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TWO-PART TARIFF PRICING IN THE
PRESENCE OF BYPASS TECHNOLOGIES

1. Introduction

- - -

Previous economic research on two-part tariffs has
consldered social welfare-maximizing tariffs for com-
panies subjecﬁ to a profit constraint (see Ng and
Weisser, N/W; Faulheber and Panzar, F/P)..

This.work is immediately appliceble - to price regula-
tion for the utility industry. 1In these papers,
customers pay both for initisl saccess to the system
and for usage of the system's services. 01 has
‘likened this to Disneyland pricing, as we pay an entr;nce
fee to get into the park and also pay for the rides
themselves. (Like 0i, F/P and X/W assumed that the
marginel cost per unit of service is positive but

the marginel cost per unit of.access, i.e. customer,
is zero.- In ni; forthcoming paper, I have attempted
to extend the theory of two-part tariffs to incor-

B ¥
porate positive costs of entry.).

-

£11 of the articles referenced above assumed that
custorers have no choice but the utility‘s access/service
syster. Thet is, go to Disneyland or stay Liome. For
some services whiich the utility can provide, custorers
indeed heave slterneatives. 'For example, in the
telephone industry, long-distence callers might elect
to purchese gocess to eny long-distance cerrier through
the utility's local loop; glternatively, these customers

can asccess a long-distance carrier with e private line.
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how do we extend the theory of two-part tariffs to handle
utility pricing when bypass systems are available?

In the papers that we have cited, some customers stay
off the system becsuse the value of the consumer surplus
that they derive from usage is less than the access fee.
Except for aome‘pathological instances, this means that
the smallestouustomers stay off. Why go to Dianeyiand
if you intend to g0 on one or two rides? However, many
bypass syatems (e E-s private lines) best appeal to theé
largsest customers. That is, Imagine a Disneyland 2, where
entrance fees are higher than at Disneyland 1 but where
ride fees are lower. The largest ride-users go off
to Disneyland 2.

In this paper, I shall consider appropriate social-
welfare maximizing prices for utility services subject
to & profit constraint. Both access and service have
positive per unit marginal costs. In addition, the
largest users of fhe service can now elect to bypass the
utility eltogether by accessing an alternative system.

This elternative system is essumed to be a profit-maximizing
enterprise.

Section 2 of this paper develops & simple model where
the utility offers only one service to its customers; large
users can bypsess the utility to purchiese the service. Sec-
ticr. 3 eilows only emall custormers tc bypess the syster.
Section U4 gllows both smell and lerge custoners to byrass
the system while Beotion 5 extendg Section 'y to- incilude
seperabe teriff structures for the smell and large customers.

Section 6 extends the enalysisg to ‘the telsphone industry,
where callers may access their long-distence carrier eitker via
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the operating company's loop or through their own private

lines.

2. A Simple Model

We shall now consider the simplest case of customer
bypass. In the model below, the customer can chobse be-
tween two systems that each provide one service. The
nature snd the qusality of the sérvice are the same
in the two systems. One of the systems is regulated,
the other not. The unregulated system is the bypass
system and is a profit-maximizing enterprise. The regulated
system is the utility; it is subject to m binding profit
constraint. As a result, first-best mearginal cost
pricing is not possible for the utility's services.

Access prices per customer and ﬁsage prices per
unit of service can differ among the systems. Respect-
ive access and usage cos8ts can &iffer as well. Wse
assume that the access price for the bypass system
is greater than for the utility; the'ﬁér unit usage cost
of the bypess system is less than its utility counterpsart.
Tne bypass system will then sppesl to larger users of
the service.

Users vary among one another depending upon theilr
respective amounts of service demanded. Each user b
purcheses his quantity qbqsubject to kis income con-
streint. 1f he chooses the utility systemn, Lis
access price is Al end his per unit usage price is Pl.
For the bypass system, these respective prices are

A, and P2. The respective costs for access and usage



are Z1 and C1 for the utility and 22 and C2 for the bypass
system.
In Belecting a systeﬁ,’_‘"éach*guatomer; rust compare
the consumer surplus of ueihg each syétem. ~For system i (i=1,2),
the relevant consumer surplus is:
(2.1)  csy = Sgi(r(x)-ri)nx - 2
where:

Q. = q(Pi)

5
In comprring alternative technologies, some customers
will be completely indifferent between the two. Unfortunate-
1y, without additional assumptions, there is no one unique

level of marginal consumption q* where all and only
customers using q* are indifferent. We must therefore
assume that customer demand curves have the following
relationship. If g (P,)"> q (P,} then qm(PB):>qn(PB) for
ell prices PA and PB and 811 customers m and n. With
this assumption, it is possible to define one unigque
set of points ql and q2, these are the respective usages
of the marginal user on each system. For this marginal
customer, the consumer surplus of using either technology
is thke samg .

- S 1 - (% oy .

(2.2) (pm— l)dA - A 30 (P(X)-P,)EX - &
Fecause P < Fqs ‘14 qz.

If eny customer b selects the utility service, he imposes

total costs upon the utility of Clh:
His total revenue payments are:

(2.4) Ry = AF FyaplFy)
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For the bypass system, the respet}ijp costs anqsrbvenubs nre:
(2.5) €, =7, + C,q,(P,) RPN UL C ERS |
(2.6) Ry = A, -+ P'Z‘qh(g&‘) a-floamensesn Loslnuam ens oo
For the marginal customer on the bypass sy"st_?in, gn’argih'inl?
revenues and marginal costs mst be equal:
(2.7) ay*Pa5 = 7, €45
This condition arises because the bypass system is =
profit-maximizing enterprise; the analog for the utility
system will not be true.

Utility profits are the difference between total
revenue and total costs:
(2.8) TW=(a,-7,)N; + (P,-C,)Q; K
where:

T = profits

Nl = totai number of utility customers

Ql =total quantity of serviée demanded

K =fixed cost (e.g., return on common cepital)
In order for the utility to remain in business:TT must be
nonénegatiﬁé;v vafﬁéfé'ﬁifé ﬁo ﬁihdihé ﬁf&fif conétraint,
the socielly op?imal pricesral end Pl would be, réspectively,
21 and Cl' If the pesulting profit stresm is insdequate,
second-best pricing rules permit distortions which maximize
social welfere while simulteneously meeting the profit

constraint (see Ramsey, Beumol and Bredford). If the

profit constreint dces hold, there is no reason to assume

g3 — & - 5 E
Al = Zy, P1 = Cl’ or Al + qul Ll—*' Clql
The general theory benhind Ramsey rules is as fallows. U?i

ity profit ’ﬂ: is aifgood" that we must purchase at the

1-
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expense of total social welfere W, which is measured .as the
sum of sggregate oonsumers' plus producers' surplus. We then
attenmpt to maximize N(Ql.nl) subject. to the constraint
tLat: “W(Q,,N,) is non-negative.  Therefore, our. optimizing
conditions.are QW/B«.J)/(QTVQQI) - (S‘NDNl)kWaﬂl)‘)
Where:k 48 u Lagrangeen multiplier..-

