (a, A)-Holder smooth for 0 < o < 1
and A > 0 if ||cflc <A and |c(x) — c(y)| < Allz — y||* and ¢ is (o, A)-Holder smooth for 1 < o < 2

if |c]looc < A and c is differentiable with (o — 1, A)-Holder smooth partial derivatives.

Lemma G.1 (Theorem 3.11 of Hundrieser et al. [2022]). Fiz d > 1 and a constant M < oo. Let
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X and Y be Polish spaces and c: X x Y — [0, M] be continuous. If ¢ is (o, A)—Hélder smooth for

some « € [1,2], then for any P € P(X) and Q € P(Y), there exists a constant C = C(P,Q,d, «)
such that

Cn~1/2, if d < 2a,
E[|OTc(Fn, @n) — OT(P,Q)[] < { Cn~1/2 logn, if d = 2a,
Cn—o/d, if d > 2a.
Corollary G.2. Fiz d > 1. Let X and Y be bounded subsets of R% with a non-empty interior.

Consider cp(z,y) = ||z—yl||P and assume that the demand P and supply Q distributions are supported

on X and )Y respectively, then there exists a constant C = C(P,Q,d,p) < oo such that

Cn=1/2, ifd<2(pA2),
E [WE(Pn, Qn) — WE(P,Q)] < { Cn~/21ogn, ifd=2(pA2),

Cn~(@r2)/d, ifd>2(pA2).

Proof of Corollary G.2. Since both X and Y are closed, bounded and convex, we have that X and

Y are Polish spaces. Since X and Y are compact and ¢, is continuous, we have that ||cpllcc < M
for some constant M < co. From [Manole and Niles-Weed, 2021, Corollary 3|, we know that ¢,
is (p A 2, A)—Holder smooth, i.e. &« = p A 2. Hence all the conditions in Lemma G.1 are verified.

From the convexity of f(z) = |x|, we have that

E [W] (P, Qn) = WH(P,Q)] < |E [WE(Pn,Qn) = WH(P,Q)] | E[[W](Pa, Qu) — WE(P,Q)] -
Finally, using the fact that OT., (P, Qn) = W} (P, Qn) and OT,, (P, Q) = W} (P,Q), the results
follows from Lemma G.1. O

Lemma G.3 (Proposition 21 of Manole and Niles-Weed [2021]). Fiz d > 1. X and Y are convex
subsets of R% with non-empty interior. The cost function ¢ : X x Y — R>o and takes the form
c(xz,y) = h(x — y) where h : R? — R>o is convex, even, and lower semi-continuous. Further

assume that h is differentiable over Z = X — ). Furthermore, there exists A > 0, € (0,2] and
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20 = xo — Yo € Z such that xg € int(X),yo € int(Y) and for all z € Z,

Allz = 2o, a <1,
h(z) — h(zp) >
(Vh(z0),z = z0) + Allz — 20|, a>1.

Then there exists a constant ¢ > 0 such that

sup E [OTe(P,, Qn) — OTe(P, Q)] > en™o/4.
PeP(X),QeP(Y)

Corollary G.4. Fizd > 1. Let X and Y be closed, bounded and convez subsets of R with a non-
empty interior. Consider cy(z,y) = ||lx — y||P. There exists demand P and supply Q distributions

supported on X and Y respectively and a constant ¢ = ¢(P,Q,d,p) > 0 such that
E [Wg(Pn; Qn) - Wg(P, Q)] > cn_(p/\z)/d.

Proof of Corollary G.4. From Manole and Niles-Weed [2021], it is straightforward to see that

h(z) = ||x||P satisfies the conditions in Lemma G.3 with & = p A 2. The conditions on X and

Y are satisfied by assumption. The result follows from Lemma G.3. 0

Lemma G.5 (Ledoux [2019]). Fiz d > 1. Let P = @Q = Uniform([0,1]%). Consider the cost

function c,(x,y) = ||z — y||P for some p € [1,d]. Then we have that

) (n_p/2) , d=1,
E [W;?(Pm Q)] =16 ((log n)p/Qn*p/Q) , d=2,
) (n_p/d) ) d>3.
Lemma G.6 (Proposition 13 of Manole et al. [2021]). Let P and Q) be absolutely continuous

distributions with the support in [0,1]% and with densities being bounded above and below over [0, 1]%.

