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Abstract

I develop a structural model of heterogeneous multi-product firms
operating in multiple markets. In the model, firms choose: how many
products to develop (product scope), how many markets to enter (ge-
ographic scope), and which products to sell in the markets they enter.
Their decisions on product and geographic scopes interact in two ways:
(1) the more products firms develop and sell in each market, the more
likely they are to enter more markets, and (2) the more markets they
enter, the more likely they are to develop more products. I estimate
the model to match moments in the Japanese barcode-level transaction
data using the simulated method of moments. The estimated model
suggests the complementarity between the two extensive margins is a
quantitatively important source of generating the observed firm size
heterogeneity in the data. Furthermore, I use the model to estimate the
welfare implication of size-dependent policies, taking an actual Small
and Medium Enterprise (SME) subsidy in Japan as an example.
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1. Introduction

In many countries, markets consist of a few large firms and many small

firms. The same is true for the Japanese manufacturing industry, where

small and medium enterprises (SMEs) account for 98.5% of the total num-

ber of firms, and the remaining 1.5% of large firms command over half of

the market share.1 What is the economic mechanism that generates this

enormous firm size heterogeneity?2 Answering this question is essential for

quantifying models of heterogeneous firms and for understanding the wel-

fare implication of size-dependent policies.

Early research on firm size heterogeneity focused on productivity differ-

ences across firms; higher-productivity firms could charge lower prices and

occupy larger market shares.3,4 Recently, the availability of firm- or product-

level sales data allows researchers to point to two extensive margins that

amplify productivity differences: product scope (the number of products

firms sell) and geographic scope (the number of markets in which firms sell

their products to consumers).5 The mechanism of how each scope amplifies

1The numbers are from the 2016 Economic Census for Business Activity. In the manu-
facturing industry, small and medium enterprises are defined as firms with fewer than 300
employees.

2Throughout the paper, my focus is on manufacturing firms, not retailers. I use the term
“firm size” to mean the total sales of the manufacturing firm.

3For example, see Jovanovic (1982), Hopenhayn (1992), Melitz (2003), Luttmer (2007),
and Bartelsman et al. (2013).

4More broadly speaking, there are models in which firm productivity differences emerge
as the equilibrium outcome of ex ante homogeneous firms. For example, Bagwell and
Ramey (1994) feature a model where homogeneous firms choose the degree of advertise-
ment as a mixed strategy. Ex post productivity of firms depends on the degree of advertis-
ing. Such equilibria can be purified if firms have small cost differences about which they
are privately informed, leading to a framework close to the typical models of heterogeneous
productivity firms. For example, see Bagwell and Wolinsky (2002).

5The role of product scope in firm size heterogeneity is documented in Arkolakis et al.
(2010), Bernard et al. (2010), Eckel and Neary (2010), Bernard et al. (2011), Mayer et al.
(2014), and Hottman et al. (2016). The role of geographic scope in determining firm size
heterogeneity is documented in recent trade literature such as Eaton et al. (2011). More re-
cently, Bernard et al. (2019) finds the number of connections to buyers carries explanatory
power for firm size, which has a similar role for geographic scope.
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firm size heterogeneity is intuitive. As higher-productivity firms sell more

products—or sell their products in more markets—they become larger.

Despite the extent to which previous literature has considered the role of

the extensive margins, it has typically examined only one extensive margin

at a time.6 These models tend to leave one-third to two-thirds of the firm

size variation unexplained.7 Furthermore, these models do not account for

the ways in which firms’ product and geographic scopes interact with each

other.

In this paper, I develop a structural model that incorporates both exten-

sive margins. This model highlights the quantitative importance of having

both geographic and product scope and the interaction between each other

to explain firm size heterogeneity and understand the welfare implications

of size-dependent policies. Counterfactual exercises show that missing ei-

ther of the extensive margins in the model results in a dramatic underesti-

mation of firm size heterogeneity due to the absence of complementarity

between the two margins.

I begin by documenting empirical patterns that motivate the structure of

the model. I use barcode-level retail scanner data from the Japanese con-

sumer packaged goods industry. Unlike the household scanner or export

data, which most existing literature uses, the retail scanner data allows me

to observe barcode-level sales and the sales locations for each transaction

6An exception is Bernard et al. (2011) which models multi-product firms exporting to
multiple markets. While their focus is on explaining firms’ exporting behavior using U.S.
firm-level export data, my focus is to quantify the interaction between product and geo-
graphic scope in generating firm size heterogeneity in a domestic economy context using
Japanese product-level transaction data. In particular, this paper departs from Bernard et
al. (2011) in two ways: First, I utilize product-level transaction data to show empirical pat-
terns of product and geographic scopes. Second, I utilize the data to structurally estimate
model parameters, which I use to quantify how eliminating either of the extensive margins
affects firm size heterogeneity and the welfare implications of size-dependent policies.

7For example, Eaton et al. (2011) incorporate geographic scope into the model by con-
sidering single-product firms exporting to multiple countries. Although the model fits im-
portant geographical patterns of firm exporting behaviors, “it leaves the vastly different per-
formance of the same firm in different markets as a residual.”
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at once. The visibility of both barcode-level sales and sales location enables

me to explore the roles of geographic and product scope in firm size hetero-

geneity.

First, I show that both product scope (the number of products) and geo-

graphic scope (the number of markets to enter) are two important extensive

margins to account for the firm size heterogeneity. Approximately 43% and

31% of firm size heterogeneity are accounted for by product and geographic

scope in the accounting decomposition.

Next, I present three empirical patterns. The first pattern suggests that

larger firms sell more products in a given market. The second and last pat-

terns suggest that firms’ decisions regarding market entry and the number

of products to sell in a market are associated with the market size; namely,

larger firms enter both large and small markets, whereas smaller firms enter

only large markets. Moreover, firms sell more products in larger markets.

Motivated by the empirical patterns, I develop a model of heterogeneous-

productivity firms. There are multiple markets with various market sizes in

the economy. Firms make decisions on how many product to develop, which

markets to enter, and which products to sell in which markets. When making

such decisions, firms incur fixed costs from developing products, entering a

market, and selling a product in each market.

The model offers insight into how geographic and product scope jointly

amplifies initial productivity differences. Higher-productivity firms develop

more products because they enter more markets and sell more products in

the entered markets, generating larger variable profits to cover the fixed cost

of developing products. Higher-productivity firms enter more markets be-

cause they develop and sell more products and generate larger profits in

each market to cover the fixed cost of entering a market. In total, higher-

productivity firms develop and sell more products in more markets, gaining

a larger market share in the economy.
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I quantify the model and evaluate how well it fits the data. I structurally

estimate the main model parameters using the simulated method of mo-

ments. The quantified model fits the three empirical patterns and success-

fully replicates the targeted and non-targeted moments in firm size, product

scope, and geographic scope distributions found in the Japanese data.

Using the model, I run two exercises to see how the absence of either ex-

tensive margin affects firm size heterogeneity in the model. I first eliminate

the geographic scope margin by imposing a single market restriction on the

model; this reduces product scope variation by 42% due to the lack of com-

plementarity between product and geographic scope. In total, the absence

of geographic scope margin and the reduction in product scope variation

results in reducing firm size variation by 64%. Next, instead of eliminat-

ing geographic scope, I eliminate product scope margin by imposing single-

product firm restriction on the model, i.e., I eliminate product development

process. This reduces geographic scope variation by 77% because the model

lacks complementarity such that developing more products allows firms to

enter more markets. In total, eliminating the product scope margin results

in reducing firm size variation by 96%. These exercises show that the com-

plementarity between the two extensive margins is quantitatively large and

important for generating firm size heterogeneity.

I conclude by using the parameterized model to examine the welfare im-

plications of size-dependent policies. I solve the social planner’s problem

and find that the market equilibrium is efficient (i.e., any policy interven-

tions are sub-optimal).8 Despite this finding, size-dependent policies, es-

pecially SME subsidies, are very common in Japan, perhaps for political rea-

sons.9 What is the welfare cost of such sub-optimal subsidies? I use an actual

8As I will describe in Section 6, the discussion of the efficiency is related to Dhingra and
Morrow (2019), where they analyze allocational efficiency of heterogeneous firm models
with various market structure and demand specifications.

9One of the reasons why the Japanese government protects SMEs is their vot-
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Japanese SME subsidy—given to expand their product scope—as an exam-

ple and estimate the welfare cost of such subsidies under the baseline and

single-economy models. When the geographic scope margin is absent, the

welfare cost is underestimated by more than half: the Japanese SME subsidy

covering two-thirds of the fixed costs of product development reduces the

real consumption index by 2.19% in the baseline model, and by only 1.47%

in the single-market economy model.

2. Three empirical facts in Japanese

barcode-level transaction data

I use Japanese barcode-level transaction data to show the importance and

empirical patterns of product and geographic scopes. The accounting de-

composition shows that product and geographic scopes combined account

for approximately 75% of sales variations, while the intensive margin ex-

plains the other 25%. Thereafter, four empirical facts about the product and

geographic scopes are documented to motivate my model structure.

Data

The data source is Nikkei Point of Sales (POS) data, which enables me to

observe the product-level prices and sales, location of sales, and manufac-

turing firms’ information for millions of products with marked a barcode.