Marginal social welfare for service i equals
marginal social benefit (where total benefit is deflined
as the sum of consumer surplus CSi'plus total producer
revenue -~ i.e, utility plus bypass system) minus mar-
ginel social cost. Marginal profit for service i equals
marginal revenue to the utility = . minus its marginai
cost. Thérefore, our generalized Ramsey rule is:

(2.9) (MSB, -MSC )/(MURi-I’UC ) = (MSB_,~-MSC )/(Mung-nuc

§7MSCy 5

where:

MSBi = merginal social benefit of an additional unit
of i

MSCilz marginal sociel cost of an additional unit of i

MURi = marginal utility revenue of an additional unit
of §

MUCi = merginel utility cost of an sdditional unit of i
Equstion 2.9 must hold for & one service/one access
syster &s well. Subscript i represents the mearginel
benefits, costs. snd revenues of an additionsal customer
on the utility syster.. Subscript ] represents the mer-
inel benefits, costs, gnd revenues of an additionel unit

of service.

For service, the marginal social benefit KSBjaof

an additional unit is Pl while the marginal social cost MSCj
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is C,. Marginal utility revenue is:

= ‘. <+
where: ’
TUR = total utility revenue ='P1Q1-¥ AN,

We cen reexpress equation 2.10:

(2.11) MURy= P ¥ BF, DQ;)9; + ©4,/33;)%,
Pyt Pylegy¥ epyTy)
where:

ey, = (9P1/3Q,)(Q,/Py)

o, =BA/2)(Q/A)

r = AN, /PQ;

For access, the marginal customer is indifferent
between the utility service and the bypass service; there-
fore, the marginal consumer surplus of converting him
to the utility system is zero. The utility gains
producer revenue of A14-P1q§ ﬁhile the bypass system
loses A24-P2q§. The marginal cost to the utility of
the new customer is Zli-clq; while the marginal (s aved)
costwigﬁfﬁg:ﬁgﬁégsiﬁysﬁeﬁ is Zzé-czqg. Théréfore,
the maerginsl sociel benefit of an additional customer
on the utility system is:

(2.12) MSB; = Aj=+Pja7-A,-P,a3
The marginal socigl cost is then:
(2.13)  M5C, = 7,4 C1Q]-7,-C,q3
The maerginegl revenue té’ﬁhe'utility MUR, is then:
(2.14)  MUR; TaTURADXN
= Pyai+ A+ QP /BN Q) + (34,/8K8; )Ny

T
. e
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- [ 3 -
= Pyqy + A+ Pqy (e, 4ryi0,,)

e, = (OPy/0N;)(N,/P,)
AL @ A, /9N, ) (N, /4,)
A SAMN/AY
Substituting equations 2.10-2.14 into 2.9, imposimg 2.7, and
inverting yields:
#*, o= W1 _

(2.15)  [(ay-2)% (Py-Cy)af+ rqu)/(a, -z, + (p-0p)af) =

(Py-Cy+ Pyv)Z(Py=Cy)
where:

U Zey3,+6,,T

VEeEnTtemta

With some simple algebra, we can simplify equation 2.15:
#f - —

(2.16)  ((A-27)% (By=C1)a})/u = (Py=C1) T, /v
Constraining our profits in 2.8 to be non-negmative:
Lssuming equality in 2.17 (if AT > 0, we either do not have
a binding profit constraint or we are not at a second
best pptimum) and subsfituting 2.17 into 2.16:

N . - 3 — -—
(2.18) [K/hl—(?l-cl)ql+(Pl-Cl)ql.J/u (Py-Cylay /v
we can then solve equation 2.1¢&
(2.19) (Py=C1)Qy/K = 1/(x *1-q3/q;)
where:

x Fu/v
Combining 2.19 and 2.17. we solve for (Al-zl)Nl/h
(2.20)  (A=79)K; /K = (x-q3/G;)/ (5 +1-33/3))

Equations 2.19 and 2.20 define the optimal shares of

- . an

(Pl-Cl)Q1 and (A1 Zl)N1 in K. These respective shares ¢

be enalyesed further. We note thet easch depends only upon
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x and qi/‘il. In addition, X and q';/c.;l are related to one

another. In & mathematical appendix, 1 demonstrate the
following results concerning x and ql/Hl. )

1. When q = 0, the cross-price elasticity between

access and service is zero also. Both e,, and ey, equal

zero. A8 8 r'gsult, X - e, rr,l/°11> 0.

2. l;im x= o " 1lim X= -0
e 039

3, 1If q;' ;.al, x$0.

L. dx/dqi") 0. x is sn increasing function of qi.

5. limx= 0

q*—-»'\-'oo
Figure 1 shows the relationship between x and q*.

From these five results, we can go on to prove:

6. A2 0.

7. If Q}=q;, Py=C{ end .(A;-Z1)N;= K.

8. 1Ir q’;—: 0, P;>C, snd 4;>2,.

9. If 0<q;<qy, P;>C; and A% 2,

Esch of these results is proved in the appendix.

For our spplied concerns, the interesting case in-
volves qi)ﬁl; consumers who consider switching to the
bypass tecknology -- with its presumed low per unit usage
cherge end high eccess fee -- will most likely be the
largest customers on the ptility system. A4s steted
in result 3 sgbove and rroved in the eppendix, x<0 when
q§‘> El. Consequently, the denominator of equation 2.19
is negative; therefore, P]_(Cl. The numerator of

equation 2.20 is negative as well; consequently, A1> 71.
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We have reachied a useful conclusion. If regulators
are worried asbout a bypass technology attracting the
largest customers away from a utility that faces a bind-
ing profit constraint, the appropriate social welfare
maximizing rules for pricing services and access are
given by equations 2.19 and 2.20. Interestingly, the
price of the service should be below its marginal cost
of production. In this way, thé utility to some extent
competes with the bypass system whiclh offers cheap
service. The access fee is higher than the marginal cost
of customer entry. This would seem_-to be particulariy
barsh on smell users; since our model has assumed that
they can't leave the system, they bear the large
share that anyone with e low elasticity bears under
Ramsey priciné. The remaining sections of this.paper

ellow small customers to drop off or bypass.

3. Small Customer Bypass

Suppose now that bypass technologies could attract
only the smellest customers.- Tret is, tle bypass tecl-
nology offers a low access price but & LigL usage
cLerge. FPresuming that the bypass system is stilil profit-
meximizing, the only difference between this case and
tr.e lsrge customer case in Section ¢ is thLat q§<:EI.

.s & result, X is positive; see our result % in Section <.
From our result 9 in Section 2, it follows that P1™> Cys

the service is priced above marginal cost. Furthermore, since

it may be appropriate to subsidize customer

viA

Al 21’
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access. The appendix derives the conditions needed for a
subsidy.