Furthermore assume that Assumption 1 is satisfied. Then for the cost function c(x,y) = ||z — y||?,
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we have that there exists a constant C = C(P,Q,d) < oo such that

Cn1, d=1,
E [W22(Pn7 Qn) — W3(P, Q)] < 4 Cn~tlogn, d=2,

Cn=2/4, d> 3.

G.3 Equivalence of p4:(X,Y) = (X,Y) and po(X,Y) = —[| X — Y|?

We formally establish that the regret corresponding to the dot-product quality function pgut(X,Y) =
(X,Y) scales exactly as the regret corresponding to the quality ¢(X,Y) = —|| X — Y%

Lemma G.7. The dot-product quality function pgot(X,Y) = (X,Y) and the quality function
02(X,Y) = —|| X = Y||? are equivalent in that the regret incurred by any policy ™ under p(X,Y) =
(X,Y) is evactly half the regret under @2(X,Y) = —|| X — Y||?, incurred by the same .

Proof of Lemma G.7. Consider the quality function ¢2(X,Y) = —||X — Y||?, then we have that

Uso(P,Q, p2) = —limpo0 E [infres, Dopy | Xe — Yg(t)Hz] /n. For any policy 7 € II, the expected
average quality under the policy m with quality function ¢2(X,Y) = —||X — Y||? is given as

UTL(T(7 P7 Q7 @2) =-E [Z?:l ”Xt - Yﬂ'(t)HQ] /TL
Consider the hindsight optimum value for the dot product utility ¢(X,Y) = (X,Y) for n > 1,

n

a) 1 1 .
UR(P.Q. paor) & L | sup ST(X Yo)| 2 5o | sup S0(X0 X0) + (Yoo Yorw) = 10 = Yoo |
75N =1 TESN §=1
©1 L e S Vo2
= GBI X+ 3B - 5B | inf 31X~ You

where (a) follows from the definition of U(P,Q, pdot) for veoet(z,y) = (z,y), (b) follows from
the fact that pgot(X,Y) = (X,Y) = (X, X) + 3(Y.Y) — 1[|X — Y|?, (c) from the fact that
X1, Xo,..., X, and Y1,Ys,...,Y, are i.i.d. Therefore we have that Us (P, @, vdot) = E (X, X)] /2+
E[(Y,Y)] /2 = limp o0 E [infses, >opoy | Xt — Yo()l1?] /2n. Hence we have that

Uso(P, @, pa0t) = E[(X, X)] 2+ E[(Y,Y)] /2 + Uso(P, Q, 2) /2.

For any policy m and the quality function @qgot(x,y) = (z,y), the expected average quality under
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the policy 7 is given as

n 1 n
Un(m; P, Q, Pdot) = [Z Xty Yo %E (Xe, Xe) + YVey, Vo)) — 11Xt = Yo P
t=1 t=1
= Lefx )+ LB v - 2B S 1% - e
T2 ’ 2 o v
1 1
E[(X, X)] + ZELY, V)] + 2Un(m; P, Q)

Hence we have that for any policy ,

REGn(Tr; P,Q, Sodot) = Uoo(Pa Q, (Pdot) - Un(Tr; P, Q, 90d0t>
(P Qa@2)/2_ (ﬂ- P Qv@?)/2
— REGH(W; P7 Q7 @2)/2

Hence we have that the regret for the quality functions pa(x,y) and ¢4ot(z,y) are equal up to a

constant factor and this completes the proof. O

H Proof of Theorem 2

Proof of Theorem 2. We begin by proving the upper bound on the performance of the SOAR algo-
rithm. We have that U,(SOAR) = —1E | >} | || X — YTI.?OARHP and Uy, = —WJ (P, Q). Using the

definition of regret (per match) and Theorem 1, we have that

REG,, (SOAR) = Us, — U, (SOAR)

1 n
=—E [ZIX m R XN = WE(P Q)
@1e=|1 ,
oD (B ngnZHXj—YU(j)HP - WH(P.Q)
k=1 j=1
b) 1
&SR WP, Q) — WE(PQ))
k=1

where (a) follows from Theorem 1 and (b) follows from the definition of W} (P, Q). Next we will
consider three cases: (i) d < 2(p A 2), (ii) d =2(p A2) and (zii) d > 2(p A 2).
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(i) d <2(pA2). Using Corollary G.2 for d < 2(p A 2), there is a constant C = C(P,Q, d,p) < o0
such that E[Wp (P, Qr) — W (P, Q)] < Ck™3 for any k > 1. Hence we have that,