Nikkei collects the sales, quantity, date, and time of each transaction made

at a registered retail store, as well as the retail store information (name and

address). I use the barcode’s first seven (or nine) digits to identify the man-

ing power: Japanese SMEs employ 34 million individuals, or approximately 70.1%
of the private sector labor force, and thus wield a large number of votes in elec-
tions (please see https://www.oecd-ilibrary.org/sites/5989eb3a-en/index.html?itemId=
/content/component/5989eb3a-en for more information).

https://www.oecd-ilibrary.org/sites/5989eb3a-en/index.html?itemId=/content/component/5989eb3a-en
https://www.oecd-ilibrary.org/sites/5989eb3a-en/index.html?itemId=/content/component/5989eb3a-en
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ufacturing firm that produces the product. GS1 provides the concordance

table between barcodes and firm identifiers.10 The GS1 concordance table is

only available for Japanese firms, and thus the barcodes produced by foreign

manufacturers comprising only 1% of overall sales are eliminated.11 Com-

bining the Nikkei POS data and the GS1 concordance table allows me to ob-

serve who produced which products and when and where those products

are sold to consumers.

Using retail-scanned barcode-level transaction data has many advantages

over the household scanner or firm-level export data, which most existing

literature relies on. First, compared to the household scanner data, I can

observe the sales location of each transaction as an address of the retail

store that the barcode got scanned, which enables me to analyze firms’ geo-

graphic scope. Furthermore, compared to the export data in which products

are defined only at the industry category level, products are defined at the

barcode level in my data. Barcode-level sales data allows me to analyze the

role of product scope more accurately.

I use the Nikkei POS data from 2014 to 2018. Table 1 presents the num-

ber of retail stores, retail chains, prefectures, manufacturing firms, and bar-

codes in the sample. The data covers on average 350 retail stores a year.

These stores represent a geographically balanced sample of 43 out of 47 pre-

fectures located in Japan. The sales volume in each prefecture in the data is

correlated with the actual market size of the prefecture.12 For example, the

10GS1 is a non-profit organization that develops global standards for business communi-
cation, including barcodes. For more detail, see https://www.gs1.org/.

11I identify foreign and domestic firms by the first two digits of barcodes; Barcodes pro-
duced by Japanese firms start with 45 or 49 (e.g., 45100000001), and those produced by for-
eign manufacturers start with different numbers. It was not possible to obtain the firm iden-
tifiers for under 2% of the barcodes of the products produced in Japan, so these products
were dropped from the sample.

12The market size of each prefecture can be measured by prefecture-level employment
(https://www.stat.go.jp/data/roudou/pref/index.html) or GDP (https://www.esri.cao.go.
jp/jp/sna/data/data list/kenmin/files/files kenmin.html). Both measures show a positive
correlation with the prefecture sale volume in the Nikkei POS from 2014 to 2018.

https://www.gs1.org/
https://www.stat.go.jp/data/roudou/pref/index.html
https://www.esri.cao.go.jp/jp/sna/data/data_list/kenmin/files/files_kenmin.html
https://www.esri.cao.go.jp/jp/sna/data/data_list/kenmin/files/files_kenmin.html
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three largest prefectures in terms of their populations (Tokyo, Osaka, and

Kanagawa) are the three largest prefectures in terms of the number of stores

and sales in the sample.

I observe the wide range of goods purchased by consumers at retail stores

in the data. The database covers approximately 420 billion Japanese yen (≈ 4

billion USD) worth of transactions and 400, 000 barcodes spanning across

16, 000 manufacturing firms per year. Because Nikkei mainly samples super-

markets and convenience stores, the products in the data comprise mostly

consumer packaged goods, such as processed foods, beverages, and house-

hold goods. Overall, the data covers around 20% of all expenditure on goods

in the Japanese official consumer price index.13

Nikkei selects retail stores from various chains that cover multiple prefec-

tures. The data samples retail stores from approximately 40 chains a year.14

Each retail chain covers, on average, four prefectures a year. The largest

chain in my sample is a supermarket chain called AEON and covers 22 pre-

fectures a year. All retail stores in the database are relatively large, with aver-

age annual sales of 1.3 billion Japanese yen (≈ 11 million USD). Brick-and-

mortar grocery or liquor stores are not included in the sample.

Product category information is available for each barcode, which allows

me to analyze the role of product and geographic scopes in firm size het-

erogeneity within categories. Nikkei organizes barcodes into 3-digit product

categories; there are 217 categories. The five largest of the 217 product cate-

gories in terms of total sales in my sample are Bento (packaged meal in a box

for take-out), rice, frozen food, yogurt, and pastry. The product categories

are used to generate the below empirical facts depending on the appropri-

13The Nikkei Point of Sales data is used to construct a consumer price index provided by
the University of Tokyo called UTokyo Daily Price Index (https://www.cmdlab.co.jp/price
u-tokyo/media e/).

14The retail chains are identified by the first word of the store names (e.g., Safeway Menlo
park).

https://www.cmdlab.co.jp/price_u-tokyo/media_e/
https://www.cmdlab.co.jp/price_u-tokyo/media_e/
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Table 1: Sample statistics

Year Retail stores Prefectures Retail chains Firms Barcodes

2014 336 43 39 15,590 393,313

2015 348 43 40 16,289 407,497

2016 351 44 40 16,718 411,694

2017 348 43 39 16,628 407,497

2018 345 43 39 15,393 326,407

Note: The fifth and sixth columns are the numbers of domestic manufacturing firms and
the barcodes produced by the domestic firms. The total number of prefectures in Japan
throughout the sample period is 47.

ate level of aggregation.

Firm size, product and geographic scopes

Table 2 presents the market share, product scope, and geographic scope by

ranked decile in the sample. I calculate the decile values for each quarter

and 3-digit product category and weigh the values by the product category-

quarter sales. Three striking features emerge. First, the markets are skewed

toward a few large firms — the largest 10% of firms occupy approximately

90% of the market share. Second, larger firms sell more products than smaller

firms — the largest 10% of firms sell 77 barcodes, while the median firms sell

four barcodes. Finally, larger firms sell their products in more locations —

the largest 10% of firms sell their products in 28 out of 43 prefectures, while

the median firms sell in six.15

How important are product and geographic scopes, compared with in-

15A common concern regarding product scope is that larger firms might be connected
one large retail chain and sell their products in many stores and prefectures within the
chain. As shown in Section A.1, this is not the case: larger firms sell in more retail chains,
and these retail chains are not systematically larger than the retail chains that smaller firms
sell their products in.
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Table 2: Firm size, number of barcodes and prefectures by decile

Ranked

decile

Decile market

share (%)

Avg. no.

barcodes

Median no.

barcodes

Avg. no.

prefectures

Median no.

prefectures

1 89.95 73.38 51.76 28.08 29.56

2 6.93 19.74 15.56 17.30 16.54

3 2.47 10.24 8.08 12.46 11.16

4 1.09 6.86 5.30 9.50 7.98

5 0.55 4.82 3.78 7.40 6.02

6 0.29 3.58 2.78 5.50 4.40

7 0.14 2.76 2.14 4.04 3.06

8 0.07 2.18 1.60 2.86 2.10

9 0.03 1.72 1.24 2.10 1.46

10 0.01 1.30 1.02 1.42 1.08

Note: The largest decile is ranked first. The values are weighed by 3-digit product category
sales per quarter. Decile market share does not perfectly adds up to 100% because it is
calculated as an weighted average decile market share in each product category. Number
of prefectures is calculated as the number of prefectures in which each manufacturing
firm sells at least one product.

tensive margin, to account for the observed firm size distribution? Figure 1

presents an accounting decomposition of the firm sales into the number

of products firms sell (product scope), the number of prefectures in which

firms sell their products (geographic scope), and the sales per product per

prefecture (intensive margin) for the 50 firms with the largest average mar-

ket share in each product category. Each point represents an average con-

tribution of a particular margin. For example, the column of points at the

right of the figure indicates that the largest firm in a product group is, on av-

erage, almost eight log units larger than an average firm. Of this 8 log unit

difference, the dotted point indicates that, on average, approximately 3.5 log

units (43%) are attributed to the product scope differences. The triangles re-

veal that approximately 2.3 log units (31%) are, on average, attributable to
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the geographic scope differences, whereas the intensive margin is responsi-

ble for the rest (25%). Thus, approximately 75% of sales variations across the

top 50 firms are attributed to product and geographic scope variations.

Figure 1: Accounting decomposition of the firm sales by rank
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The sales decomposition confirms that geographic scope, in addition to

product scope, is a quantitatively important margin for firm size hetero-

geneity. Therefore, in §3, I construct a theoretical framework to analyze firms’

decisions on product and geographic scope. Before moving on to the model,

I present three empirical facts that motivate my model structure. These em-

pirical facts reveal regularities in firms’ product scope decisions within and

across markets and firms’ entering decisions across markets.
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Fact 1: Larger firms sell more products in a given market

According to Figure 2, larger firms not only sell more products in the econ-

omy (see Table 2), but also they sell more products in each particular mar-

ket. The figure plots firms’ number of products in each prefecture on the

y-axis and the firm sales share on the x-axis. The y-axis is normalized by the

average number of products per firm in the same prefecture. I calculated

firms’ number of products in each prefecture relative to the average num-

ber of products per firm in the same prefecture (y-axis) and firm sales share

(x-axis) in each 3-digit product category and created the binned scatter plot

where each bin is defined as 0.1% of firm sales share. For example, the figure

suggests that firms with 2.5% of sales share in the economy sells about 50%

more products than the average firms in the same prefecture in the prefec-

tures that the firm sells their products in. The positive slope indicates that

the firms with a larger sales share in the economy sell more products in each

market.