This makes sense. Because small customers can be
pulled away from the utility by the bypass system, we
allow P1 to rise‘above Cl; these people arf less interested
in cheap usage -than they are in cheap access. On the
other hand, we may actually subsidize access to make the
utility competétive with the bypass system.

Now suppose that small customers have no bypass alter-
native but can drop off the syétem. That is, some prefer hav-
ing no access and service to any system at all. 1In
this case, 221= A2 -.02 =.P2 = 0. As & result, eaq. 2.7

still holds. Equations 2.12 &and 2.13 simplify to:

g2.12') MSBi = AI‘qul'L

. S 3
(2.13') MSCi<. ‘1*0191

Then 2.15 is valié ‘as before except now q}faal. The
rest of the,@iscuséion isﬁprecisely_thé same 88 the
case of smell customer bypassQ From the standpoint of
jesigning suitable second-best pricing rules for access
snd service, small customer bypsss and small custiomer

dropoff{ ere eguivalent.

4. S5imultsaneous Bypaés_gz‘Largg end Smell Customers

Section 2 dsveloped & model whick sets eccess &nd
usage prices for é utility that offers only one service
end which can bp bypassed only by large users. Sec-
tion 3 reverses thisAmodel and eapplies it only to

small users. 1n each of these sections, we assumed
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thet:bypass occurred only &t one end and that customers
at the other end were locked in. hLow should we set Ay
and P1 when bypass and/or dropoffs can occur at both
ends ?

Since small customer bypass has been shown to be
équivalent to dropoff, we lose no generality by assuming
that small customers can choose either the utility's
service or nothing at &l. Large customers do have &
formal bypass option. They of course can go with the
utility as well.

We now distinguish two kinds of customers. Given

existing bypass prices As and P2, a large customer is

one who would rather bypass than go without service
altogether. There are NL of these customers on the utility
system and they use QL units of service. Ey contrast,

g smell customer is one who would rather go without

eny service than use the available bypass technology.
There are Ns of these customers on the utility system
end they use Qg units of service. (This is easily
generslized to the small bypass case ms well.)

NL, NS’ QS’ and QL eech depend upon Pl, Al’ PZ’ end
R The regulstors can set only the first two prices.
Totel utility revenue TUR :.Pl(QS+QL)#A1(NS+N ). Totel
utility cost TUC ® Cl(Qs+QL)+Al(NS&NL)

In order to determine the spcond-best optimeal Pl
end Al’ we cen set up our problem precisely as we did
in Section 2. That is, we will compare the marginal

costs, benefits, and revenues of adding one more

large customer NL end one more unit of "large usage"
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QL' bowever, unlike Section 2, we now make a crucial allow-
ance. Whenever we bring on an additional customer or unit
of usage (both.large), we must have changed Pl and/or
Ay These price changes will both affect—NS and Qg 88
.well. We now shall include these additional effects.
Teble 1 disﬁlays the marginal social ;enerits (MsSB),
marginal social costs (MSC), and marginel utility revenue
(MUR) of adding an additional large customer and large
unit of usage. The 6ustomer-relevant terms are
subscripted with an i; the usage j. Presuming once
egain that bypass systems are profit-maxirizing, equation
2.7 holds; thé@merginalftewaaue of adding & customer to
the bypass system equals its marginal costs. That is,
Zé*CZqi = Azi-qui. we therefore can reconstruct the

Ramsey rule of equation 2.9:

>j il ; % *
S Paua{ay -2, ) (1t )+(Py=Cy ) ~tya5) +{Py=Cy)t,

(2.9'3

Soe L {a o _ % % _ ‘
o AR ey ) B =0y Qg ag)H By -0y ),
g - EE _,- .“ ‘ ] ¥ )

- By {Ay -2+ (Fy =01 ) )4 {Py-Cy ) (14s,)4FV

81 (Ag =2 (Py=C1 )ag) H(Py-Cy ) (14s)
wheres: i«
u = (e,,r, 4eq,%) (3 /Q)

VoE e, Tpyvey
e,, =4 AN (¥ /4] .
1h =(3P1/33{L)(NL/P1)
G gCQAldyQL)(QL/Al)
1y <©P1 /3Ry )(Q/P))

€

€



TABLE 1

Marginal Benefits, Costs, and Revenues of One Additional
Customer and One Additional Unit of Usage

” + . - 3 +* -
MEBy w Ay ¥ ,_ff—qu_ - Rp R B (A 4 Fiag) 4t
J# 73 % C1qf = 2, - £,07 %4 £ (A) + P1ag) HtPy

~ < (a 5
MOR; = Ay 4 Pyar & ty(A) 4 Pyag) 4 t Py + QA AN N + (3P /6N )Q

§
]

_ 3 %
15 4% Gap + 57 +685) + 0

M5B, = Py + 8y(A) + Pjag) + 8P

j-;— Cip + 8y(2y & Cqu) & s,C 1

MURj:._- Py + 5,08y & qus) + 82P1 - QAl@QLm + 9P/, )Q
MUCJ.: C, + 31(21 & Clqs) * 8201

t) = (3N /94,) B4y /38, ) &+ (BN /3P, ) (PF; /AN, )

t, = (BQg/9A49)(98,/8N ) + (3Qg/3P;) (3P, /AN )

1 = @Xgren ) QA,/2q) + BRE;/AP,)RBP/84)

2

<

. @st_é_@i)_iaAlxaqL) + R /aP)) ®P,;/3];)

qz = ussge by merginel large customer on utility system
g = usage by marginal small customer On uLility system
qL’f‘- usage by merginel large customer on bypess system

S‘:: uszge by merginal small customer on bypsass system
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w=1lH QS/QL
Imposing our profit constraint (2.17) and using some
algebraic reasoning similar to that in Section 2 (re
eauations 2.15--2.19), we cen obtain expreésions for
(Pl-Cl)Q/K and (Al-illN/K:

(4.18)  (P;-C;)Q/K = (1 % t; - x8,Q)/D
" (L41p)  (Ay-Z9)N/K

1

® ¥ - % ‘
(xs, + x8,q5 - q;/Q - t,/9 -Lths/a 4+ x)/D
whiere:
— # 3
D=Dy+ t; - x8;Q +X8, *+ x8,qg - ta/a 4-t1qs/a
-1 %+ x - ¥
Lo=1 % x ,qL/E <0

In our mathematicel appendix, we prove that u is negative
and v is positive; consequently, x is negative. Further-
more, our appendix proves thsat tl is non-negative and By
is non-positive; both t2 and 8, prove to be able to be
positivé, negative, or zero.

it is no lgnger the cease that.Pl is less than Cl
all the time,. thethérhthis is true depends upon the
signs of both the numerator and the denominator in
L.la. it is possible'for tbe numerstor and tke denom-
instor to Lkeve the same sign, thereby implying thet
Pl is greeter thean Cl'

1t is elsc no longer true theat Ay exceeds 21 all
the time. From equationqh.lb, we see thst Al is
grester than 21 when both the numerstor end the denom-
inator heve the same sign. This is no longer guaranteed
es it was in Section 2.