REG,(SOAR) ZCk 3 < S/ " 2de = C'n"2
0

(17) d =2(p A 2). Using Corollary G.2 for d = 2(p A 2), there is a constant C' = C(P,Q,d,p) < oo
such that E[Wp (P, Qr) — W (P, Q)] < Ck—> log k for any k > 2. Hence we have that,

1 n /1 n
REG,(SOAR) < — <c+ S Ck 3 log k:) < ¢ Og”/ v 3de = 2C"n" % log .
n 2 n 0

(13i) d > 2(p A 2). Using Corollary G.2 for d = 2(p/\ 2), there is a constant C = C(P,Q,d,p) < o0

such that E[W} (Py, Q) — WH (P, Q)] < Ck~ " for any k > 1. Hence we have that

REG,(SOAR) ZCk—* < / v de = C'n

This completes the proof of the upper bound in Theorem 2.
Next we will prove the lower bound on the regret of any online optimal policy. For any fea-
sible, non-anticipative online policy =, recall that UH(P,Q, ) > U,(m; P,Q, ) for any pair of

distributions P and @ and hence we have that

inf REGA (7 P, Q. ) = inf Usc(P, Q. 9) = Un(m P, Q. ¢) 2 Un(P, Qs 9) = U/ (P, Q. ).

Recall that for ¢(X,Y) = —[| X —Y[|P, we have that U (P, Q, ¢) = —1E [ming Y p_; [|[ Xi — Y, IP] =
—E W) (P, Qn)] and Uso (P, Q, ) = —W} (P, Q) and hence we have that

inf REG (73 P, Q,¢) > E [W} (P, Qu) — WH(P,Q)] - (H.1)

As before we will consider different cases for d depending on the value of p.

(1) d > 2(pA2). From Corollary G.4, there exists a positive constant ¢ := ¢(P, @, d,p) > 0 such
that inf e REG, (m; P, Q, @) > en= %% for d > 2(pN2).
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(17) d <2(p A 2). We will consider the case where P = @ and distribution P is supported on the
vertices of the hypercube [0,1]? namely on the points V = {v : v; € {0,1}Vi € {1,2,...,d}}
and moreover, the distribution P is uniform over the points in V. Since P = (), we have
that Use = —inf,cpqpo) E[[|X — u(Y)[[P] = 0. We have n iid. samples of the demand
Xy, Xa, ..., X, and supply Y1,Ya,...,Y,. Let NX = Y7, 1{X; = v} denote the number
of demand random variables (i.e. X1, Xs,...,X,,) that are equal to the point v. Similarly
define the quantity N} for the supply random variables Y7,Ys,...,Y,. For a fixed v € V,
consider the following events Ex = {NX < n/2?—+/n/24} and &y = {N) > n/2¢ 4 /n/2d}.
Since P and () are uniformly distributed over the points in V, for any v € V, we have
that N* ~ Bin(n,1/2%) and N} ~ Bin(n,1/2%) and hence E [N;] = E [N)] = n/2? and
var(N;X) = var(NY) = n(2¢ — 1)/224. Using CLT, it is easy to observe that there exists a
positive constant o > 0 such that P(£x) > o and P(€y) > « and since the events Ex and &y
are independent, we have that P (Ex N Ey) > a? > 0. Now we have that

(a) 1 "~
inf P > —EK i X —Y p
inf REG, (73 P, Q. ¢) = - [mUmZH k= Yol

S —1
(:b)lE minzn:HXk—Y ka ExNEy ]P)(gxﬂgy)
n o (k)
1 . - P C C
+ K DQ‘IHZ [ Xk = Yo lIP| (Ex NEy)°| P((Ex NEy))
k=1
(1 .
> ~E mgm; 1 X5 — Yo P |Ex N Ey | P(Ex NEy)