Fact 1 might seem obvious, but not necessarily. It is possible that larger

firms sell only a small subset of their products in each market, but because

they sell in more markets, they sell more products in total at the country

level. Fact 1 implies that this is not the case.

Fact 2: Firms sell more products in larger markets

How do firms’ decisions on how many products to sell in a market depend

on the market size? Figure 3 shows that the number of products firms sell

increases with the market size. The figure plots firms’ number of products in

each prefecture (relative to the average number of products of the same firm

across prefectures) on the y-axis and prefecture market size (as a share of

total sales in all the prefectures) on the x-axis. I calculated the average num-

ber of products of firms in each prefecture (y-axis) and prefecture sales share
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Figure 2: Firms’ number of products in each prefecture
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(x-axis) in each 3-digit product category and created the binned scatter plot,

where each bin is defined as 0.1% of prefecture sales share. For example, the

figure suggests that if firms sell their products in prefectures that have 2.5%

and 5% of sales shares, then the same firms sell 10% more products in the

prefecture with 5% of sales share than in the prefecture with 2.5% of sales

share. The positive slope in the figure suggests that the same firms sell more

products in larger markets.

Fact 3: Larger firms penetrate smaller markets

Fact 2 shows the firm’s decision on how many products to sell in a market

depends on the market size/ Fact 3 asks whether firms’ market entering de-

cision also depends on the market size.

Figure 4 shows that larger firms enter both small and large markets, while

smaller firms enter only large markets. The figure plots average firm sales in
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Figure 3: Firm’s number of products in each prefecture
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a particular prefecture relative to the average firm sales in the whole coun-

try on the y-axis and the prefecture market size (as a share of total sales in

all the prefectures) on the x-axis. I calculated the average firm size in each

prefecture (y-axis) and prefecture sales share (x-axis) in each 3-digit product

category and then created the binned scatter plot where each bin is defined

as 0.1% of prefecture sales share. Because the y-axis is normalized by the

average firm size in the country, if the value is above one, it means that the

firms in the prefecture are larger than the average firms in the country. For

example, the point on the left end shows that the average firm size in the pre-

fectures that have 0.0 to 0.1% of prefecture sales shares is 1.12 times larger

than the average firm size in the economy The negative slope in the figure

indicates that larger firms are more likely to penetrate smaller prefectures.
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Figure 4: Average firm size in each prefecture
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3. A heterogeneous-firm model

To understand mechanisms that generate firm size, product scope, and ge-

ographic scope variations, I build a model of heterogeneous firms, where

firms choose which products to develop, which markets to enter, and which

products to sell in the markets they enter. The economy consists of multiple

markets with heterogeneous market sizes. Products are differentiated, and

firms are monopolistically competitive in each market. Firms are subject to

three fixed costs: the fixed costs of developing a product, entering a market,

and selling a product in each market.

3.1 Consumer preference

There are R number of markets in the economy, each indexed by r. A repre-

sentative consumer in market r is endowed with Lr amount of labor. The
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representative consumer supplies the labor endowment inelastically with

no disutility coming from labor. I assume that firms are mobile across mar-

kets to hire labor, and therefore, wage is equalized across markets. I denote

w as wage per unit labor supply and normalize wage w = 1.

The representative consumer chooses consumption amount (Ckr) of each

product k in market r to maximize the following constant elasticity of sub-

stitution (CES) utility function subject to the budget constraint:

Ur =

[∫
f∈Ωr

∫
k∈Ωfr

(φkCkr)
σ−1
σ dk df

] σ
σ−1

, (1)

s.t.
∫
f∈Ωr

∫
k∈Ωfr

pkrCkr dk df ≤ wLr, (2)

where Ωr is the set of firms entering market r, Ωfr is the set of products that

firm f sells in market r. pkr is the price of product k in market r, and φk is

taste shifter of product k. The parameter σ > 1 is the elasticity of substitution

across products.

The consumer demand on product k in market r is given by

Ckr = (φk)
σ−1

(
pkr
Pr

)−σ
Lr
Pr
. (3)

The taste shifter φk captures a popularity of product k that is common across

all markets. Given the consumption amount of the product, a product with

a higher taste shifter generates a higher utility. Therefore, given price, con-

sumers consume a product with a higher taste shifter more (see expression (3)).16

The corresponding price index for the CES utility function in market r is

16I acknowledge that consumer taste for the same product can differ across markets. For
example, households in wealthier cities might have different tastes for products compared
to other cities. This model prioritizes simplicity and does not capture these heterogeneity
by assuming common taste shifter for same products across markets.
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given by

Pr ≡

[∫
f∈Ωr

∫
k∈Ωfr

(
pkr
φk

)1−σ

dk df

] 1
1−σ

. (4)

3.2 Firm technology

There is an unbounded measure of potential firms who are identical prior to

their entry into the economy. To enter the economy, firms must incur a sunk

cost of entry, Fe. Once the sunk entry cost is incurred, each firm f draws

productivity ϕf from the continuous distribution g(ϕ), with cumulative dis-

tribution G(ϕ).

After observing its productivity, firms make two simultaneous decisions:

How many products to develop and which markets to enter. Firms incur

the fixed cost of developing products, which increase with the total number

of products firms develop, Nf . Specifically, the fixed costs of developing Nf

number of products equals Fd · (Nf )
θ where Fd > 0 and θ > 1. Firms also

incur the fixed cost of entering each market, F . Both fixed costs are paid in

unit of labor.

After incurring the fixed costs of developing products and entering mar-

kets, firms draw taste shifter ofNf products. The taste shifter of each product

is drawn from the continuous distribution h(φ), with a cumulative distribu-

tion H(φ).17

Finally, after taste shifters for all the developed products have been ob-

served, the firm decides which products to sell in the markets they choose to

enter. Upon choosing which products to sell in which markets, firms incur

the fixed cost of selling per product in a given market, Fp. All the fixed costs

are paid in units of labor.

17To exploit the low of large numbers’ feature, it is assumed that the productivity and taste
shifter are independent of one another and independently distributed across firms. Simi-
larly, it is assumed that the taste shifter is independently distributed across the products.
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In addition to these fixed costs, there is a constant marginal cost for each

product, which depends on the firm’s productivity. The marginal cost of a

product is the same across products and markets within a firm due to the

following assumptions. First, the production function is the same across

products and firms and is linear in labor, the sole factor of production. The

amount of labor needed to produce one unit of output is 1
ϕf

. Second, I as-

sume the free mobility of firms in the economy, which equates wage across

markets.18 Third, I assume there are no variable costs of trade across mar-

kets. In total, firm f ’s marginal cost of selling a product is given by ϕ−1
f .

With the production technology explained above, total labor employed

by firm f is

lf =
∑
r∈Ωf

{∫
k∈Ωfr

qkr
ϕf

+ Fp dk + F

}
+ Fd(Nf )

θ,

where qkr denotes the output of product k (sold by firm f ) in market r.

Each market is monopolistically competitive. Under the assumption of

CES preferences and monopolistic competition, optimal prices are a con-

stant markup over marginal costs:

pkr = pf =
σ

σ − 1
ϕ−1
f . (5)

Since a firm’s marginal cost is common across products and markets, the

optimal pricing is common across products and markets within a firm as

well.

18The single wage in the economy is normalized to one.
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3.3 Equilibrium production, entry, and product

development decisions

Firms optimization problem involves two steps. First, given productivity

draw, firms choose how many products to develop and which markets to

enter. Second, given productivity and product appeal draws, firms choose

which products to sell in the markets they enter. We solve the optimization

problem backward.

Production decision in each market. Using firm f ’s pricing rule defined

by expression (5), the equilibrium revenue received by a firm f in market r

from selling a product k is:

rkr =

(
σ

σ − 1

)1−σ

(φkϕfPr)
σ−1Lr. (6)

The corresponding equilibrium variable profits from selling product k to

market r are:

πkr =
rkr
σ
− Fp. (7)

Note that firm’s decision on which products to sell in the markets they en-

ter happen after product development and market entry decision. Thus, the

fixed costs of developing products and entering a market are not in consid-

eration here.

Firm f sells product k if and only if the profit from selling the product

is positive, i.e., πkr > 0. Because the demand for a product in a given mar-

ket is monotonically increasing in the taste shifter, and rkr
σ
|φk=∞ > Fp and

rkr
σ
|φk=0 < Fp hold for any given productivity level ϕf , a cutoff taste shifter for

each firm f in market r, φ∗fr, is defined as

πkr|φk=φ∗fr
= 0. (8)
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Given entering market r, firm f sells products with taste shifters higher than

the cutoff taste shifters. Solving equation (8) to obtain the following analyti-

cal expression for the cutoff taste shifter:

φ∗fr =
1

ϕfPr

{
σFp
Lr

(
σ

σ − 1

)σ−1
} 1

σ−1

. (9)

In a given market, higher-productivity firms have lower cutoff taste shifer,

which means higher-productivity firms sell a larger share of their developed

products. The total number of products in market r equals the number of

developed products times the share of developed products with taste shifter

above the cutoff taste shifter, i.e., Nf (1−H(φ∗fr)).