It of course mekes sense to see the signs become

indefinite. 1n Section 2, we ignored the "feedback" effects
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upon Qs and NS of adding an additional customer NL and
unit of service QL. we found that the utility should
compete most aggressively with the bypass system that
threatened to siphon off its largest customersa. The
utility did this by dropping the price}of‘aervice Pl
well below Cl. Al had to exceed Zl to meet the profit
constraint. 4nd in Sectinn 3, we found that when by-
pass is on1y>possib1e on the small customer side, the -
utility should egein meet the competition by lowering
A and increasing Pl above Cl' It should be no'sur-
prise that when we allow for simultaneous bypass by
both small and large customers, the sign of Pl-Cl
is ambiguous; the two groups countervail one another

and which one dominates is & matter of relative magnitudes.

5. Bypass with Two Sets of Tariffs

We now can consider an interesting extension of the
above problem. why doesn't the utility offer two Bets
of teriffs to its customers? The first sefwﬁéﬁid.include
an eccess charge of AL end & 8ervice price of PL’ the
second AS end PS. ‘&‘L> AS and PL< PS. Any custamer
can select eitner set. The first set of tariffs would
sppe&l more tc larger users while the second would sappesl
to smeller. We represent' the number of customers that
select the ig;,PL)wanafiis,Ps) set;.respectively es
NL angd NS: their units of service demanded &re QL and QS.
Givén a double tariff, the utility can use AL and PL to
compete agrinst large user bypass and cvan use A. and PS

to compete against small user bypaess/ettrition. “Further-
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more, settinz two sets of tariffs ehn result in greater so-
cial welfare than setting one set of tariffs; after all,

the "one-set" problem is merely & éonstrained version of
the "two-set" problem. Regulators can therefore secure

a greater level of social welfare subject to the utility's
necessafy profit constraint if they allow a second set of
tariffs.

To fix second-best prices AL, AS' PL’ and PS’ regulators
must consider the marginal social Senefits. sociel and
utility costs, and utility revenues that would result
from an additional large or small customer as well as from
an gdditional unit of service from each of these customer
claesses. To add a customer (e.g. NL) or unit of service
(e.g. QL), we can change the relevent prices A (e.g. AL)
and P (e.g. PL). Any time any price changes, tariff-switches
can result;-i.e,, utility customers will chenge their
selected set of tariffs. For the sake of simplicity, however,
we Bhall assume that no tariff-swicching is present; i.e.,
the distribution of éer customer usagé is distinctly bi-
model so thet s clear snd wicde "buffer zone" exists between

tl.e Twe cogsses of customers,

Teble 2 presents the relevant marginsl revenues,
costs, and benefits associatec with adding one more customer
cr one mgre cnit of service. The stbscript 3 refers to
small customeriussge while L refers to large customer/usege.
The subscript i refers to the asddition of & customer while
j refers to the eddition of & unit of service. 1In this

case, the relevant Ramsey conditions are:



TAELE &

larginal Benefits, Costs, and Revenues of One Additional
Customer and One Additional Unit of Usage

, _ & T
KSBy, = Ay + Pjq, D(A, ‘?eqa )
MSC.. =

. & . 3ty
Ji =% * Cya; - DIz, - Cq57)

3% ;
L + B9y + BA/AN;IN + QR ANAQ

&
(9]
n
N

+ C.q%
Ji 1 195

-
'y
n
(@]
"

(@)

&8
Ui
)

Rys =Pp + Ba/33;)F v BP1RR,)C

D =1 Aif marginal customer choeses between utility and bypass
system ‘

D =0 if marginsgl customer chooses between utility and no
service &t sll.
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(5.1) (MSB i—MSCSi)/(MUR - Si) (MSBSj csj)/(Muas

= (MSB j-Msc J)/(MURLj MDCLJ)

37HUCs )

(MSB -MSCLi)/(MURLi—MUCLi)

Li

Substituting from Table 2 to equation 5.1 pro2luces three

independent equations:

(5.2a) (AS+3SqS -Z- CQ )/(As+PSqS—2 Cq qu S) -(PS C)/(P -C+P4v )

(5.2b) (Ps-c)/(PS-g+PSvS) =:(PL—C)/(PL-C&PLVL)

(5.2¢) (P -C)/(Py-CaPyvy) = (A% LqL-z CQL)/(A-+PLqL-L th+,qLuL)

where:

3.3 & 9
€aaTal” C1a

J _J J
emTart 11

(DA /AN ) (N/4;)
(9P ;/3N ;) (Ng/P ;)

@ A,/3¢,) (Qz/A;)

<
e
"

<
»
n

(] ﬁmm
n

o
>
n

®©

C Sy i Oy Oy
e
] U

o]
'
(=

t

Using some

(BPJIDQJ)(QJ/PJ)

AJNJ/PJQJ

simple elgebra, we can re-express equations 5.2 as:

(5.38)  (Ag=2) = (Pg-C)(Tyxg-q7)
(5.30)  (Pg=C) = (Py-C)Pvg/(Fpvy)
(5.3e)  (&p-2) = (Pr- £)(a » - qL)
where

X, = u /v ¢ = S,L

our profit constraint is now:

(5.4)

(AS-Z)NS+(AL-2)Nb+(PS—C)Q§+(

PL-C)QL =
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Equations $.3a, 5.3b, 5.3c, and 5.4 provide four equa-
tions which can be solved tor.rour unknowns: (PS—C)QS/K,
(P.-C)Q /K, (Ag-Z)Ng/K, and (A ~Z)N /K. Our mathematical

appendix'derivés these four formulae. The results are:

(5.58)  (Pg-ClQg/K = 1/Dg
{5.5b) (P -C)Q /K = (¥ -C)ogy; /K = .3, o/Dg = 1/D
(5.50)  (Ag-Z)Ng/K = {(Pg-Chug/E) (Torg-af) (Ng/ag) = (xg-a5/35)/Dg
(5.58) (4 -2)N /K= (P -©)%;/K) (apx -ay) (%, /Q)) = (3 -q7/a;)/Dy
where:

Dy = 1 - ag/8g & x5 + ¥g(1 - ap/ap.+ x)

Dp= 1 - 9/ + x4 Ygr (1 - ag/Ag + xg)

Yus = PLuAYSFs%)

Ysp = VsV

if Qe meke the assumption that the ranking of small
customey usages does not ehange for all prices PS’ it must
follow that the marginel small customer uses less service
then the aversage small customer i'(see Section 2); qg < ES.
. siriler sssumption regerding large cvustomers implies
thetl qz )'EL. Fecsuse we heve essumed that no teriff-switching

is present, Ugy V and u, must be negative while Vv

; must

S’ L L

be positive {see appendix). Conseguently, x. is positive
»

end X is negstiveg Yis end ¥, eare negeative.

"X.’

ror. eqgustions £.5&, b, ¢, and ¢, we see thet the
.denominator Dg must be positive while DLfmu§t be negsative.