I n
> 2a°y/n/2%/n =cn” 2,

where (a) follows from that Uy, = 0 (since P = @) and (H.1), (b) follows from law of total
expectations, (c) follows from the fact that E[ming > p_; [ Xk — Yo 7| (Ex N Ey)] > 0, (d)
follows from fact that under the event Ex Ny, the number of supply units equal to v (recall
that we fixed v while defining £x and &y ) are at least %/W times more than the demand
units equal to v and hence these excess supply units must be matched to some v’ # v and since
[v" — v|[P > 1 for any v’ # v, we have that E[ming Y p_ [ Xk — Yo [IP|Ex N Ey] > 24/n/24
and also the fact that P(Ex N Ey) > a? > 0.
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Together this completes the proof of Theorem 2. O

I Proof of Proposition 2

Proof of Proposition 2. We will begin by proving the upper bound on the performance of the SOAR

algorithm. We assume that P = @Q = Uniform([0,1]?) and hence we have that U, = 0 for
¢p(X,Y) = —||X —Y||? for any p > 1 and we have that U, (SOAR) = —LE |>°7" | || X, — YKEOARHP .

Using the definition of regret (per match) and Theorem 1, we have that

(@)

REG,,(SOAR) = Uy — U,(SOAR),
1 n
(:b) EE Z | X — Yﬂ.tSOARHp] )
t=1

n k
(© 1 1.
k=1 7=1
1 n
= E [WE(Px, Q)] -

where (a) follows from definition of regret, (b) follows from U, (SOAR), (c) follows from Theorem
1, (d) follows from the definition of W} (Pg, Qx). Next we will consider three cases : (i) d = 1, (i)
d =2 and (iii) d > 3.

(i) d=1. Using Lemma G.5 for d = 1, there is a constant C = C(P,Q,p) < oo such that
E W) (P, Qk)] < CkP/2 for k > 1 and p > 1. Hence we have that,

1 n
A(SOAR) < = P/
REGy (SOAR) < — ;c

< ¢ <1 +/ a:p/de)
n 1

< (n*p/2ﬂ{p <2} +ntognl{p =2} +n"'1{p > 2}) .

(1) d = 2. Using Lemma G.5 for d = 2, there is a constant C = C(P,Q,p) < oo such that
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E [WE(Py, Qr)] < C(log k)P/?k=?/2 for k > 2 and p > 1. Hence we have that,

REG,(SOAR) < % (C + Zc(log k)p/2k,—p/2> ’
k=2

(a) n n
< ¢ <(logn)p/2/ xp/2dx> I{p <2} + <logn/ xld:c> 1{p = 2}
n 0 1

C/ n
+(/ 16(pdw>]1{p>2}
n 1

< <(log n)P2n P21 {p < 2} + n M log? nl{p =2} + n '1{p > 2}> ,

where (a) for p < 2 follows from the fact that (logk)?/? < (logn)?/? for all k < n and for
p > 2, we can write p = 2+ 2¢ for some € > 0 and there exists ny € N such that (log n)p/2 < nf

for all n > ng and hence we have that (logz/x)P/? < z=1¢) for sufficiently large .

(7i7) d > 3. Using Lemma G.5 for d = 3, there is a constant C = C(P,Q,p) < oo such that
E [WE(Py, Q)] < Ck~P/ for k > 1 and p > 1. Hence we have that,

REG,,(SOAR) ZC’k pldp,

This completes the upper bound proof. Next we will prove the lower bound on the regret of any
online optimal policy. For any feasible, non-anticipative online policy =, recall that UH(P, @, ) >

Un(m; P, Q, ) for any pair of distributions P and @ and hence we have that
inf REGy (75 P, Q, ) = inf Use(P, Q) = Un(m; P, Q,0) > Usc(P, Q. 0) = Up/(P,Q, ).

Recall that for p(X,Y) = —|| XY, we have that U (P, Q,¢) = —1E [min, >_j_, | X — You)l?] =
—E (W) (P, Qn)] and Uso (P, Q, ) = —W[ (P, Q) = 0 since P = @ and hence we have that

inf REG,(m; P, Q,¢) > E [WE(P,, Q)] - (L.1)

mell
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We will consider the following three cases: (i) d =1, (i7) d = 2 and (i17) d > 3.

(i) d=1.For the case of p < 2, from Lemma G.5 and (I.1) it follows that inf cr REG,, (7; P, Q, ) >

en~P/2 for some constant ¢ = ¢(P, Q, p) > 0.

For the case of p > 2, observe that n 'E[>"} | | X; — Y, |P] > n 'E[|X,, — Yz, |P] > ¢/n for
some constant ¢ > 0, where the last inequality follows from the fact that E [|.X,, — Yz, [P] > c.
This is because of the following reason. At time n, we have only one supply unit remaining.
Let B be a ball of radius 7 = I'(d/2 + 1)1/ //x - 2= /¢ around the location of the last supply
unit. We have that Vol(B) < 1/2. Since Vol([0,1]%) = 1, with probability at least 1/2, a
demand unit arrives in [0, 1] N B¢ and the distance of demand unit is at least 7. Note that
this is irrespective of the location of the supply unit and hence the expected matching cost

at t =n is at least (r/2)P using Jensen’s inequality.

(77) d = 2. For the case of p < 2, from Lemma G.5 and (1.1) it follows that inf e REG,(7; P, Q, ¢) >

c¢(log n)P/>n=P/2 for some constant ¢ = ¢(P,Q,p) > 0.

For the case of p > 2, observe that n 'E Y}, | X; — Y, ||P] > n'E[||X,, — Yr, |P] > ¢/n for
some constant ¢ > 0. The reason for this lower bound follows the exact same reason as in the

case of d = 1.

(731) d > 3. For the case of p < d, from Lemma G.5 and (I.1) it follows that inf e REG,, (7; P, Q, ) >

en~P/? for some constant ¢ = ¢(P,Q, p) > 0.
For the case of p > d, observe that n™'E [Y} ; | X; — Yr,|[P] > n'E[|| Xy, — Yr,[|P] > ¢/n for
some constant ¢ > 0. The reason for this lower bound follows the exact same reason as in the

case of d = 1.

Finally for the case of p = d, we have that

n

- (a) ®) n
STEX - Ve P = Y ENXe = Yr )P 2> (n—t+1)"" > 0/ aldx > logn,
=1 =1 =1 1

where (a) follows from Jensen’s inequality, (b) follows from the following argument: at decision
epoch t, we have n — ¢t + 1 supply units in the [0, 1]d. For any arbitrary location of supply
units, we have that the expected distance between the incoming demand unit and the closest

supply unit is at least c(n — ¢ + 1)_5 and hence the expected matching cost is of the order
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c(n —t+1)"L Let B; be a ball of radius 7 = 2¢(n — t + 1)7% around the i-th supply unit
for 1 <i <n—t+ 1. The volume of the ball B; is proportional to rd = chd(n —t+ 1)*1.
For ¢ chosen small enough, we have that Vol(B;) < m Define B = U "' B;. Now we
have that Vol (B) < 27T Vol (B;) < 3. Since Vol ([0,1]%) = 1, with probability at least

1/2, a demand unit arrives in [0,1]¢ N B¢ and the distance of the demand unit is at least

cn—t+ 1)_5 This implies that the expected matching cost is at least Q((n — ¢+ 1)71).

This completes the lower bound proof. O

J Vanishing Regret for polynomial kernel quality function

In this section, we discuss how the performance guarantees for the dot-product quality function
wdot(X,Y) = (X,Y) can be leveraged to establish vanishing regret guarantees for the broad class

of quality functions which we refer to as the polynomial kernel quality functions ¢ye(X,Y) =

Z?:o QQ<Xa Y>q'

Corollary J.1. Suppose P and @ are supported on bounded sets with dimension d. Fix m € N
and consider the quality function pe(X,Y) = Z;n:[) aq(X,Y)? where ag > 0 for all ¢ < m. Define
d = > g0 (d+g_1)ﬂ{aq > 0}. There exists a universal constant C := C(P,Q,d,{aq}y-,) < oo such
that

REG,(SOAR) < C (n*%]L{d’ <3}+ nz lognl{d =4} + n 1{d > 5})

Proof of Corollary J.1. We first consider the quality function ¢ (X,Y) = (X,Y)? for some ¢ € N.

From Murphy [2022], it follows that there exists a continuous mapping ¢, : R? — R% where
d, & (d+gfl) such that

Pher (X, V) = (X, Y)T = (¢q(X), 64(Y)) (J.1)
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In the case that a; > 0,9 = 1,...,m, we define ¢, in the following form:

Jas
Vaigi(z)
P(2) = | Vazpa(z) ;

[Vamén(2)] , |

In general, when there exists ¢ s.t. a, = 0, we simply remove the corresponding terms ,/a;¢,(z)
from the above RHS. Hence the dimension of ¢ is d' = 37" (d+g_1)1{aq > 0}. Let X and Y
denote the support of the distributions P and @ respectively. Define X' = {¢(z) : z € X} C R
and V' = {¢(y) : y € Y} CR?¥. Let P’ and Q' denote the resulting distributions on the set X’ and

Y’ respectively. Using (J.1), we have that
Prer(X,Y) = D ag(X,Y)? = (6(X), ¢(Y)) = (X', V)

q=0

Note that P’ and @’ satisfy the assumptions of Corollary 3 since P and ) are supported on
bounded sets and ¢ is a continuous mapping. Therefore, the result in Corollary J.1 follows by

invoking Corollary 3. O

K Proof of Theorem 3

Proof of Theorem 3. We begin by proving the upper bound on the regret for the SOAR algorithm.

From Lemma G.7, we know that regret of SOAR for the dot-product quality function pgor = (X,Y")

is given as

1|1 &
R, (SOAR) = 5 [nE D lIx - YWEOARn?] — W2(P,Q)
t=1
1 n
=5 > E[WE(P:. Qr) - WE(P.Q)],
k=1

where P, and () denote the empirical measure corresponding to k i.i.d samples from the distribu-

tions P and @ respectively. Next we consider the following three cases: (i) d = 1, (ii) d = 2 and
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(iii) d > 3.

(1) d=1. Using Lemma G.6 for d = 1, there is a constant C' = C(P,) < oo such that
E [W3(Py, Q) — W3(P,Q)] < Ck~! for all k > 1. Hence we have that

REG,(SOAR) < ZC’k 1< ¢ (1 +/ xld:ﬁ> < C'n"logn.
"= " 1
(11) d=2. Using Lemma G.6 for d = 2, there is a constant C = C(P,Q) < oo such that
E[W2(Py, Qr) — W2(P,Q)] < Ck~*(log k)? for any k > 2. Hence we have that,

C'(logn)?

n

1 n
REG,(SOAR) < — <C + Z Ck™'(logk) ) / 7V dz = 2C'n " (logn)?.
n 1
(797) d > 3. Using Lemma G.6 for d > 3, there is a constant C = C(P,Q) < oo such that
E[W3(Py, Qr) — W3(P,Q)] < Ck=2/? for any k > 1. Hence we have that

REG,(SOAR) ZCk: 3g/ c ide = C'n"%.

This completes the proof of the upper bound in Theorem 2. The lower bound follows from the

lower bound in Proposition 2 for p = 2. O

L  Additional Numerics

In this section, we conduct extensive numerical studies to assess the performance of three interest-
ing variants of SOAR across different input models. For i.i.d. demand with a known distribution,
we examine the multi-scenario variant of SOAR, where at each time step, the algorithm simulates
multiple future demand sequences to inform decision-making. For i.i.d. demand with an unknown
distribution, we test the bootstrap variant of SOAR, where the future demand sequence is drawn
from the demand units observed so far. For demand with time-varying distributions, we explore
a variant where the future demands are simulated from the corresponding time-dependent distri-
bution. Across all three settings, variants of SOAR demonstrated strong numerical performances,

providing encouraging evidence of the versatility of our algorithmic prescription. We hope these
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numerical findings will spur further research into simulation-based algorithms like SOAR for general

resource allocation problems. In all subsequent figures, the confidence intervals are 95%.

L.1 Multi-Scenario Variant of SOAR

The SOAR algorithm can be extended to incorporate multiple future scenarios. Specifically, we
draw multiple future demand sequences and choose the supply unit which is most often matched to
the true realized demand unit across the scenarios. Let K denote the number of scenarios drawn
at each decision time step, and refer to the multi-scenario variant as mSOAR(K) (K = 1 is the
vanilla SOAR stated in 1). In Figure 5 below, we numerically compare the performance of vanilla
SOAR with mSOAR(K for K = 1,10,50 (refer to the caption for details on the quality function
and demand and supply distributions). The results show a clear benefit from simulating the future
multiple times: the expected regret (empirical average over 100 instances) for each value of n
(number of supply units) decreases as K increases.

For both instances, the numerics suggest that the regret scales at the same rate for different K
values, which is expected since SOAR (i.e., K = 1) is provably near-optimal scaling, and therefore
mSOAR with more future scenarios cannot achieve superior regret scaling. Moreover, our numerical
investigation also reveals diminishing returns from increasing the number of simulations K; as shown
in Figure 5, there is a substantial reduction in regret when moving from K =1 to k = 10, but only

a minor further reduction when increasing K from 10 to 50.

L.2 Bootstrap Variant of SOAR

If the demand distribution is i.i.d. but unknown to the decision-maker, we can employ a bootstrap

approach using observed demands. The bootstrap variant of SOAR operates as follows:
1. At time t = 1, we match X; with a uniformly random supply unit.

2. For t > 1, let X1,...,X;_1 denote the demands that arrive before period ¢ > 1, we then

sample, with replacement, n —t — 1 demands from these as future arrivals.

We conduct experiments on the settings 1) both demand and supply distributions are Uniform([0, 1]?);
2) both demand and supply distributions are discrete with different supports. The matching quality

we consider is ¢(X,Y) = —||X — Y| and the results are empirical average over 100 sample paths.
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Figure 5: Comparison of the regret for ¢(X,Y) = —|| X — Y| for different demand P and supply
Q distributions (a) P = Q = Uniform([0,1]?) (b) P((z1,22)) = Q((y1,42)) = 55,Y(z1,22) €
[0.1,0.3,0.5,0.7,0.9]% and ¥(y1,y2) € [0,0.2,0.4,0.6,0.8]2

Our numerical experiments (Figure 6) shows that bootstrap-SOAR-initiated without knowledge of
the demand distribution—performs comparably to the vanilla SOAR (which knows the underlying
distribution in advance). In fact, the bootstrap-SOAR and the vanilla SOAR can be viewed as being
designed for cold-start (with 0 demand data samples at time 0), and warm-start (with n(n —1)/2
demand data samples at time 0) situations, respectively. Our simulation results suggest that the
performance gap between the cold-start and warm-start versions of SOAR is minimal, supporting

its robustness and applicability.

L.3 Time-Varying Variant of SOAR

In practice, demand patterns can be time-varying. Let P; denote the demand distribution for period
t, then we can apply a natural generalization of SOAR, the time-varying variant, which simulates
future demands using the corresponding distributions P;11, Pyto,..., P, at decision period t. We
test this variant on the following instances with seasonal demand shift causing non-stationarity:
P! := P = P, = ... = P, = Uniform(0, 1]?) and P? := nj24l = ... = P = Uniform([1, 2]?)
(assume n is even). We also consider another instance with discrete supply and demand dis-
tributions. The matching quality functions considered were p(X,Y) = —||X — Y|, and the re-
sults are empirical average over 100 sample paths. We observe that the time-varying variant of

SOAR achieves vanishing regret (see Figure 7). Intuitively, given time-varying demand distribu-
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Figure 6: Comparing the performance of (modified) SOAR with 0 demand samples (boot-
strap) and n(n — 1)/2 demand samples for ¢(X,Y) = —[|X —-Y|, (a) P = Q =

Uniform([0,1]%) (b) P((z1,22)) = Q((y1,%2)) = 5, Y(z1,22) € [0.1,0.3,0.5,0.7,0.9]> and
Y(y1,y2) € [0,0.2,0.4,0.6,0.8]%.

tions Uniform([0, 1]2) and Uniform([1, 2]?), the variant matches demand X to supply near X/2 by

simulating future scenarios according to the time-dependent demand distributions.

10-05 — ——
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& T 107'F i
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1075 ¢ ;
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Figure 7: Performance of SOAR with time-varying demand distribution. Matching quality function
o(X,Y) = —||X = Y|, (a) P! = Uniform([0, 1]?), P? = Uniform([1,2]?),Q = Uniform([0, 1]?),
(b) P'((z1,22)) = Q((v1,92)) = 35, V(z1,22), (y1,92) € [0.1,0.3,0.5,0.7,0.9]* and P*((z1,22)) =
2—15,V(x1, r2) € [0,0.2,0.4,0.6,0.8]%. In (a), note that the confidence intervals appear larger due to
the log-log scale, which unevenly stretches the intervals. The true empirical standard deviations
are decreasing with the number of supply units.
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