Joint decision on product development and market entry. Given the cut-

off taste shifter in each market, firm f makes a joint decision on whether

to enter each market and how many products to develop. Firm f chooses

how many products to develop (Nf ) and the set of markets to enter (Ωf ) to

maximize the following profits:

max
Nf ,Ωf

πf =
∑
r∈Ωf

{
Nf

∫ ∞
φ∗fr

πkr dH(φ)− F

}
− Fd (Nf )

θ . (10)

Firm f ’s profits equal the sum of profits in each market minus the fixed

cost of developing products. Firm f ’s profits in each market depend on two

terms. The first term is the variable profit from selling the developed prod-

ucts with taste shifters above the cutoff taste shifter, Nf

∫∞
φ∗fr

πkr dH(φ). The

second term is the fixed cost of entering the market, F .

The decisions on how many products to develop and which markets to

enter are interdependent. The increase in profits by entering an additional

market depends on the number of products sold in the market, which de-
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pends on the number of developed products. Moreover, the increase in prof-

its by developing an additional product depends on in how many markets

the additional product to be sold. This interdependence of firms’ decisions

is the source of complementarity between product scope and geographic

scope, which will be discussed in the next subsection.

We can define a cutoff productivity, ϕ∗r, in market r such that firms with

productivity higher than the cutoff value enter the market. The profit of en-

tering market r increases with productivity by the following three reasons.

Given the number of products developed, firm f ’s profit of entering market

r increases with productivity because δπf
δϕf
≥ 0 and

δφ∗fr
δϕf
≥ 0. Similarly, given

the set of markets entered, firm f ’s optimal number of developed products

increases with productivity, i.e.,
δN∗f
δϕf
≥ 0. Finally, firm f ’s profit of entering

market r increases with the number of developed products, i.e., δπfr
δNf
≥ 0.

Because the profit entering market r increases with productivity, and πfr|ϕf=∞ >

0 and πfr|ϕf=0 < 0 hold for any market r, we can define cutoff productivity in

market r, ϕ∗r, as

πfr|ϕf=ϕ∗r = 0. (11)

Firms with productivity higher than the cutoff productivity makes a positive

profit by entering the market, and thus, enter the market.

Complementarity between product scope and geographic scope. Firm’s

joint decision on product development and market entry is the source of

two-way complementarity between product scope and geographic scope,

which amplifies the firm size heterogeneity. This subsection shows the ana-

lytical presentation of the complementarity.

First, there is a complementarity such that developing more products in-

crease the profit of entering more markets. Define πf (Nf ,Mf ) as the profit of

firm f when developingNf products and enteringMf markets. Compare the
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increase in firm f ’s profits from entering one more market (namely, market

r′) when the firm develops Nf products and Nf + 1 products:

πf (Nf ,Mf + 1)− πf (Nf ,Mf ) = Nf

∫ ∞
φ∗
fr′

πkr′ dH(φ)− F,

πf (Nf + 1,Mf + 1)− πf (Nf + 1,Mf ) = (Nf + 1)

∫ ∞
φ∗
fr′

πkr′ dH(φ)− F.

The first terms on the right-hand sides capture the increase in variable prof-

its by entering one more market and the second term captures the increase

in the fixed cost of entering one more market. By comparing the the two ex-

pressions, the increase in profit of entering one more market is higher when

firms develop one more products, i.e.,

πf (Nf + 1,Mf + 1)− πf (Nf + 1,Mf ) ≥ πf (Nf ,Mf + 1)− πf (Nf ,Mf ). (12)

This first complementarity comes from the fact that, by developing more

products, the firm sells more products in a given market and, thus, makes

larger variable profits by entering one more market. The fixed cost of en-

tering one more market is independent of the number of products devel-

oped. The complementarity implies that higher-productivity firms that de-

velop more products are more likely to enter more markets.

Second, there is a complementarity such that entering more markets in-

crease the profit of developing more products. Compare the increase in

profit of developing one more product when the firm enters one more mar-

ket:

πf (Nf + 1,Mf )− πf (Nf ,Mf ) =

Mf∑
r=1

∫ ∞
φ∗fr

πkr dH(φ)− Fd
(
(Nf + 1)θ − (Nf )

θ
)
,

πf (Nf + 1,Mf + 1)− πf (Nf ,Mf + 1) =

Mf+1∑
r=1

∫ ∞
φ∗fr

πkr dH(φ)− Fd
(
(Nf + 1)θ − (Nf )

θ
)
.
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The first terms on the right-hand sides capture the increase in the variable

profits by developing (and selling) one more products, and the second terms

capture the increase in the fixed costs of developing.

The increase in profit of developing one more product is higher when

firms enter one more market , i.e.,

πf (Nf + 1,Mf + 1)− πf (Nf ,Mf + 1) ≥ πf (Nf + 1,Mf )− πf (Nf ,Mf ). (13)

The second complementarity comes from the fact that developing one more

product increases expected variable profits of entering markets, and, thus,

the firms are likely to enter more markets. The fixed costs of developing

products do not depend on how many markets the firms enter. The com-

plementarity implies that higher-productivity firms that enter more markets

are likely to develop more products.

3.4 Free-entry

In an equilibrium with positive entry, the expected value of entry must equal

the sunk entry cost, which requires the following free entry condition to

hold:
ΣrΠr

M
= Fe, (14)

where M is the mass of firms entering the economy and Πr ≡
∫
f∈Ωr

πfr df

is the sum of profits of all surviving firms in each consumption market r.

Equation (14) pins down the equilibrium mass of firms in the economy.

3.5 Aggregation

Using the cutoff taste shifter condition for each firm (8), the cutoff produc-

tivity condition (11), and the pricing strategy for each firm (5), the price in-
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dex (4) in market r can be expressed as

Pr =

[
M

∫ ∞
ϕ∗r

(ϕf )
σ−1N∗f

∫ ∞
φ∗fr

(φk)
σ−1dH(φ)dG(ϕ)

] 1
1−σ

. (15)

The price index of each market depends on four elements—mass of firms

in the economy, the average productivity in the market, the number of de-

veloped products of each firm, and the average taste shifter of each firm. A

decrease in the cutoff productivity, ϕ∗r, has three effects on the price index.

First, the decrease in the cutoff productivity means more firms are entering

the market, which decreases the price index due to the love-of-variety effect

of CES preference. Moreover, the entering firms (develop and) sell multi-

ple products in the market, further decreasing the price index. Lastly, the

inflow of marginal firms decreases the average productivity in the market,

which increases the price index. These insights will be argued further when

discussing the model fit to the three empirical patterns in Section 4.4.

4. Estimation and model evaluation

I structurally estimate model parameters by the simulated method of mo-

ments using the Nikkei POS data. With the quantified model, I evaluate

model performance by checking whether the model fits three empirical pat-

terns found in Section 2, and targeted and non-targeted moments in the

Japanese data.

4.1 Estimation

I choose the functional forms for productivity and taste shifter distributions

as follows. Productivity ϕf for each firm follows Pareto distribution, i.e., ϕ ∼
Pareto(α, ϕ̄) where α is the shape parameter and ϕ̄ is the scale parameter,
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which I set as one for normalization. Taste shifter φk for each product follows

log-normal distribution, i.e., log(φk) ∼ N(µ, σ2).19

The model parameters are divided into four categories in the estimation.

The first category is the parameters that can be directly determined by the

data. The number of markets (R) and the labor endowment of each mar-

ket (Lr) are included in this category. The second category comprises the

parameters that are estimated from the data without using the model. The

parameters for taste shifter distributions log(φk) ∼ N(µ, σ2) are included in

this category. The third category is the parameter that can be estimated

using the model without simulation. The fixed cost of entering the econ-

omy Fe is in the category and is estimated to match the number of surviving

firms in the economy. The final category is the parameters that are estimated

with SMM to match some moments in the data. Four fixed cost parameters

(Fd, θ, F, Fp), the elasticity of substitution in CES utility function (σ), and the

shape parameter of Pareto productivity distribution (α) are in this category.

I define Θ = {Fd, F, Fp, θ, σ, α} as a set of parameters that are estimated using

SMM. The next subsection explains the targeted moments in the SMM.

4.1.1 Moments in the SMM

At any iteration of the simulation, we use the candidate parameters Θ to

compute a simulated vector of momentsm(Θ), analogous to moments in the

Japanese data. We use six sets of simulated moments. Each set is designed

to characterize select parameters and to capture a salient fact from Section 2

or important empirical pattern found in a literature. After the estimation, we

19Using a log-normal distribution for consumer tastes has an advantage in fitting the data.
With the consumer tastes following log-normal and productivity following Pareto distribu-
tions, sales per product per region increases with productivity, which fits the empirical find-
ing in the Japanese data (see Figure 1). This is in contrast with assuming Pareto distribution
for consumer tastes and productivity, where sales per product per region becomes indepen-
dent of productivity. See Fernandes et al. (2019) for more discussion.
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will use empirical moments not directly targeted in the estimation to evalu-

ate the fit of our estimates. We now summarize the simulated moments and

discuss how they contribute to parameter identification.