Conssequently, ?S mist exceed C while PL is below C. -The price

A}
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of servicqfsx to small customers exceeds merginal costg the
price of service to large customers is below marginal cost.
Because X is negative, the numerator in 5.54 is
negative. Consequently, AL-Z is positive. This means
that large customers are charged an access charge above
marginal cost.
Thé numerator in 5.5c can have either sign. AS-Z
is positive (negative, zero) when X >q§/ﬁs (€ ,=). Dur-appendix
proves that thére always is a level of qg'where AS-Z ié pos-
_}tive;'specifica%;yj if qg is zero, ApZ. Having Ag-7 |
be negative or zero is possible but not guaranteed; if
it does occur, it occurs for levels of marginal ussge qg
in a closed compact interval %,5\ which is & proper suuset
of %,Eé}. Figure 2 illustrates. Equality is assured at
the endpoints & end b while inequality is assured in the
interior. Thus it is possible for AS'E_Z.
The ebove analysis assumed thst no customers switch

teriffs. I1f tariff-switching is possible, then changes

in any price can cause customer addition and attrition

ct
-y’

gt "both ends” of the terifl's usage spectrur; i.e,, some
custorers move between the bypesr system end the utility
while others switch teriffs but remein utility customers. As
L.ed been the case in Secticn L, these two effects cour:terveil
one snother end together influence whether prices are ebove
or below rerginel costs. Very little can be seid¢ in generel

ebout the final outcome of the utility's prices once we

allow for tariff-switching.
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willig has pointed out that offering customers a choice
of two two-part tariffs is equivalent to & bmo-block
declining block rate structure. Figure 3 illustrateé for
As» Pg end Ay, Pp. A.L7 AS>Z, PS7 Co Py . Furthermore,
it is not necessary that we stop at two blocks; we can
construct additional blocks to allow the utility more profit
end each consumer more utility (see Willig for =a detailed
proof.) In future work, I shall consider in greater detail
how declining block rates can be structured to do this.

At this point, it is beyond the scope of this paper to
explore in any detail the declining block topic; I shall
presume for the dursaticn of this paper that thle utilitﬁ
implements a simple AS,PS/AL,PL two-block declining block
structure.

Willig elso points out tket any two-part tariff might
seer somewhet "unfair" to smell customers; this is because
eacr must pay hookup fees above marginsl cost even if its
usage & - - ds minimal. 1If this is & protlem, regulators

must set the rete for lcw-end customers gt Y"feair” levels

c et e Cre A Carmms e f

irstesd of optimel cnes. WwWilllg suggests using lhe everage
cost of usege thiet would preveil if no two-part terif?
strecture were scopied tr.otier idee woulé be prices sul-

“iciently low to sllow universal cservice. 1I Teir" prices

viously no ilConger suiterle. rowever, prices for lergs
customers can still be optimi:ed; we must then modifly
equations 2.19 end 2.20 to obtain optimal pricing rules for

large customers. ID this modification, k must be replaced

' S X inu 11 profits ObtﬁinE(: frorm all ugage'
. ¥ '.where ¥' equals L minus all prc ’
by L',Where ¢ entecedent to the finel block.



Figure 3:

Declining Block Rates

N
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6. Extension to the Telephone Industry

To extend our models to the telephane industry, we
need to acknowledge that local telepbone companies provide
two major services. First, they currently have a legal
mohopoly to provide local and intraLATA toll message service;
customers are free to go without this service but they
cannot bypass it. Second, any utility customer may use
the utility's loop and central office to access any eavailable
long-distance carrier. however, any of these customers
may instead access a long-distance carrier directly by
privste line, consequently bypassing the local pkone compeany
gltogether. with these remarks in mind, we rust develop
a moéel'with two different kinds of service.

In the models which follow, a customer can use utility
facilities for local/intrallATA toll service only or for
both loczl/intral,ATA service and access to the long-
distence csrriers. bhowever, no customer can use utility
facilities for long-distancé access unless it is a local
customer as well.

ts in Section 2, we sksll essume thet the size renking
of each customer's usege is the same regercless of usage
price; this is true for eitker locel/intraLATA or interLAiTA
Lseges ©BUt there i& no necessary correspondence between
e user's locel/intrel ATA usage enc Lis interlLAlL usSege. LOW-
ever;., we shell further essurme thaot any cusiomer thet hsas
both locel/intrelATA and utility-provided interLATA access
service would continue its local/intralATA service alone

if the latter were discontinued. That is, the availability
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of utility-provided long-distance access or service does
not influence anyone's decision to have local/intraLATA
service. We assume that all inter-service cross price elasticities = 0
In our model below, the utility then offers swo
services._ Any cgstomer, large or small, is free to bypass/drop off
tsing the mtility lobp Yo access ths - long~-distance
carriers. Furtherﬁore, any customer may drop off tle
utility system altogether., thereby foregoing both services.
Customers that drop off the system ‘altogether undoubtedly
will have been small users of the local sgavice. ¥e shall
allow two sets of tariffs for long-distance users and a
third set £o6r local users.
In thLe model below, the access ckarge for local/
intralATA users is AR while the marginal cost of access
is ?R' The price of a locel call is PR while the marginsal
cost of a local call is CR' There sre two sets of tariffs
for long-distance sccess; we assume tnat the customer onee
agein has & choice between either. Tapiffs in the

first set are AS, P_. &end tariffs in the second set

S
ere 2., .. As in Section 5, we assume thet AL > A, end
L L ) ¥ig
}1_< ¥.. The respective marginal costs per long distance customsr

end cell are z; &and CE' we assume thet these maerginel costs
¢ the same regerdless of which teriff the customer chooses.
211 locel prices:are billed directly to the customer

c

5]

i5 tre long-cistance eccess charge. The price per
cell for long-cdisteance eccess is pessed on to the long-
distesnce cerrier, which passes it on to the ultimsate
caeller. Wwe may note here that I have not explicitly in-

corporsted eny non-traffic sensitive access cherge for
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long-distance carriers that hook into the loop. 1If implemented,

these carrier acgess charges yould be passed along to callers

- -

just like usage cliargés, i.e., on & per call basis. We
might then want to ‘think of ?s and’PL containing a component
wnich repfeéén%é s share of the non-traffic sensitive

carrier access charge...Assum;ng poth PS and PL constant -

simplifies the exposition considerably,

There are Np local/intraLATA -customers who place Qg

calls. On the long-distance side, there are NS customers
with tariffls AS,PS; fhey place QS calls. There are NL
customers with teariffs AL,PL; they piace QL cells.

we then must set six prices: AR’ AS, AL’ PR’ PS’ and
PL‘ To set second-best optimal prices, we must use the

. following Ramsey rule:

.~-MUL

(6.1) (MSBsi-Mscsi)v/(MLRSi-MI'!Csi) = (MSBSj-MSCSj)/(MURSJ

53!
(MSBLi—MSCLi)/(MURLi—KUCLi) =¢(MSBLj-MSCLj)/(MURLj—MUCLj)

cﬁi) i -MSCR )/ (MUR

Rj 3

J RJ

Subscripts R, S, and L of course represent local, Aé/Pd
Lens-cistance, and AL/PP long-cistence services. The
subscript 1 represents an sdditional customer while the
subscript i represents &n edditionel pLone cell.