Top 10% vs. median firm statistics in (1) firm size, (2) number of prod-

ucts, and (3) number of markets. We use the baseline fact of firm size,

product scope, and geographic scope variations across firms. For ex-

ample, we take the ratio of firm size of top 10th percentile among firms

and firms size of the median firm. Targeting top 10% vs. median firm

statistics in firm size, product scope, and geographic scope help iden-

tify the three types of fixed costs: the fixed costs of developing a prod-

uct (Fd), entering a market (F ), and selling a product in a market (Fp).

Due to the complementarity between market entry and product devel-

opment decisions, these fixed costs jointly affect the top 10% vs. me-

dian statistics.

(4) Elasticity of number of products with respect to firm size. We use the

sales decomposition into extensive and intensive margins in Figure 1.

Specifically, we use the elasticity of number of firm’s total products with

respect to total sales. We regress the log of number of total products

onto the log of firm total sales. The elasticity of number of products

with respect to firm size help identify the elasticity of the fixed cost of

developing products with respect to the number of developed products

(θ).

(5) Dispersion of firm’s sales per product in a market. We again use the

result of sales decomposition in Figure 1, namely intensive margin dis-

persion across firms. In the model, intensive margin (sales per product

in a given market) depends on firm’s productivity. Therefore, the dis-

persion in firm’s sales per product in a market helps pin down the dis-

persion of productivity across firms, which is the shape parameter in
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Pareto productivity distribution. Specifically, we measure the disper-

sion of firms’ sales per product in the largest market in the Japanese

data, Tokyo.

(6) Elasticity of firm’s sales share per product with respect to price. Fi-

nally, to identify the functional form of CES utility function, we look at

how consumer demand responds to the price differences. As discussed

in various literature, the elasticity of sales share per product with re-

spect to price helps identify elasticity of substitution in the CES utility

function (σ). Again, we measure the elasticity of sales share per product

with respect to price in the largest market (prefecture) in the Japanese

data.

4.1.2 Estimation algorithm

The estimation of the model parameters involves the following 6 steps. Through-

out the steps, the same data as in Section 2 is used , the Nikkei POS data from

2014 to 2018.

Preparation. Pin down the values of the number of markets (R) and the

size of each market r (Lr) from the data. The number of market is set to

match the median number of prefectures in Nikkei POS data from 2014-

2018. The size of each market is set to match the average total sales volumes

in each prefecture in the Nikkei POS data from 2014 to 2018.

Step 1. Assume values of the elasticity in CES utility function (σ), produc-

tivity distribution ϕf ∼ Pareto(α, 1), and the elasticity of the number of de-

veloped products with respect to productivity θ in the model.
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Step 2. Given the value of σ, compute the values of taste shifter (φk) for

each firm in the data. Then, compute the parameter values of the taste

shifter distribution log(φk) ∼ N(µ, σ2). To obtain unique values for the taste

shifter for each product k for firm f (φk), I use the variation of sales across

products within each firm. The relative expenditure shares between two

products within a firm in the same market is given by

pfCkr
pfCk′r

=

(
φk
φk′

)σ−1

. (16)

For each firm f , I choose a product that is sold in the largest number of pre-

fectures in the firm as a base product such that the taste shifter of the prod-

uct is normalized as one, i.e., φk = 1. I then estimate the relative taste shifter

of other products using expression (16).20

Step 3. Compute the equilibrium in the model given the values of σ and

productivity distribution set in Step 1 and the taste shifter distribution esti-

mated in Step 2. Set the fixed cost of entering the economy Fe to match the

number of firms in the model to the data.

Step 4. Simulate 10,000 artificial firms in the model and compute product-

and firm-level expenditure shares in each market, firm-level prices, the num-

ber of products for each firm, and the number of markets each firm enter.

(see Appendix A.2.1 for a detailed simulation algorithm). Using the model-

generated data, compute the targeted moments. Find a set of parameter

values in Θ that matches the targeted moments. Specifically, I seek a set of

parameter values Θ̂1 to minimize the distance between the moments in the

20Upon estimating the taste shifter, I restrict the sample to the firms that sell multiple
products in more than five markets(prefectures).
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data and model using the criterion function:

Θ̂ = argmin (m(1)−m(Θ))W1(m(1)−m(Θ))′, (17)

where W1 is the variance-covariance matrix of the error function, m(1) −
m(Θ).

4.2 Estimation results

Table 3 presents the parameter values. The estimated value of elasticity of

substitution (σ) that matches the targeted moments in the data is 2.40. The

estimated value (σ = 2.40) is consistent with the literature in trade and macro;

for example, the estimates in Ossa (2014) range from 2 to 4 for most cate-

gories including non-food consumer goods.

The estimates of shape parameter of Pareto productivity distribution is

α = 2.30. The results are consistent with the literature (for example, see

Eaton et al., 2011) and satisfy the technical restriction for the distribution of

firm revenue to have a finite mean, that is α > σ − 1.

The interpretation of the magnitude of the fixed costs are as follows. The

model features a free-entry condition, which ensures that firms’ variable

profits finance three types of fixed costs exactly. Given that the estimated

σ is 2.40 and firms’ profit margin is given by 1
σ−1

= 0.71, it means that, on

average, 71% of firms’ sales are used to pay the three types of fixed costs. In

this economy, firms have a large market power and use large variable profits

to pay the fixed costs.

4.3 Qualitative fit: Three empirical patterns

I start by showing important equilibrium characteristics of the model: the

price index, cutoff productivity, and cutoff taste shifter (of each firm) de-
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Table 3: Parameter values

Parameter Definition Value Target

R Number of s 43 Data (number of prefectures)

Lr Labor endowment for each region Data (sales in each prefecture)

log(φ) ∼ N(µ, σ2) Distribution of common component µ = 0.47, σ = 0.92 Estimated from the data

ϕ ∼ Pareto(α, ϕ̄) Distribution of productivity α = 2.3, ϕ̄ = 1(set) Estimated from the data (SMM)

σ Elasticity of substitution in CES 2.4 Estimated from the data (SMM)

θ Parameter in the fixed costs of developing products 2.6 Estimated from the data (SMM)

Fd Fixed cost of developing products 0.079

Parameters to fit top10/median statsF Fixed cost of entering a region 0.05

Fp Fixed cost of selling per product in each region 0.35

Fe Fixed cost of entering the production economy 1.25 Fit the # of firms in the economy

crease with the market size. These equilibrium characteristics are then con-

nected to the observed empirical patterns in Facts 1-3.

Figure 5 plots the price index and cutoff productivity of a firm in each

consumption market on the y-axis, and prefecture market size as a share

of the aggregate market size in the economy on the x-axis. Price index and

cutoff productivity in the figure are normalized by the value in the smallest

market.

Panel (a) of Figure 5 shows that the cutoff productivity decreases with the

market size. A larger market size has two offsetting effects on the cutoff pro-

ductivity. Given the price index, a larger market size means demand for each

good, allowing the lower-productivity firms to profit sufficiently to cover the

fixed cost of entering the market. A larger market size also induces more

competition across entering firms, which decreases the firms’ profits. Over-

all, the first effect dominates, and the cutoff productivity is lower in larger

markets, i.e., more firms enter larger markets.

Panel (b) of Figure 5 shows that the price index also decreases with the

market size. As described in Section 3.3, when more lower-productivity firms
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Figure 5: Cross-sectional results
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enter larger markets, there are two offsetting effects on the price index: the

love-of-variety effect decreases the price index, while lower average produc-

tivity increases the price index. In total, the love-of-variety effect exceeds the

effect of lower average productivity; thus the price index falls with the mar-

ket size. It also means that the welfare in a market increases with the market

size; since the wage is equalized across markets, the real wage increases as

the price index decreases with the market size. Consumers in larger markets

enjoy higher welfare generated by more varieties because more firms enter

and sell more products in larger markets.21 These cross-sectional results are

used to explain the observed patterns in Facts 1-3.

Fact 1: Larger firms sell more products in a given market. Fact 1 is im-

plied by the cutoff taste shifter condition (8). The cutoff taste shifter condi-

tion for firm f in market r can be rewritten as

φ∗fr =

(
Fp(σ − 1) σ

σ−1

Lr

) 1
σ−1 1

ϕfPr
. (18)

21Literature in urban economics points to welfare differences across geographic locations
due to different varieties available in each location. For example, Handbury (2019) shows
that wealthier consumers enjoy a lower price index in wealthier cities because more vari-
eties that are catered to wealthier households are available in these cities.
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Given price index P r and market size Lr, higher productivity lowers the cut-

off taste shifter. Therefore, a higher-productivity firms sell more products

upon entering a market. In the model, higher-productivity firms have larger

sales. In total, larger firms sell more products in a given market.

Fact 2: Firms sell more products in larger markets. From expression (18),

we can see that the larger market size has two opposite impacts on the cut-

off taste shifter. First, a larger market size decreases (a higher Lr) the cutoff

taste shifter because there is a larger pie of consumer demand. Second, a

larger market induces more competition, which means a lower price index,

and the cutoff taste shifter increases with the price index. All in all, the first

effect dominates, and the cutoff taste shifter decreases with the market size,

i.e., firms sell more products in larger markets.

Fact 3: Larger firms penetrate smaller markets. Because the cutoff pro-

ductivity decreases with market size, only high-productivity firms enter small

markets. This follows the empirical pattern, according to which the average

firm size decreases with the market size. The model also replicates the con-

vex decreasing shape of an average firm size in the data.

4.4 Quantitative fit: Targeted and non-targeted moments

To evaluate the model fit to the data quantitatively, I compare firm size,

product scope, and geographic scope distributions in the model vs. the data

(Nikkei POS). When comparing the model and data, I plot and visually com-

pare the firm size, product scope, and geographic scope distributions in the

model and data.

As stated in Section 4.1, I estimate three fixed costs {Fd, F, Fp} by GMM

to match the largest 10% vs. the median firm statistics in firm size, prod-

uct scope, and geographic scope. The first row of Table 4 confirms that the

model fits these three moments in the data.
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Next, I show that not only these targeted moments in the data, but the

model also replicates the non-targeted distributions of firm size, product

scope, and geographic scope. The top panel of Figure 6 plots the log of av-

erage percentile sales normalized by top percentile sales. The x-axis of the

figure shows the percentile from the largest to the smallest, from right to left.

The model performs well in replicating the sales distribution. The middle

and bottom panels of Figure 6 plot the number of products and prefectures

in each percentile normalized by the top percentile value, respectively. The

model replicates entire distributions of firms’ product scope and geographic

scope.

Overall, the model replicated the observed firm size, product scope, and

geographic scope heterogeneity well. The differences between the actual

and the predicted distributions come from the fact that I approximate the

actual productivity and taste shifter distributions by the best fitted distribu-

tions (Pareto and log-normal distributions). However, the best fitted distri-

butions still do not match the actual distributions perfectly.22

5. Exercises

To see the quantitative importance of the complementarity between geo-

graphic and product scopes to account for the firm size variations, I run two

exercises that eliminate each scope and see how it affects the model fit to

the data. The model exercises show that eliminating either geographic or

product scopes reduces not only a significant fraction of firm size variations

but also the variations in the other extensive margin, which indicates the

significance of the complementarity between the two extensive margins.

22For example, it is well known that the Pareto distribution overestimates productivity
of low-productivity firms. This is reflected as the overestimation of the product and geo-
graphic scope in the smallest decile in Figure 6.
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Figure 6: Non-targeted moments: Model vs. data
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Note: In all panels, the x-axis is the number of decile, from the smallest firms on the left to
the largest firms on the right. The top panel shows the sales distribution in the data and the
model. The sales are normalized by the top percentile sales. The middle panel shows the
average number of products of the firms in each percentile in the data and the model. The
average number of products in each percentile is normalized by the largest percentile value.
The bottom panel shows the average number of markets that firms in each percentile sell at
least one product in. Again, the values are normalized by the largest percentile value.
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Table 4: Top 10% vs. median firms’ statistics in the data and model

Top 10% firms
median firms

Firm size Product scope Geographic scope

Data Model Data Model Data Model

Baseline 139.2 139.0 15.9 15.1 4.5 4.5

CF1 139.2 49.8 15.9 8.7 4.5 1

CF2 139.2 4.78 15.9 1 4.5 1.01

Note: The model contains top 10% firms vs. median firms’ statistics for firm size, prod-
uct and geographic scopes in the Nikkei POS data from 2014 to 2018 and in the model.
CF1 corresponds to the counterfactual equilibrium where geographic scope is eliminated
by imposing single-market in the model. CF2 correseponds to the counterfactual equi-
librium where the product scope is eliminated by imposing single-product firms in the
model.

Eliminating geographic scope

To eliminate geographic margin from the model, I solve a single-market ver-

sion of the model. Specifically, I assume that there is a single market in the

economy in which the labor endowment is equal to the average labor en-

dowment in the original economy, i.e., L = 1
R

ΣrLr.

Moving from the original to the single-market model shuts off geographic

scope variations across firms because all the surviving firms enter one mar-

ket. Therefore, compared with the original equilibrium, where higher-productivity

firms enter more markets and acquire larger revenues, the firm size varia-

tions are expected to be smaller. In addition, unlike the original equilibrium

where firms sell different sets of products across markets due to consumer

taste heterogeneity, the product scope variations are expected to be smaller

in the single-market model.

The second column of Table 4 reports the result from eliminating geo-

graphic scope. First, because I eliminate geographic scope, the top 10%

firms vs. median firms’ value of the geographic scope is reduced from 4.8
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to 1 in terms of the top 10% vs. median firms’ values. Second, product scope

heterogeneity is also reduced by 42% (from 15.1 to 8.7). This is explained by

a lack of complementarity between geographic and product scope through

consumer taste heterogeneity across markets. In total, moving from the

multiple-market to the single-market models reduces firm size heterogene-

ity by 64% (from 139.0 to 49.8)

Eliminating product scope

To eliminate product scope from the model, I solve a single-product firm

version of the model. Specifically, each firm is endowed with one product for

which the taste shifter equals one in any consumption market, i.e., product

development process is eliminated from the model. The demand for the

product of firm f in market r equals

Cfr =

(
pf
Pr

)−σ
Lr
Pr
.

The model is now similar to Melitz (2003) but with asymmetric market size.

Moving from the original to the single-product firm model shuts off prod-

uct scope variations across firms because all the surviving firms produce

only one product. Therefore, compared with the original equilibrium where

higher-productivity firms produce more products and acquire larger rev-

enues, the firm size variations are expected to be smaller. In addition, un-

like the original equilibrium, where higher-productivity firms produce more

products in a given market, when all the firms produce only one product,

lower-productivity firms have a higher chance to enter the market. There-

fore, geographic scope variations are expected to be smaller as well.

The third column of Table 4 reports the result of eliminating product

scope. When product scope heterogeneity is completely eliminated (15.1 to
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1), geographic scope heterogeneity is also reduced by 77% (from 4.5 to 1.01)

in terms of the top 10% versus median firms’ values. This is due to the lack of

complementarity between product and geographic scopes described above.

In total, moving from the multi-product firm model to the single-product

firm model reduces firm size heterogeneity by 96% (from 139.0 to 4.78).

The two counterfactuals show that complementarity between product

and geographic scope is quantitatively important. Existing models of firm

heterogeneity with only either one of the extensive margins miss firm size

heterogeneity due to a lack of variation in missed margin but also the vari-

ation in the other margin coming from complementarity between the two

margins. It should be noted that these counterfactual exercises are con-

ducted with all the parameter values fixed at the baseline values presented

in Table 3.

6. Welfare implication of size-dependent policies

I solve the social planner’s problem and show that the market equilibrium is

efficient. Given the result, I discuss the welfare implication of sub-optimal

size-dependent policies, taking actual policy in Japan as an example. I com-

pare the welfare cost between the baseline and single-product firm model

and find that the missing product scope margin largely underestimates the

welfare cost of such policies.

6.1 Social planner’s problem

It is well known that the market equilibrium in my baseline model, Melitz

(2003), is efficient.23 To understand whether this efficiency is carried over

23For example, Melitz and Redding (2015) show that with CES preferences and monopo-
listic competition, the open economy equilibrium in the heterogeneous firm model is effi-
cient. Dhingra and Morrow (2019) analyze the efficiency of heterogeneous firm models in a
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when multi-product firms and multiple regions with heterogeneous market

sizes are added, I solve the social planner’s problem, whose objective is to

maximize the real consumption index of the representative consumers in

the economy.

The real consumption index for the representative consumer in the econ-

omy is defined as

Q = Σrβ
s
r

[
M s

∫ ∞
ϕsr

N s
f

∫ ∞
φsfr

(φkC
s
kr)

σ−1
σ dH(φ) dG(ϕ)

] σ
σ−1

, (19)

where βsr is the social planner’s welfare weight on the real consumption index

of each market r. The welfare weight is set as proportional to the labor en-

dowment, i.e., βsr = Lr∑
r Lr

. For each firm that enters the economy, the social

planner chooses the number developed products N s
f . For each consump-

tion market r, the social planner chooses the productivity cutoff ϕsr, the taste

shifter cutoff φsfr for all producing firms ϕf ≥ ϕsr, and the output level Cs
kr for

all produced goods φk ≥ φsfr for all producing firms ϕf ≥ ϕsr. Lastly, the plan-

ner chooses the mass of firms M s subject to the aggregate labor constraint:

ΣrLr = ΣrM
s

{∫ ∞
ϕsr

N s
f

∫ ∞
φsfr

Cs
kr

ϕf
+ Fp dG(φ) dG(ϕf ) +

∫ ∞
ϕsr

F dG(ϕ)

}

+M s

{∫ ∞
ϕ∗

Fd(N
s
f )θ dG(ϕf ) + Fe

}
,

where ϕ∗ is the smallest cutoff productivity in the economy. The social plan-

ner faces the same productivity distribution G(ϕ), taste shifter distribution

H(φ), and fixed costs. The following proposition summarizes the social plan-

ner’s choice with general distributions of productivity and taste shifter.

Proposition 1 The social planner’s choice of the output level, number of de-

more generalized setting.
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veloped products, taste shifter cutoff, productivity cutoff, and mass of firms

entering the economy coincides with the market allocation, i.e., the market

equilibrium is efficient.

The proof of this proposition is presented in Appendix A.3.