Tpne first four terms ol egquation 6.1 have turned
up in Section 5; they rerresent precisely the same
concepts now &s then. we Lhave added twc sdditionsl terms

for local/intreLATA usege/customers; these eare analogous

to the first four terms. Each customer term d (J = R,S,L)
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can therefore be represented:
% %, . st -
(6.2)  (AFPa;-25-Coay) /L 4P -2 ;=C 50,547 50,5u,)

where :
Eb‘= aversge number of calls per customer, class J
q§ = numbér 6f calls per marginal customer, class J
Uy is the same as was defined in equation §5.2.

~dv

Easch "phone call" term can be represented:

(6.3) (PJ -Cy)/(By - Cy 4+ Pyvy

v, is the same as was defined in equation 5.2

J

Using resassoning similar to that in Section 5, we

can reexpress 6.1 with five independent equations:

(6.he) (A - 7g) = (Pg - Cp)(Tpxg - ap)
(5.Lc) (a5 - 2p) = (Pg - Cg)(@gxg - ag)
(6.La}  (Fg - Cgl = (Pp - Cg)FsCs/ (Plr)
(6.ke)  (Fp - Cp) = (Pp = Cp)PLCy/(PgCy)
where

X. = u-/v,

¢ - o & J = R,S5,L

cur profit constreint is now:

rb
)
]
(@]

g

Ly~ - - Ve oo R s -
Equations 6.4(a)-(e) and 6.5 can be solved for

six dependent varisbles -in precisely the same manner

-

. as we solved for four dependent variables in Section 5;

Section 5§ of the appendix illustrates:
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(6.68) (PJ - CJ)QJ/K = l/DJ

- & -
(6.6b) (& - 25N /K = (x5 - Q3/3;5)/D;

where: .
% # -
D;=1-q3/Q;+ x5+ Ki‘J Y 1 - ag/ag + xi)

Yk = VkPk%/Va¥a

Because we have assumed that the si:e rankings of

both locel/intral ATA ané-interLATA per customer usage
do not change with price per phone call, Eﬁ > q§,
9 > qg, end EL <q;1:, As & result, ° - uy,.v, and Vg
ere negetive; YL is positive (see mppendix). Therefore,
Xgs Xgs Yggo apd Yqg 8re all positive; X5 Ygis Yir® Ysi° and
Y g are all negeative. ¥rom equations 6.6, we can see
that DR and Ds are positive and DL is negative. Therefore,
P3> CR’ FS> CS’ end PL< CL; this is immediately
obvious fror 6.6s. In addition, AL > Zp; this results
becsuse the numerstor in 6.6b is negstive when J=1L.
The sign pf AR-ZB {and Ag

i 3+ . 3 .
between xp and qB/ER (end xg eand qS/ES). We have seen

-Zg} depends on xhe reletionship

in Sectias 5 thet these signs cen be positive or negative.
Tr.croefore, usege by large interLATA customers should

be priced below marginel cost while usage by srmall interLAT.

customers aﬁd locel/intrel.TA customers should be prricecd

ebove marginel ccst. Access for large interLAT: custcmers

stbouvld be mriced above marginsl cosit. LCCeSS for

small interLATA customers and local/intraLlATA customers

cen pe priced either above or below marginal cost.
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7. Conclusion

One of the most immortant issues currently facing the
telephone industry involves the design of spitible prices
to charge a customer for use of the local loop to access his or
her long distance carrier. A grave fear of local telephone
compeny personnel is that high access charges will lesad
lerge customers to connect directly with the long-distance
carrier via a private line. Someone must pay for the com-
mon costs of the utility's loop and central office equipment;
what large customers do not pay, small customers must. This
presents a greatcr possibility of small customer-mttrition.
end places universl telepnone service that much farther aweay.
This peper provides the lresmework for an economic
solution for tke sbove problem. The utility skhiould offer
(et least) two sets of tariffs for usege of the loop Ior
long-distence sccess. In tkis wsay, the utility can more
readily compete against bypass systems which appesal to lerger
users and glsc can riore re adily safeguard sgeinst smzall

veer sttriticn. Furtherrcre, not only will the utility's
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without meking scme restriciive essurptlons. however,
gssuming that the cross-price elaesticities between locel/

intraL&TA prices snd interLATA asccess/usege (end vice verse)
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and that there is little or no tariff switching among long-
distance users, we have seen that very definite recommenda-
tions are indeed possible. In specific. long-distance
phone calls made by lerge long-distance users which are
routed through the loop should be priced below marginal
cost. hcwever, the sccess charge for these users should
te priced sbove marginel cost. 1in sddition, 811 local/
intralLATA phbone cells £nd long-distance calls made by
smell long-distance users should be priced sbove merginsal
cost. Access for local/intralATA customers and for small
long-distance customers mey be priced above or below

marginal cost.
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APPENDIX
This sppendix proves several propositions claimed in
the text. It ia'divided into sections which\conrespond to
sections in the text. however, the materisl buidds

sequentielly from the.beéininning of the appendix;

meterisl in Section 5 uses prbpositions proved in Section 2.

2. A Simple Model

Much of the msaterial in thié section wes originally
proved in Einhorn. Parté of the mathematical appendix
of that paper are reprinted bere verbatim. .

For the sake of simplicity, we shall refer to the
nurmber of cﬁstomers es N and the number of units of usage

as Q. (Thé text referred to them as Ny and Ql respectively.)

The prices pf eceess and service are A and P respectively.

The number of customers N thet have access to service =
, ce,encs upon the prlce of sccess A and tke price of service F.

'The demand for service Q depends upon both A and P as well.

”5 refore
i e - hY
s ‘:-*K;?’;
{ & 2} X = K{F,&}
Tre tetel differentiel of A1 &end A.2 is
Ch.2) rd;‘g rtp G, &)
NS S P
L3 | LY R ‘Li:._@
Tel U orell the 22z r"ri* or Lthe yigr: kel 2lde M

The M matrix norvally combines both substitution and

>

| income effecte, ‘we sball assume ‘thet the income effects are e

regligible. As & result, Qp< 0, N < 0, and det M> O must
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be_:true. We can solve A.3 for (adr da)':

]
: T
T -\ ) : SRR S
THARNEY o, 9\ [e) o e e
2 A= * 17 , ; gl SR j d
T" dA 1N N anN e o o “;'«"f.“.:fﬁ 15';'; 1
ot P Al A R T3 Lt
Nj 18 the derivative of the demand for mccess N ‘ﬁit_fj '
, ' e . S CrTined
r“’Spect to its own price A.. This cen be written: B S
S) N, (aN/acs ua,cs /;A) R
where cs¥=rcs (A P) represents the per customer consumer,
surplus of the margina‘l customer. Clearly,SCS /QA = '-7_1. o
T S .
b
Furthermore, we write SINIQCS* g,N (A P) where N .is the ;e
number of mar ginal customers ﬁhen the respective prices éf
- »-,\.Lm&— «e e ‘»*‘;. g
= FonnE s ) S
for access a.nd service are A and P', Therefore, NA S '-Nlj%
NP js the derivatjve‘of N with respect to fhe price
of service P. This can be written:
{x.6) K, = Qu/9cs ) Qcs /aP)
_Ilf P rises by one unit, cs¥ declines by q* units: BCS*B? = -g
Trereflcre,
. & 2L
A. N : -N" -
( 7) D qQ
g Q‘A cen be wr:.tterz:
(=8 o, = DLAMIRTRYL)
oY is elrmply the Gerenc for & LD the merginegl custorers
./ = ¢ . Toerelcre
(.S o, = —'\;‘:’I\
F
Hetd tret O, = N_. & SsI¥rTelry which medes ssnse gn? wnick
Q—p is thie Cerivative ¢I C wWitl. :'esis_eet te its owWri- _
= gerend for Q by the svergge custore

price F. Since & = QN (g
(4.10) 2/a° = (d97dP)N + (3/BP)q
(d3/6P)N - X¥'a°Q



Substituting A.5, 4.7, A.9, and A.10 into A.L4 and using

Crarmer's Rule, we obtain:

(A.11) QPR = X°/D <O |
3PAY = ¥%/p > 0 |
94/31 = ¥"/D > 0
2u/r = [(657de)x

q*N*@ /D <Q

where:
* o 2
qu](\: -(Nq)>o

D = det M = L( /dP)\I

- In the text, we derive equations 2.19 and 2.20
which allocate to service and access their respective

shares of costs K:

=
(2.19) (P - Q)VE=1/(x+1 - q /3) o (a.12)
12.20) (& -2/ = (x - /)/(x +1 - /3 (A.13)
where
n = ey, e Tay)/leny T 2T
; :_‘ e"A (a ,g v\(N/E\ = *Y*O.TN&PD)
S —'a B/3N) (K/8) =C(&q/d’“)n-q NN D)
| €. TIBT /37;} (Q/F) = -N7¢ /\" 9)
e ERARn L) = v
SN A"Es
P SUEL

e Tent, wi €33 78E2E1 3 &S
vi X u/v. v = e 1.+ a2 Al ené v = ell-h €,97.1"

_fherefore, u = drq/dP)N J(SPD) < 0; v=1X"w@"/q - 1;&1)}_

The

4]

ign of v depends on whether q'%?i The seme is true Ilor

b}

the of x.

w
"

}




From here, we can proceed to prove the nine propositions

cleimed in the text after equation 2.20.

[ N

1. When q':'-‘= O, then the cross-price e'lastic?itieéw \
z . 11) . en = . |
are zero.(see 2,11) Consequently, x eAArAl/e11>O ;

Prom A:12 and A.13, We can see tret P > C and A > 7

»

when x > 0 and ¢~ = O.
S .

2. In equation 4.1k, the denominator is negative

if ¥ € G, zero if ¢¥ =G, and positive if @ >T. The numers-

tor is 2lweys negative. Therefore, 1lim x = *o3 . and
. R S

1im x = =0. -
o

. From the preceding preoof, it 1is obvious that

i~

if q’.r<a’ x> 0. If qﬂ->-5? b4 (O. ' :"I_— o

, . 27 70
d~/dz" = -mmerstor/denominator ™, : 3s8s.8Q., 4.1L. The

is positive fer 211 values of

©., As q sgpprozches positive or nezstive infinity,
c. Y

the denominestor in 2.1l epproaches positive or nregative
C

- —~ - = L2 L - - v a PR */HV.:-V
ZEVILT.E FICVEC Lo FEE £ ST e TETEITE; Woe Lo ClET
N + + . T %
~ 2 - -~ ~c ~yTr S e [ ST H
Grov tre releotion beiween X &t G BF SoTwe ae Ssove i
p -
£ e Y EET S L e - ) - v ST
o 18 L were nLEgpeTiVe OO &0, L8 I _.-p;.“&l
&
- . > . . .
D e =] - — S o v e A - —
CoOTSUIEY "8 LZ;E@‘C would D€ C‘ -y gLl E E-A;»y'g~ wi.C CES
: . e T Ps - - - - 1vn A,
Fevive g% DeneiLl ITOT LU Swtece BT wWaad CF
T K
. [, -y -
e a o - et e e - - _ - -
cy. e sy bvEio Syrstivaliliig RTND o meal lesfse PP

%/(x =+ 1). Since x>0 grd -7XN/K € C, this equeality

is not possible. Therefore, the access price & 1is positive.
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7. In Proposition 2, if g®= q, x =2e@ . There- |
fore, we see from A.12 and A.13 that P = C and (A - Z)N = X%
8.7 1f "= 0, w'e‘ know from Proposition 1 that x is’

positive. From A.12 and A.13, we can immediately see
that P > C and & > Z. .

9. Ir O <,q§ < Q, x is positive; see Proposition 3.
P.>C and AZZ.

2. Smell Customer Bypass

Under whet conditions will access price A be less
than the cost of s&access Z?

We proved in Section 2 of this appendix that if q"""( q,
x is positive. Then it is immediately obvious from
equation A.13 that A?{ 7 iff x% o¥/9. Given result
4 and our Figure 1. we cen see thet the subsidy range
is between a and b 1in Figure 2.

The subsidy range is & compact eubset of &3 q] Equallty
of A and Z occurs Vat‘ the endpoints @ and b ; a positive
sube=idy occurs in the interior. Although this range can
occur, it need not occur; this depends on the reletion-
ship between the q*/g line and x(q*). It cennot

include either O or g.

L. Sijnultar;eous“.aypass _‘t_>;_ Lerge esnd Small Custcomers

Tries section will prove thet the u end v celined

efter equation 2.9' in Section Ly sre respectively negsative

>
end positive. We also prove that tl ?_ o, 84 SO, S, 2 o,
and t, = O.

2 <



From our text, u = (QAArAli* elAy)(qL/q) where
Ty = AN/PQ,L eand w =1 & QS/Q,L. The sign of u is
obviously the same as the sign §r °AArA1" eav-
From the definitions of LIV and e, , which follow

equations A.12 and A.13 in Section 2:

&%
(B.le} ep, = NLqLNU(PD)

- 3% She
(B.1b) e,, = (43,/ap - Niaiq,)/an)

Substituting our definitions of €y, ©pp9 Tpyo and w

into the formula for u:

- -~ 3 & 3 3%
- -
(B.2) w -{(qu,/dP)NLN/‘qL NLqLN-\-NLqLNL*NLqLNLQS/QD /(PD)

Since NS-+ NL = N, NLqLNL - NiqﬁN = NLqLLS < 0. Further-
more, since ES< EL {or egquivalently, QS/NS < QL/NL)’

Ng > QSLL/QL Consequently, we can reexpress B.2:

(B.3) [(aqL/ar)(N %) /3, + HLﬁL(NLQS/QL N} D)

Both terms in the“pumqrator of B.3 are negative. In
Section 2, we prove thet D is positive. Conseguently,
u is negsative.

Our text defined v = ¢ -rAl-k €)% r end w &re

Al

the same a8 were defined above. eAl and e11

in Section & of this sppendix (see the discussion fcllowing

were defined

ecustions A.12 and A.13):
, -\

(E.L,a) 811— -}\LqL/DD)

(B.40) o= Mare/o)

Substituting our definitions of €497 epys Tpqs and w into

the definition of v:
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(B.5) v = NLqLN;(PD) NQ (1 +Q /QL)KPD)

LqLNAP g - :‘%PD)

where:

Equation B.5 can be reexpressed:
' y S
(B.6) v =(gq - q)NNI/(PD}

Since qz > G, v is positive.

The text defined tl, t2, 8,5 and 8, (see Table 1):

(B.72)  t4
(B.7b)  t,

(B.7¢) B8y = (AN /3A) (24/3Q7) + (ONg/RPLI(3P/AQ)
(B.7d) s, = (3Qq/0K)BA/AQ ) + (3Qg/RP)(PF/RQ)

From Section 2 of our esppendix, we know that

(B.8a) 2 Ng/dA = -Ng

(5.80) 3Ng/P = -Ngag

(B.8c) DQghA = -Ngaj
(B.6a) Qg /9P = (43 /dP)Ng - Ngagdc'

we slsc know from eguations A.ll that

(B.98) PRY = -F*/D

(E.95) QPAN, = . LqL/D

(B.Gc) Ay, = I"QL/L’

(5.9¢) damny = [(@T/aF)Ny - M) /o

Substituting B.ba--d and B.9a--d into B.7a--d:
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K -3 -— [ K SN S 43
(E.10e)  t, = -Ng{(dm /ap)N, - LquI)/D - NN qga; /D
(5.10b)  t,= -Ngag{(dq /dP)N. - Niqra;)/D
2 sdsiiday Niaqp

LqL((qu/dP)N - qusqg /D

'K * -3
(B.10c) &= {-N{Nga; + N N g/n

(B.10d) =NINFg¥e¥

s,= .=NNgarag/p - Np((dag/aP)Ng - Ngagds )/
Equation B.10a can be expressed:

L= -3, /dP)N;Ng/D + NEN fqﬁ(qL - qg)/D

(B.11) t
Since qu/dP is negative and qL:> qs, tl is positive.
Equetion B.1l0Ob can be expressed:
LI S
- -+ .
(B.12) t, = NSNLqS(qu/dP)D NLNSqL(dqdldP)/D
Since EL'> ES’ the third term in B.1l2 is positive; since
dEL/dP is negative, the first term is positive. HLowever,
das/dP is negative; the second term is negative. -As a result,
t2 could be either positive or negative; it seems that
positive would be more likely.
Equation BR.9c can be expressed:
r = vENF (T - oF
(E.13) 54 hLNS(qS qL)/D
. # & . .
Sincse Qg < Q;» 8y is negative.
Zquation BR.10d cen be expressed:
= 30 - - ¥y
(B.1L) s, = (dq /GF )Ng N7 /D + thSq (q~ Q) /D
Since Es'( qﬁ, the second term is negative. Since dg./dP

is negetive, the first term is positise. Tnerefore, P

cen be pcsitive, negetive, or zero.

I‘

N

ess with Two Sets

trt
P

N Teriffs

We shall derive eguations 5.5a--d from 5.3a--c.and c.h.

We first substitute 5.3a and 5.3c into 5.4:
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(C.1)  (Pg-C)(Tgrg-ag)NgH(P-C)(Q x -ap )X
+(P-Clag (Py-C)Q = K
Solving 5.3b for (P -C) and substituting into C.1:
(C.2)  (Pg-C)(Qyxg -af )N Ppvy /(Pgvg) H{Pg-C) (Agxg-ag)Ng
4+ (P -C)QLPLv ;@ vgb(P -C)Qg = K
Factoring out (PS-C)QS and rearranging terms:
~ - i - e = - N
(C.3)  (Pg-0)Qg(Ldxg-ag/Agby g (b =a; /)] = (Py=C)QsD
wheres
s = ViPLr/ (VeFeQg) .
3% - F
| Dy = 1+xs-q3/qs+yLS(1+xL-qL/qL)
Muliiplying both sides of C.3 by 1/(DSK) gives:
(C.4)  (Pg-C)Qg/K = 1/Dg
This is identical to equation 5.5a.
we xnow from equation 5.3b that:
£ - = -
Substituting C.5 into C.3,

(c.6) (F -C)a /Dg

L= JLs
We can reegpress yLS/D :
(C.7) yLS/DS-c 1/[§+XL qL/q ys'q1+x -qs/qsi] = l/,
Ve term the denominetor in C.7 DL' Equations C.6 and C.7
ere identicel teo egustion 5.5b.
Prom 5.3& and $£.3c:
(C.Ea)  (Ag-2)Fg = (Pg-0)Qg(xg-a5/qg)
(C.bo) (£ -¥)¥p = (Pp=ClQp (% -q;/4;)
We cen combine C.Ee with €.4 end €.8b with C.6 or C.7 to
cobtein:
(C.9%a) (AS-Z)NS/h = (xs-qg/as)/Ds“
(C.9b) (A -7)N /K = (x -q7/Q;)/Dy
Tquations €.9s and €.9b are respectively 5.5c and 5.5d.
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6. Extension to the Telephone Industry

wWe define uJ-and v, as after equation 5.2:

Jd

(D.1a) wuy = eiArA14 ein
(D.1b) V= eilril + eil
where:

ehy = DA /oN;) (N /A;)

ey, = (OP,;/AN;)(N,/P,)

et = (D8,/3Q,)(Q;/A;)

J

€11 = (OF;/R;)(q;/F;)

T = A0
In these formuletions of v and v, we have implicitly assumed
that any price chlange in one of the three sets of tariffs ¢
{(leczl/intralATA, small interLATA, and large interLATA) dees

not affect either usage Q}r or access N, for Kiia. Each

K
NJ, QJ, PJ, and AJ is then a self-contained system.

we know from Section 2 of this sppendix:

(D.22) JK /24, = -N""J"

(D.2b) DN /0P, = qQ3N;

(D.2c) 3Q,R4; = Q3N

(D.28) AP, - ((68,/8F )%;-a257T;

wWe then showed in £.11:

(D.38) 2P,/Q,= -K-/L L0

(D.3b)  2F,/oN;= QL}E/D?O

(B.3c)  B4,/9G;= 5N5/L30

(£.38) 2:,RK-= (_(‘a'c:/a.,?_u -2.]/D<¢
where D, is positive.

J
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