The intuition behind the efficiency of the market equilibrium is the fol-

lowing. First, the CES utility function and monopolistic competition leads

to constant markups across firms, σ
σ−1

. Therefore, there is no markup distor-

tion across products or firms; hence the output level in the market equilib-

rium is optimal. Next, as for the taste shifter cutoff and productivity cutoff,

there are two sources of potential inefficiency. When introducing another

product or firm, firms do not internalize the positive effect on consumer

surplus (the love-of-variety effect) and the negative effect on the sales of

other products and firms (the business-stealing effect). The CES utility func-

tion uniquely ensures that these two externalities exactly offset each other.

Lastly, as for the mass of firms in the economy, a potential inefficiency comes

from the fact that, with heterogeneous productivity, some firms make profits

and some others make a loss. A free-entry condition ensures that the profits

and losses exactly finance the fixed costs of entering, which means that the

mass of firms entering the economy is at an efficient level. Therefore, the

market implements the efficient allocation.

6.2 Welfare implication of SME subsidies

The efficiency of the market equilibrium implies that any policy distorting

the market allocation is sub-optimal. In this section, I estimate the social

cost of the subsidies for Small and Medium Enterprises (SMEs) to expand

their product scope, a policy tool frequently used in Japan. I consider two

cases: the baseline and the single-product firms. Comparison between the

welfare costs of the subsidies under the baseline model and the single-product
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firm model allows us to measure the importance of having both product and

geographic scopes for quantifying effects of size-dependent policies.

6.2.1 SME subsidies in Japan

Although my model suggests that the market equilibrium with a vast dif-

ference in firm performance is efficient, the Japanese government has con-

ducted various policies to promote SME growth.24 One of the main policy

tools to promote SME growth is subsidy for SMEs to expand their product

varieties.

There are many types of subsidies for SMEs to expand their product vari-

eties.25 Coverage and financial sources of the subsidies vary across different

types of subsidies, but most of them share the eligibility requirement and

the types of costs that are subsidized. The condition for the companies to

be eligible for subsidies is to have equity or employment less than a cutoff

value.26 The types of costs covered by subsidies include the costs of purchas-

ing production equipment for the new products, hiring experts/consultants

to develop new products, and the costs of market research for the new prod-

ucts.

Among these SME subsidies, I take the subsidy provided by the National

Federation of Small Business Associations (a government owned financial

agency) in 2020-2021 financial year as an example to analyze the welfare cost

of the subsidy. This particular SME subsidy aims to promote growth of the

SMEs located in Japan. The firms eligible for the subsidy are manufacturing

24The rationale for the Japanese government to support SMEs growth that is not captured
in my model includes the political power of SMEs. Since SMEs represent 70% of all employ-
ment in Japan, the voting power of SMEs is larger than their economic presence.

25For example, a list of subsidies available as of June 4th, 2021, can be found here https:
//hojyokin-portal.jp/subsidies/list. Note that the website is available only in Japanese.

26For the manufacturing firms, the usual cutoff values are 300 million Japanese yen (ap-
proximately 3 million USD) for equity and 300 people for employment. Firms in the service
and other industries have lower cutoff values.

https://hojyokin-portal.jp/subsidies/list
https://hojyokin-portal.jp/subsidies/list
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firms with less than 300 employees. Whether a particular firm is eligible for

the subsidy is determined based on the number of employees listed in the

previous year’s tax return documents of the enterprise tax. The subsidy cov-

ers the costs of purchasing production equipment for the new products, fees

of using intellectual property rights for the technology necessary for the new

products, costs of hiring experts/consultants for the product development,

the raw ingredient and outsourcing costs for the new products. The coverage

of the subsidy is up to two-thirds of the total costs. The costs are first paid by

the companies, and the agency reviews the receipts and determines whether

these costs are eligible for a subsidy. After getting it approved by the agency,

up to two-thirds of the costs are reimbursed back to the companies.27

6.2.2 Modeling the SME subsidy

The eligibility, types of the costs covered by the subsidy, and the coverage of

the subsidy are modeled in the following ways. In the model, firms’ employ-

ments have a one-to-one relationship with their productivity, i.e., higher-

productivity firms use more labor. Thus, imposing an eligibility threshold

for the subsidy by employment (less than 300 employess) is identical to im-

posing an eligibility threshold on productivity in the model.28 Define ϕ̂ as

the threshold productivity allowing the firms with the productivity below the

threshold to be considered eligible for a subsidy. Because the firms who have

less than 300 employees comprise 98.5% of all firms in the manufacturing in-

dustry in Japan, I set ϕ̂ such that surviving firms with productivity less than

27See more detail about the subsidy in https://portal.monodukuri-hojo.jp/common/
bunsho/ippan/13th/reiwakoubo 20221025.pdf. Note that the document is available only
in Japanese.

28One caveat is that, in reality, firms may modify their number of employees to become
eligible for a subsidy. However, a firm’s eligibility is determined based on the previous year’s
tax return documents, and the announcement of the subsidy was made after the deadline
for the tax document. Therefore, I conclude that firms did not decrease their number of
employees to become eligible for the subsidy.

https://portal.monodukuri-hojo.jp/common/bunsho/ippan/13th/reiwakoubo_20221025.pdf
https://portal.monodukuri-hojo.jp/common/bunsho/ippan/13th/reiwakoubo_20221025.pdf
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ϕ̂ consist of 98.5% of all surviving firms:

G(ϕ̂)−G(ϕ∗)

1−G(ϕ∗)
= 0.985, (20)

where ϕ∗ is the smallest cutoff productivity in the market equilibrium (be-

fore the subsidy is imposed).

Lastly, the costs covered by the actual subsidy correspond to the fixed

cost of developing products in the model. Define s as a fraction of subsidy for

the fixed cost of entering a market. Then, the government provides subsidy

for the firms whose productivity is less than the threshold productivity ϕ̂,

i.e., the fixed cost of developing products = (1 − s)Fd(Nf )
θ for the firms with

productivity ϕf ≤ ϕ̂. Lastly, to be consistent with the actual coverage of the

subsidy, I set s = 2
3

in the model.

I assume a balanced budget in the economy by imposing the uniform

consumption tax on consumers in each market. The representative con-

sumer’s budget constraint in market r becomes∫
f∈Ωr

∫
k∈Ωfr

(1 + τ)pkrCkr dk df ≤ Lr. (21)

The consumption tax τ is given by the following balanced budget:

∑
r

∫
f∈Ωr

∫
k∈Ωfr

τpkrCkr dk df = M

∫ ϕ̂

ϕ∗
sFd(Nf )

θ dG(ϕ), (22)

where the subsidy is granted for the firms entering the economy (ϕf ≥ ϕ∗)

but with the productivity less than the threshold (ϕf ≤ ϕ̂). In the single-

market model, the balanced budget equation becomes

∫
f∈Ωr

∫
k∈Ωfr

τpkrCkr dk df = M

∫ ϕ̂

ϕ∗r

sFd(Nf )
θ dG(ϕ),
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where market r is the only market that exists in the single-market economy.

6.2.3 Results: baseline and single-product market model

Moving from the market equilibrium to the equilibrium under the subsidy

affects the real consumption index of each market in the following way. The

firms with productivity less than the threshold productivity receive a sub-

sidy to cover the fixed cost of developing more products; thus they are more

likely to develop more products. The subsidy is financed by an uniform

consumption tax on consumers in all the markets, which is borne by all

the entering firms as a reduction in total consumer demand, including the

high-productivity firms that do not receive the subsidy. Furthermore, be-

cause of the entry of more firms due to the subsidy, the competition within

a market becomes harsher. In total, the subsidy helps the low-productivity

firms develop more products and enter more markets but hurts the high-

productivity firms’ profits.

In the baseline model, the subsidy results in the loss of the real con-

sumption index in the economy by 2.19%. In the model with single-market

economy, the welfare costs of the subsidy are reduced to 1.47% of the real

consumption index. There are two reasons why the single-market model

underestimates the cost of the subsidy. First, the subsidy helps the lower-

productivity firms to develop more products, but these firms only enter one

market. Thus, the entry of lower-productivity firms induces a minor com-

petition increase compared to the baseline model where subsidized lower-

productivity firms enter multiple markets. Second, the high-productivity

firms that suffer from the reduction in total consumer demand enter only

one market with and without subsidy. Therefore, higher-productivity firms’

geographic scope margin is not distorted, and the only effect is reflected

on their product scope and intensive margins. Taken together, the single-
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market model underestimates the welfare cost of the SME subsidies.

7. Conclusion

The recent literature in firm heterogeneity has documented the importance

of two extensive margins to account for firm size heterogeneity: product and

geographic scopes. Although much attention has been paid to the role of

each extensive margin separately, I argue in this paper that the two extensive

margins interact in a major way and thus, for the need to have both extensive

margins in one model. I develop a heterogeneous-firm model with multi-

product firms and multiple markets with various market sizes.

In the model, firms’ decisions on product and geographic scopes inter-

act in two ways. First, as firms expect to develop and sell more products

in given markets, they are more likely to enter more markets. Second, as

firms enter more markets, they develop greater varieties of products because

the firms make larger profits per product. The calibrated model reveals that

each complementarity is quantitatively important. Eliminating either geo-

graphic or product scope from the model reduces firm size variations by 64

to 96%, failing to incorporate the complementarity between two margins. I

further use the model to quantify the welfare implication of the actual size-

dependent subsidy in Japan. Notably, the model with only a single extensive

margin underestimates the welfare implication of such subsidies.

There are a couple of additional directions for research suggested by the

paper. First, my analysis focuses on explaining cross-sectional firm size vari-

ations, and it is left unknown how the firms’ performance and product and

geographic scopes evolve. Exploring these aspects requires access to panel

data that would allow analyzing observations made over some course of

time. Second, my framework does not incorporate distance. Including dis-

tance in the model lets us explore what role shipping costs and taste hetero-
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geneity, which are correlated with the distance between the markets, play in

generating firm size heterogeneity.
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A. Appendix

A.1 Retail chains and firm sizes

This section answers whether larger firms are connected to a few larger retail

chains and sell their products in many stores within the few retail chains.

My data shows that this is not the case; larger firms sell in more retail chains,

and these retail chains are not systematically larger than the retail chains

that smaller firms are connected.

The first column of Table 5 shows the average number of prefectures that

firms sell their products in increases with firm size. If larger firms have a

wider geographic scope because they sell to a few retail chains with many

stores in many prefectures, then I would expect the average number of retail

chains to not increase with firm size. The second column of Table 5 shows

that the average number of retail chains monotonically increases with firm

size. It means that larger firms sell not only in many prefectures but also in

many retail chains.

I also check whether the retail chains that larger firms connect have more

stores than those that smaller firms connect. The last column of Table 5

shows that it is not the case; the average number of stores per retail chain

does not increase monotonically with firm size. The smallest 10% firms sell

to retail chains that have, on average, the largest number of stores. The find-

ings in Table 5 suggest that the reason why larger firms sell their products in

more prefectures is not that they sell to large retail chains, but they sell to

many retail chains and stores.

A.2 More explanation on structural estimation

Section A.2.1 explains simulation algorithm used in the SMM.
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Table 5: Number and size of retail chains by decile

Ranked

decile

Avg. no.

prefectures

Avg. no.

retail chains

Avg. no. stores

per chain

1 28.08 14.99 17.39

2 17.30 10.11 14.24

3 12.46 7.59 14.63

4 9.50 5.68 14.38

5 7.40 4.53 16.90

6 5.50 3.65 14.90

7 4.04 2.94 16.67

8 2.86 2.39 16.74

9 2.10 1.93 17.60

10 1.42 1.43 18.33

Note: The largest decile is ranked first. The values are weighed by 3-digit product category
sales per quarter. Number of prefectures is calculated as the number of prefectures in
which each manufacturing firm sells at least one product. Number of retail chains is
calculated as the total number of retail chains firms sell their products to. Finally, average
number of stores per chain in each decile is calculated as the average number of stores of
each retail chain that firms in each decile sell their products to.

A.2.1 Simulation algorithm

A simulation of the model requires a set of parameters Θ = {Fd, F, Fp, σ, α, θ},
the data for product- and firm-level sales, (firm-level) prices, and number of

products firms sell in each market. It involves the following steps:

Preparation: Assume a value of α, a shape parameter of the Pareto dis-

tribution. Draw productivity of 100,000 artificial firms from the productivity

distribution: ϕf ∼ Pareto(α, 1), where the scale parameter of the distribution

is normalized as one.

Step 1. Among these simulated firms, randomly sample 10,000 firms in
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each simulation. Among the 10,000 artificial firms, use only the surviving

firms in the model equilibrium, i.e., the firms with the productivity higher

than the lowest cutoff productivity, for the remaining simulation.

Step 2. Calculate the prices of the surviving firms by expression (5). Note

that, in my model, the firms’ pricing depends only on productivity (ϕf ) and

the elasticity of substitution (σ).

Step 3. For each surviving firm f , compute the optimal number of de-

veloped products, N∗f from solving expression (10). Draw the taste shifter

for each product for N∗f products from the distribution: log(φk) ∼ N(µ, σ2).

Compute the firm’s entering decision to each market.

Step 4. Compute the number of products firms sell in each market by the

cutoff taste-shifter condition (8).

Step 5. Compute the product-level sales for each firm in each market by

the following expression:

pfCkr = (φk)
σ−1

(
pf
Pr

)1−σ

Lr. (23)

Compute the firm-level sales in each market by the following expression:

∫
k∈Ωfr

pfCkr dk=

∫
k∈Ωfr

(φf )
σ−1

(
pf
Pr

)1−σ

Lr dk. (24)

Step 6. Estimate parameter values in Θ to match the targeted moments.

The SMM finds a set of the parameter values in Θ such that the targeted

moments in the model and data converge the same values. The weighing

matrix is calculated as a variance-covariance matrix of the error function

using the following bootstrap procedure: (i) re-sample, with replacement,

10,000 firms from our initial data set of the 100,000 firms 1000 times. (ii) For
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each re-sampling b, calculate moments m(Θ). (iii) Calculate

W =
1

1000

1000∑
b=1

(mb −mb(Θ))(mb −mb(Θ))′. (25)

A.3 Social planner’s problem

Proof of Proposition 1. First, I derive the planner’s choice on intensive

margin.29 The planner chooses the output levelsCkr to equate the the marginal

rates of transformations (MRT) and the marginal rates of substitution (MRS)

for the products of the firms with different productivity and for the products

of the same firm in each market. The MRT between the products for any two

different firms with productivity ϕ1 and ϕ2 in market r is:

MRS =

(
φk1,r
φk2,r

) 1−σ
σ
(
Ck1,r
Ck2,r

) 1
σ

. (26)

The MRT for the products for any two different firms with productivity ϕ1

and ϕ2 in market r is:

MRT =
ϕ1

ϕ2

. (27)

The social planner chooses an output level to equate the MRS and MRT:

MRS = MRT =⇒ Ck1r
Ck2r

=

(
φk1r
φk1r

)σ−1(
ϕ1

ϕ2

)σ
, (28)

which yields the same relationship between relative quantities, relative pro-

ductivity, and relative taste shifters as those in the market equilibrium. Sim-

ilarly, I can show that the planner’s choice of the output level for two goods

within a same firm also coincides with that in the market equilibrium. There-

fore, the output level in the market equilibrium is efficient.

Next, I derive the social planner’s choice of the taste shifter cutoff. For a

29Note: this proof needs to be revised in response to the model setting change.
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given firm f with productivity ϕf in market r, the social planner sets a taste

shifter cutoff φsfr that satisfies the first order conditions with respect to φsfr

and the C(φsfr), where C(φsfr) is the consumption quantity of the product

with the cutoff taste shifter. Combining the two first order conditions, I ob-

tain (
1

σ − 1

)
ϕ−1
f C(φsfr) = Fp. (29)

The condition coincides with the cutoff taste shifter condition in the market

equilibrium (8). Therefore, the value of the cutoff taste shifter in the market

equilibrium is efficient.

Next, I derive the planner’s choice of the productivity cutoff in each mar-

ket. Rewrite the real consumption index (19) as

Q = Σrβr(M)
σ
σ−1

[∫ ∞
ϕrs

(C(φsfr)φ
s
fr)

σ−1
σ N s

f

∫ ∞
φsfr

(φk)
σ−1
σ dH(φ) dG(ϕ)

] σ
σ−1

,

(30)

and the aggregate labor constraint as

ΣrLr = ΣrM

{∫ ∞
ϕsr

C(φsfr)φ
s
fr

ϕf
N s
f

∫ ∞
φsfr

φ
σ−1
σ

k + FpdH(φ) dG(ϕ) +

∫ ∞
ϕsr

F dG(ϕ)

}
+

∫ ∞
φ̄sr

Fd(N
s
f )θ dG(ϕ)+Fe.

(31)

Combining the first order conditions with respect to the productivity cut-

off ϕsr and the consumption quantity of products with the taste shifter cutoff

sold by a firm with the productivity cutoff C(φrf,s(ϕ
r)) I obtain

(
1

σ − 1

)
(ϕsr)

−1K

∫ ∞
φsfr

C(φsfr(ϕ
s
r))dH(φ) = K

∫ ∞
φsfr

FpdH(φ) + F, (32)

which corresponds to the cutoff productivity condition in the market equi-

librium (11). Therefore, the productivity cutoff in the market equilibrium is

efficient.
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Lastly, I derive the planner’s choice of the mass of firms entering the

economy. To do so, I take the first order condition with respect to the mass of

firms M , combine the condition with the first order condition with respect

to C(φsfr(ϕ
s
r)), and take summation Σr:

1
σ

∑
r Lr −

∑
r

{
M
∫∞
ϕsr
N s
f

∫∞
φrf,s

Fp dH(φ) + FdG(ϕ)
}
−
∫∞
ϕ̄sr
Fd(N

s
f )θ dH(φ)

M
= Fe.

(33)

The first term in the numerator is equal to the total variable profit made in

the market equilibrium. The second term in the numerator is equal to the

total fixed costs paid by the firms in the market equilibrium. Thus, the nu-

merator on the left-hand side of (33) equals the total profit made by the firms

in the market equilibrium. Therefore, the condition (33) coincides with the

free-entry condition in the market equilibrium; hence the mass of firms in

the market equilibrium is efficient. �


