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Abstract

The classic integrability problem asks (i) what conditions guarantee that
demand functions can be rationalized by a well-behaved utility function and
(ii) if such a utility exists, how can it be recovered. Hurwicz and Uzawa
(1971) provided answers to both questions. However for the popular case
of changing tastes, as represented by a sequence of non-nested utilities, the
Hurwicz and Uzawa conditions fail to hold in general. Following Strotz
(1956), an individual can determine her dynamic demands via a naive or
sophisticated solution technique. For given dynamic demands, we provide
necessary and sufficient conditions such that the demands are rationalized
by a set of utilities using the sophisticated solution process. Moreover we
provide a means for recovering the generating sequence of utilities, although
this sequence of utilities is not unique. We also give sufficient conditions for
demands to be rationalized by a sequence of utilities using the naive solution
process and for recovering the complete set of generating utilities for two

special cases.
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1 Introduction

The classic integrability problem of finding conditions guaranteeing that a given
set of individual demand functions could have been generated by a budget con-
strained, utility maximizing consumer was formulated in its modern form in the
mathematical notes section of Samuelson (1950). Hurwicz and Uzawa (1971)
proved that multicommodity demand functions can be rationalized by a strictly
quasiconcave utility if the corresponding Slutsky matrix is symmetric and negative
semidefinite and also provided a process for recovering the utility function.! These
results were further refined in Hurwicz and Richter (1979). One important area
of economic analysis where the Slutsky symmetry and negative semidefiniteness
conditions are known to possibly fail is in dynamic choice problems. Following
the classic papers of Strotz (1956), Pollak (1968) and Phelps and Pollak (1968), it
is now popular to allow for the possibility that decision makers might not have a
single well-behaved intertemporal utility, but rather may exhibit changing tastes
which can reflect a bias for the present and self control issues.”? Whereas the
integrability problem is largely solved for the classic static setting, the question
of finding conditions for rationalizing demands corresponding to changing tastes
seems not to have been investigated. This paper seeks to contribute to filling this
void.

The changing tastes optimization problem can most simply be framed in a
three period certainty setting with a single consumption good ¢; (t = 1,2,3) in
each period t. Assume preferences in period one are defined over (cy, ca, ¢3) triples
and represented by U"). Preferences in period two defined over (cy, c3) pairs are
represented by U®). For any fixed ¢; = ¢, UM (¢, co,c3) and UP (cy, c5 [1)
differ by more than a strictly increasing transformation. To determine an optimal
plan, an individual can follow naive choice by using U™ to make the period one
consumption decision and then in period two given remaining resources, use U®
to make the allocation between ¢y and c3. Since in general the period one demands
for ¢y and c¢3 will be revised in period two, the consumer is said to exhibit time
inconsistency. Alternatively, she could follow sophisticated choice and solve the
problem recursively using U®) to make the allocation between ¢, and ¢5 conditional
on ¢; and then use UM to select ¢.?

For the case of sophisticated choice, we derive necessary and sufficient con-

!Several other standard properties are assumed — see Theorem 1 in Section 2.
2See, for example, Laibson (1997), O’Donoghue and Rabin (1999, 2015) and Loewenstein,

O’Donoghue and Rabin (2003) and the relevant references cited in these papers.
3 An alternative game theoretic solution is proposed in Phelps and Pollak (1968), which will

not be considered in this paper.



ditions for demands to be rationalizable by a (UM, U®)-pair. To establish the
existence of U®, conditions are given for deriving the period two and period
three conditional demands (corresponding to the first stage of the sophisticated
optimization process) from the given unconditional demands. Based on these con-
ditional demands, it is possible to directly apply the Hurwicz and Uzawa (1971)
theorem to test whether there exists a unique U®). For the existence of U™ in
place of the Slutsky symmetry and negative semidefiniteness properties assumed
by Hurwicz and Uzawa (1971), we require the invertibility of the (unconditional)
given demands and the existence of the conditional demands (as well as a few

1 While our result ensures the existence of a utility

other standard properties).
pair, it does not suggest that the period one utility is unique. U satisfies a
partial differential equation, and surprisingly the solution to this equation can
yield a set {U(M}, where each utility in the set differs from other members of the

° In this recovery process which

set by more than an increasing transformation.
is quite different from that of Hurwicz and Uzawa (1971), the multiplicity of U
functions arises because the sophisticated solution does not correspond to the op-
timal demand functions maximizing U(). The latter is the only set of demands
that can uniquely determine U™ up to an increasing transformation. It follows
from our integrability result that when the classic Hurwicz and Uzawa conditions
(see Theorem 1 below) hold, it not only implies the existence of a non-changing
tastes utility rationalizing sophisticated choice but if the resulting utility is twice
continuously differentiable also implies the existence of a set of changing tastes
utilities rationalizing the same demands. However without the partial differential
equations we derive, it is unclear how one would recover the changing tastes set
of utilities.

Selden and Wei (2015) have shown that a given set of dynamic demand func-
tions can sometimes be rationalized both as sophisticated choice corresponding to
a changing tastes pair (U, U®)) and as a standard utility maximization based

on a non-changing tastes U.° In this case, the dynamic demands satisfy both our

4Shafer (1974, 1975) also considers a representation for the intransitive preferences. How-
ever his discussion is based on the classical static setting instead of an intertemporal setting.
Therefore in contrast to our changing tastes assumption, no specific argument is given for why
the consumer would have intransitive preferences. Moreover, no sufficient condition is given
such that demands can be rationalized by his representation.

Each ordinally equivalent collection of utilities is treated as one member in {U (1)}.
6Since the observed consumption demands can come from both a non-changing tastes U

and a changing tastes (U"), U(®))-pair, one can never distinguish which are the true generating
utilities. It follows that if a given data set of (demand, price) observations satisfies the classic
Afriat (1967) - Varian (1983) Generalized Axiom of Revealed Preference (GARP), implying that
the data is consistent with the maximization of a concave utility, there is no guarantee that



necessary and sufficient conditions for the existence of ({U(M}, U?))-pairs and the
Hurwicz and Uzawa (1971) conditions. However using the Hurwicz and Uzawa
recovery process one can only recover the one member of {U(M)} corresponding to
the non-changing tastes utility U and the period two continuation of this utility
corresponding to the unique U®. Our recovery process allows one to recover the
full set {UM} including U. Motivating Example 1 in Section 3 illustrates a case
in which a given set of demands is rationalized by both a (UM, U (2)) pair and a
different non-changing tastes U where all three utilities are strictly increasing and
quasiconcave on the full choice space.

Motivating Example 2 demonstrates that a given dynamic demand function can
be rationalized as naive choice based on one (U (1) U@)-pair and as sophisticated
choice based on another (UM, U®)-pair where the U") functions differ but the
U® functions are the same. We also extend our analysis to the case where there
are two time periods with multiple goods in each period. In this case, one must
include in the necessary and sufficient conditions a type of symmetry restriction
on the derivatives of the inverse demand functions.

The reader may well note a historical irony in the role of invertibility condi-
tions in our integrability theorems for sophisticated choice and the disavowal of
invertibility in favor of Slutsky symmetry in the classic paper of Samuelson (1950,
pp. 377-385). In our analysis since Slutsky symmetry is not satisfied in general
for the changing tastes case, it cannot be assumed. Interestingly we show that
for sophisticated choice, after assuming one can solve for conditional demands to
guarantee the existence of U®, assuming the invertibility of demands (EI) can
guarantee the existence of {U(M}.  Therefore, although the Property (EI) has
nothing essential to do with the traditional integrability problem as argued by
Samuelson (1950), it plays an important role in the integrability problem with
changing tastes.

For the case of naive demands, to find a rationalizing (U, U?))-pair exactly
the same conditional demand properties are required for the existence of U as in
the sophisticated case. However to find U, it is only possible to identify a quite
weak set of sufficient conditions since one knows only the ¢; demand function

optimizing U™ and has no information about the optimal ¢, and c; demands

the individual doesn’t exhibit changing tastes. Kubler (2004) notes that for dynamic demand
tests of revealed preference where there is only a single extended observation, one can test time-
separable and time-invariant utility but not more general forms such as Kreps-Porteus utility.
In fact given that the demands corresponding to time-separable and time-invariant preferences
could also have also been generated by a changing tastes (U WU (2))—pair, the ability to reach
strong conclusions based on revealed preference tests of these demand functions seems quite
limited.



(given that the period two optimization is based on U(?). This is in contrast to the
sophisticated case where one has information relating to the ¢;-dependence of the
co and c3 conditional demands when maximizing U (1) with respect to ¢;. Indeed
the naive problem of finding U™ is formally analogous to the static integrability
problem of incomplete demand systems often observed and analyzed in empirical
multicommodity demand applications. For the static problem, Epstein (1982)
provides some weak sufficient conditions which can be directly applied to the
naive choice problem of finding U(!). However these conditions do not result in the
recovery of all possible U(") functions. In this paper we identify two special cases
where the complete set of period one utilities {U (1)} together with U®), which
rationalize the given demands as naive choice, can be recovered. Interestingly,
these two special cases are related to the class of effectively consistent preferences
discussed in Selden and Wei (2015).

The rest of the paper is organized as follows. Section 2 gives the basic setup.
Two motivating examples are provided in Section 3. In Section 4, we first derive
necessary and sufficient conditions for the existence of ({U (1)} U (2)) assuming the
given demands correspond to sophisticated choice in the three period case, where
there is only one commodity in each period. Then we generalize our results
to the two period case with multiple commodities in each period. In Section
5, we give sufficient conditions for the existence of ({U (1)} U (2)) assuming the
given demands correspond to naive choice and discuss two special cases where the
complete set of utilities {U (1)} rationalizing the given demands as naive choice
can be identified. Concluding comments are provided in Section 6. Proofs of the

results and supplemental materials are provided in the Appendix.

2 Preliminaries

Assume that there are two periods and M (M > 3) commodities. The first K
commodities are consumed in period one and the remaining M — K > 2 commodi-
ties are consumed in period two.” Let ¢ = (c1, ..., car) € RY denote the quantities
of the M commodities and p = (p, ..., pas) denote the corresponding prices. A
consumer is endowed with income or initial wealth of y; which she seeks to allocate
over time periods t = 1,2. Preferences for periods one and two are represented
respectively by

UD(cy,.yenr) : Cp X oo x Oy — R (1)

TAlthough in this paper we focus on the case of a single taste change, we demonstrate in
Appendix E that our integrability result for sophisticated choice, Theorem 2, does indeed extend

to a setting with two taste changes. The other results can be extended similarly.



and V (¢, ...,cx) € C1 X ... x Ck,
U(2)(CK+1,...,CM| Cl,...,CK) . OK+1 X ... X CM — R, (2)

where C; denotes the set of possible consumption values for commodity ¢, which

is (a subset of) R,. We frequently will refer to utilities as satisfying the following

property.

Property 1 Utility U is (i) a real-valued function defined on (a subset of) the
positive orthant of a Euclidean space, (ii) continuous, (iii) strictly increasing in

each of its arguments and (iv) strictly quasiconcave.

In this paper, we focus on the case of changing tastes which will be said to
occur if and only if there exists a (¢i,...,¢x) € C1 X ... X Cg such that for every

strictly increasing transformation 7’
U(2)(CK+17 sy CM| E17 sy EK) ?A T(U(1)<El7 ) EK; CK41 -y CM)) (3)

Thus, preferences will change if and only if U® is not nested in UM,

The consumer faces the optimization problems

M
P, : max U(l)(cl, woney) STy > Zpl-cl- (4)

Cly---,CM -
=1

and

K M
P max U(2)(0K+1,...,CM] c1y.nck) ST ygzyl—Zpiciz Z D;C;-
i=1

CK 41 ymrCM Pt

(5)

Let ¢® = (3, ..,¢},) denote the optimal two period consumption plan for P;.

Applying terminology from Machina (1989) and McClennen (1990), the c® plan is

said to be resolute if and only if the consumer does not modify her (¢34, ..., ;)
plan even if her tastes change.

Following Strotz (1956) and Pollak (1968), it is standard to consider the fol-

lowing solution techniques for problems P; and Ps.

Definition 1 P, and P, are said to be solved by naive choice if first Py is solved
for the optimal (c7, ..., C, Crq1s - em) = (€5, .., €k, iy o> €3y) and then the op-

timal (Cciq,---, Cyy) 15 determined from solving Py conditional on (c7, ..., ck).

Definition 2 P, and P, are said to be solved by sophisticated choice if first
P, is solved for the conditionally optimal (citi, (c1,... k), -y Chp (€1, Ci))

and then the optimal (3, ..., c5%) is determined from solving Py conditional on

(C*I;—I—l (Cl7 sy CK) g ey Cﬁ (Cl, ...,CK)).



The vectors c* = (¢}, .., ci;) and ¢** = (¢f*, .., ¢}5) denote respectively the so-
lutions resulting from the naive and sophisticated optimizations. A consumption
plan will be said to be consistent if and only if (c}(ﬂ, s 07\4) = (C%H, o c}’w) for
any (p1,...,pum,41). Although the consistency of the plan is sufficient to ensure
that c¢* = ¢**, it is not necessary. As introduced in Selden and Wei (2015), one

can also have the following case of effectively consistent demands and preferences.

Definition 3 Given (U W U (2)), if there exists a unique naive and sophisticated

pair (c*, c**) as characterized in Definitions 1 and 2 which for every (p,y1) satisfies

c* = c¢™ and is rationalizable by a non-changing tastes U satisfying Property 1,
1.€.,
M
c'=c" =argmax U(cy,...,epr) STy > Zpici, (6)
Cl,---CM i=1

then this common plan and associated preferences are said to be effectively con-

sistent. Otherwise, they are effectively inconsistent.®

In Subsection 4.1.3, we show how to recover both the changing tastes utilities
(UM, UP) and a non-changing tastes U from a given set of effectively consistent
demands.

Let ¢; (p,v1) = ¢ (p1, .-y, 01) (1 =1,..., M) denote a given set of dynamic
demand functions and c(p,y;) denote the corresponding demand vector. If
¢i (pyy1) (i=1,..., M) are generated based on naive or sophisticated choice us-
ing a (UM, U®)-pair, they will be referred to as the unconditional demands
resulting from solving the period one and period two decision problems P; and P;.

The demand functions

G =G (pK+17"'7pMay2’ Cl?"'acK) (Z:K+177M) (7)

resulting from solving just the period two optimization P, will be referred to as the
conditional demands. These functions can depend on py, ..., px but only through
(c1,...,cx,12). The dependence on period one goods arises from U® (cx 1, ..., cas|
1, ..., Cx) where (cy, ..., cx) can enter as preference parameters.

Throughout this paper, we will refer to the following properties for all (p,y;) €
RY. x R, (unless otherwise stated) of a given set of unconditional demand func-

tions:?

8For effective consistency, we always assume that there is a unique sophisticated choice so-
lution. It should be noted that this is not true in general, since as pointed out by Peleg and
Yaari (1973), the sophisticated choice process need not always generate an optimal plan. This
problem arises when substitution of the P, solution into the P; optimization results in U(!) not

being concave in ¢ .
9 Although these properties are defined for the complete set of demand functions c¢; (p,y1)
(i=1,..., M), one can also apply them to the partial demand system by specifying the demand

7



(P) ¢i(p,y1) (i =1,..., M) are real-valued functions defined on (a subset of) the

positive orthant of a Euclidean space;
(TD) ¢ (p,y1) (i =1,..., M) are twice continuously differentiable;

(H) ¢ (p,y1) (i =1,..., M) are homogeneous of degree zero with respect to prices

and income;
(B) Budget Balancedness:!
M
Zpici =Y (8)
i=1

(EC) Existence of Conditional Demands: based on the unconditional demands
ci (p1yspar,y1) (1 =1,..., M) and yo = y; — K pic;, one can solve for the

continuously differentiable functions
Ci = C; (pK+17-~-7pM7y2| Cl,...,CK) (Z:K—l-l,,M), (9)

(EI) Existence of Inverse (Unconditional) Demands: based on the unconditional
demands ¢; (p1,...,pm,v1) (i = 1,..., M), one can solve for p; (i =1,.... M)

as continuously differentiable functions of (cy, ..., cp);

(S) Slutsky Symmetry: the corresponding Slutsky matrix (0y;) ;.. ,, is symmetric,
where p 5
C; C;
o = 96 96 10
J apj J ayl ( )
(IN) Slutsky Negative Semidefiniteness: the corresponding Slutsky matrix (04;) /. 1,

is negative semidefinite;

(ND) Slutsky Negative Definiteness: the corresponding Slutsky matrix (04;) /. s

is negative definite.

Although Properties (EC) and (EI) are stated globally, we next provide two
simple tests for local versions of these properties. If either test fails, then one can
conclude that Property (EC) or (EI) is not satisfied. If both tests are satisfied,
then one can seek to directly solve the appropriate systems of equations for the

conditional and inverse demand functions. First to test for (EC), it will prove

functions one considers. For example, if we say ¢; (p,y1) (i = 1,..., K) satisfy Property (S), we
mean (0;) ¢ i 1S symmetric.

10We use the term "Budget Balancedness" following Jehle and Reny (2011). This condition
is also referred to as Walras’ law in Mas-Colell, Whinston and Green (1995).



useful to denote the Jacobian matrix of derivatives of the vector (ci, ..., cx,y2)
with respect to (py, ..., pr, y1) evaluated at (pY, ..., p%,¢?) as
d(cy, ..., ck,
J, = a< 1 O Y2) . (11)
(p1, s P> Y1) (P1ysprc 1) = (P 0% )

Lemma 1 For the given unconditional demands c; (p1,...,pm,y1) (i =1,..., M)
and (p?, ..., p%., y?) € RE, xR, there is an open neighborhood containing (pY, ..., p%, y?)

such that there exist continuously differentiable conditional demands

C; (pl, ---;pMayl) = ¢ (pK+1, -'-7pM7y2’ C1, ---;CK) (2 =K +1, 7M) (12)
if and only if det J,. # 0.

The actual process for solving for the conditional demands assuming the con-
ditions in Lemma 1 are satisfied is discussed in Subsection 4.1.1 below. Next
for the (EI) test, denote the Jacobian matrix of derivatives of the vector demand

function ¢ (p,y;) with respect to (py, ..., par) evaluated at (p?, ..., p%,) as
0 (Cla ) CM)

J = .
a (pl; ,pM) (pl7,_,,pjw):(p?,,,,7p9\/1)

(13)
Lemma 2 For the given unconditional demands c; (p1,...,pm,y1) (i =1,..., M)
and (pY,....p%;) € RYL, there is an open neighborhood containing (py,...,pS%;)
such that p; (i = 1,..., M) can be expressed as continuously differentiable functions
(¢1,...,enr) if and only if det J # 0.

Tests for properties (EC) and (EI), involving global assumptions, are given
by Corollaries 5 and 6, respectively, in Appendix C. For each of the examples
considered in this paper, if the conditions in Lemmas 1 (2) hold in the entire
parameter space, it can be verified that the conditions in Corollary 5 (6) also are
satisfied. For this reason, we apply the Lemmas 1 and 2 tests for (EC) and (EI),
respectively, to each point in the parameter space.

Given a set of demand functions ¢; (p,y1) (i = 1,..., M), the classic integrability
problem asks what properties of the demands guarantee that there exists a utility

function U(cy, ..., cpr) such that

M
c(p,y1) = argmax U(cy, ...,enr) ST. y1 2> Zpici~ (14)

C1,--,.CM i=1
We can now state a version of the solution provided by Hurwicz and Uzawa
(1971).11

"The statement of Theorem 1 is adapted from Mas-Colell, Whinston and Green (1995, pp.
75-76). Hurwicz and Uzawa (1971) assume c¢; (p,y1) (¢ =1,2,..., M) are differentiable rather
than satisfying (TD) and assume a boundedness condition (also see Border 2014). A refined

version of Theorem 1 is given in Hurwicz and Richter (1979).

9



Theorem 1 Assume a given set of demands ¢; (p1, ..., pam,y1) (i = 1, ..., M) which
have the Properties (P), (TD) and (B). Then there exists a unique (up to an
increasing transformation) U(cy, ..., car), satisfying Property 1, which rationalizes
the demands if and only if Properties (S) and (N) hold.

Hurwicz and Uzawa (1971) also provide a recovery process based on the income
compensation function for deriving the utility function U (up to a positive affine
transformation) which rationalizes the given demands. Their existence result
and recovery process generates in a single utility function which is well-behaved
in the sense of Property 1. In the case of changing tastes, the integrability
problem becomes one of finding conditions for the existence of potentially different
(UMW, UP))-pairs corresponding to a given set naive or sophisticated demands and

identifying a process for recovering the utility pairs.

3 Motivating Examples

In this section, we consider the special case where M = 3 and there are three
periods with one commodity in each period. The consumer’s changing tastes are
represented by UM (¢, ¢g,¢3) and UP( ¢y, c3| ¢;) and the optimization problems
P and P, are revised accordingly.

In each of the two examples discussed below, a set of dynamic demand functions
c1 (p1, 2, p3,91), €2 (P1,P2,p3,41) and c3 (p1,p2,ps, 1) is assumed. In the first
example, a given set of demands is shown to satisfy Theorem 1 and hence is
rationalizable by a non-changing tastes utility U. However the same demands are
also shown to be rationalizable by a changing tastes (U™, U®)-pair, satisfying
Property 1, based on sophisticated choice. The second example demonstrates
that a given set of demand functions can be rationalized both as naive choice
based on one (UM, U®)-pair and as sophisticated choice based on a different
(UM, UP)-pair.

Example 1 Assume that

_ 2p1 43y — 2¢/pi + 3pa

15

1 9, (15)

gy WLERVPI S =2 B2V S =2
18]?2 18])3 '

These demands satisfy (P), (TD), (B), (S) and (N). Thus following Theorem 1,

the demands can be rationalized by a non-changing tastes utility U. Using the

10



Hurwicz and Uzawa (1971) recovery process, one can obtain

U (017 Co, 03) = (\/C_1+ 1) \/@ (17)

It can be verified that the demands are also rationalizable as sophisticated choice

based on the changing tastes (UM, U®)-pair
U (1,2, 05) =/ (Ver + 1) ea + (Ver + 1) e3)* (18)

UP(cy, 50 ¢1) =Iney 4+ Ines. (19)

e

and

All three utilities (17) - (19) satisfy Property 1 over the full choice space. Clearly

UW differs from U by more than an increasing transformation.'?

Example 2 Assume that

== —— —=— , Cy = ——— and Cy3 = ———, (20)

where the following is assumed to ensure that Property (P) holds

2 2
Y1 = hh n (21)
P2 D3

These demands satisfy Properties (P), (TD), (B) and (H) but not (S) and hence
cannot be rationalized by a non-changing tastes utility U.  However, it can be

verified that the demand functions (20) correspond to naive choice utilizing
U (¢, c0,03) = c1 4+ 22 +2/cs  and UP(cy,c5] ¢) =Incy +Ines (22)
and also sophisticated choice utilizing

v (c1,09,03) =1 +2/2(ca+¢c3) and U(Q)(02,03| 1) =Incy +Incz. (23)

Each of the utilities in (22) and (23) satisfies Property 1 except for UV in (23)
which is quasiconcave but not strictly quasiconcave.'® Clearly the two UM func-
tions are not ordinally equivalent and thus from just knowing the demands (20)
it 1s impossible to tell whether they have been generated by naive or sophisticated

choice.

12In the application of sophisticated choice, one can express the non-changing tastes utility
(17) as a (UM, UP)-pair, where U1 corresponds to (17) and U?)(cz,c3) = /c2¢3 is the period
two continuation of U which is ordinally equivalent to (19).

BFor UM and U®) in (23), if one were to consider naive choice, there would be an infinite
number of optimal solutions for the optimization problem P if po = p3 and no interior solution
if po # p3. However, there is a unique sophisticated choice solution for any ps and p3 satisfying
(21).

11



These examples raise two questions we address in the next section. First,
when will a (UM, U®?))-pair exist that rationalizes a given set of dynamic demands
corresponding to sophisticated choice? Second, how can the generating utilities

be found? The same questions are addressed for naive choice in Section 5.

4 Rationalizing Sophisticated Choice

In this section, we address the integrability question for sophisticated choice first
assuming three goods and then more than three goods. In both settings, there is
only one change in tastes. The final subsection explores a potential strengthening

of our existence results.

4.1 Three Commodity Case

For the three commodity case, we first derive necessary and sufficient conditions
for the existence of the utilities ({UM}, U?)) which rationalize a given set of
sophisticated demands and then describe a process for recovering the generating
utilities. Our method for recovering the set of period one utilities is based on the
solution to a partial differential equation and is quite different from the one used by
Hurwicz and Uzawa (1971) to recover a non-changing tastes U. The application
of our existence result and recovery process are illustrated in the second subsection
with several examples. The third subsection considers a special case where the

period two and three conditional demands are linear in period two income.

4.1.1 Existence

In general, a set of dynamic demand functions

C1 (P17p2,p3,yl); 02(p17p27p37y1) and 03(p17p27p37y1) (24)

obtained via sophisticated choice will not satisfy (S) and (N), and a single U will
fail to exist. If the unconditional demands (24) satisfy (EC),' then (p;,y;) can

be solved for as functions of (¢1, ps, p3, y2) from the pair of equations

C1 =10 (P17P2,P3, yl) and Y2 = Y1 — P11 (p17p27p37?/1) . (25)

Substituting p; (c1, p2, p3, y2) and y; (c1, P2, Ps3, y2) into the period two and period

three unconditional demands, one obtains the conditional demand functions ¢, =

14That is, they pass the tests in Lemma 1 or Corollary 5 in Appendix C.

12



c2(p2, p3, 2| ¢1) and ¢3 = e3( pa, p3, Ya| 1), respectively. (This process is illustrated
in more detail in Example 4 below.)

In addition to Property (EC), to ensure the existence of U (2) it is also necessary
to assume that ca(p2, ps, yo| ¢1) and c3(p2, ps, ya| ¢1) satisfy (S) and (N). However
if the conditional demands satisfy (P), (TD), (B) and (H), it follows from Katzner
(1970, Theorem 4.1-2 for the two commodity case) that Property (S) is always
implied.’> In order to ensure the existence of U, the unconditional demands
have to satisfy (EI).

Theorem 2 Assume a given set of demand functions c¢; (p1, p2,p3,y1) (1 = 1,2,3)
which have the Properties (P), (TD), (H) and (B).'® Then there exists a (UM, U®)-
pair which generates these demands as a result of sophisticated choice, where UM
is twice continuously differentiable and U®) satisfies Property 1,7 if and only if
the demand functions also have Properties (EC) and (EI) and the corresponding
conditional demand functions cs (pa, ps, y2| ¢1) and c3 (p2, ps, y2| c1) have Property
(N). In this case, U satisfies

AUV e, QUM UM
UT | 000U | 0es0UT _ (26)
861 801 602 801 803

. dc: dcs
where co and c3 are functions of (¢1,p2, p3, y1 — p1c1) and 5o and So can be trans-

formed into functions of (c1, ¢, c3) using the inverse demand functions.

Remark 1 The fact that Property (EI) is essential in Theorem 2 may at first blush
seem at odds with the discussion of integrability in Samuelson (1950). Indeed in
essence referring to (EI), he states emphatically that "reversibility as such has
absolutely nothing to do with integrability” (Samuelson, 1950, p. 385). To see
this, notice that once Properties (S) and (N) are assumed, (EI) is automatically

15To see that Property (N) does not always hold for the two commodity case, assume that

PIYL g = P2
pi+p3

(G
p?+p3
It can be verified that although the corresponding Slutsky matrix is symmetric, it is also positive

semidefinite.
16Tn Theorem 1, it will be noted that (H) is not assumed. As shown by Jehle and Reny (2011,

Theorem 2.5) if Properties (P) and (TD) hold, then (B) and (S) imply (H). But for Theorem
2, since (S) may fail to hold it is necessary to assume (H).

1"Since the UM utility is recovered using eqn. (26), it must be twice continuously differ-
entiable due to the Frobenius condition. It should be emphasized that when the sophisti-
cated demands satisfy Properties (P), (TD), (H) and (B), it is possible that they are gener-
ated by a non-differentiable (U™, U?))-pair. A simple example is U") = min (cy, ¢z, c3) and
U® = min (¢g,c3). Since for Theorem 1, the generating utility is recovered via an integration

process rather than solving a partial differential equation, this issue never arises.
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satisfied and hence it adds nothing to solving the integrability problem, which is
also the reason why Hurwicz and Uzawa (1971) do not include Property (EI) in
their result (Theorem 1).

Although (EC) and (EI) together cannot ensure the existence of a single ra-
tionalizing non-changing tastes utility U, they are necessary and sufficient for the
existence of a set {U (1)} associated with sophisticated choice. More specifically,
(EC) ensures the existence of the conditional demands and (EI) ensures that the
partial differential equation (26) for U(") based on these conditional demands is
solvable.

If the conditions in Theorem 2 are satisfied, then it follows from its proof
(see Appendix D) that Theorem 1 can be employed to guarantee the existence

2. Moreover, one can use

of a unique (up to an increasing transformation) U (
the Hurwicz and Uzawa (1971) recovery process to solve for U®? based on the
conditional demands. The partial differential equation (26) in Theorem 2 can be
solved by finding the characteristic equations and deriving the two independent
first integrals. Then the general solution {U(V)} is given by any combination of
these two first integrals. This process is illustrated in several examples in the
next subsection.

As Example 4 below shows, a U!) obtained as a solution to the partial differen-
tial equation eqn. (26) may not be strictly increasing and quasiconcave. However
if the conditional demands co(p2, ps, y2| ¢1) and c3 = c3(p2, p3, Y| ¢1) are indepen-
dent of ¢; and at least one of the conditional demands is a normal good then it
follows from Corollary 1 below that at least one utility in {U®} will be strictly
increasing in a subspace of C; x Cy x (3. The independence of ¢; assumed in our
motivating Examples 1 and 2, is commonplace in the changing tastes literature.'®
As will be seen from the corollary, this case corresponds to the assumption that
the period two utility U®(cy, c3] ¢1) is weakly separable in (cy, c3).'? Finally, the
conditional demands being independent of ¢; can simplify somewhat the process

for recovering a (UM, U®))-pair.

Corollary 1 Suppose that the conditions in Theorem 2 hold and the conditional
demands cy (pa, 3, ya| c1) and cs (p2, p3,y2| c1) are independent of c,, then U®)

18Indeed the popular additively separable quasihyperbolic discounting case exhibits this prop-

erty. See, for example, Laibson (1997) and Diamond and Koszegi (2003).
9Tt follows that c¢; plays no role in the period two optimization and the simpler notation

U® (¢a,¢3) will be used for this case throughout the rest of the paper. A similar notational
convention will be employed in Subsection 4.2 for the general case of more than three commodi-

ties.
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is weakly separable in (ca,c3) and eqn. (26) becomes

oUY 90U de U
801 playg 802 pl@yQ 803 N

(27)

Moreover among the set of UV functions that solve (27), there will exist at least
one member that is strictly increasing at least in some subspace of Cy x Cy x Cj,
if and only if g% >0 or gﬁ > 0 or equivalently, co or c3 is a normal good with

respect to second period income.

A necessary and a sufficient condition for the existence of at least one member
in {U (1)} to be locally twice continuously differentiable, strictly increasing and
quasiconcave is provided in Appendix F. Despite this condition being relatively
strong, it is satisfied by most of the examples given in this paper. A conjecture
relating to at least one UM satisfying these same properties over the full choice
space is given in Subsection 4.3.

It should be emphasized that given a set of unconditional sophisticated de-
mands, Theorem 2 and Corollary 1 ensure the existence of a unique U® (up to an
increasing transform) and a set of period one utilities {U(!)} with infinitely many
non-ordinally equivalent members. The latter set arises since there always exist

two independent first integrals for the partial differential equations (26) and (27).

4.1.2 Recovery Process

In this subsection, we illustrate the use of the partial differential equations in
Theorem 2 and Corollary 1 to derive the utilities ({U (1)} U (2)) that rationalize
a given set of sophisticated demands. Before doing so, consider the following

example in which a given set of demands fails to satisfy property (EI).

Example 3 Assume that*

L= h ey = (p2 + p3) n1 5 — (p2 + p3)
p1+p2+ps’ 2p2 (p1 4 p2 +p3)’ 2ps (p1 + p2 + p3)

It can be verified that these demands satisfy Properties (P), (TD), (H) and (B)

but not Property (S), and thus a non-changing tastes U fails to exist. Also there

c (28)

does not exist a UY) which can rationalize the demands as sophisticated choice

since det J = 0, where the Jacobian matrix is given by

Y1 _n )1

(p1+p2-+p3)® (p1-+p2+p3)?  (p1+pa+p3)?
(p2+p3)y1 (Prpa+(p2+p3)* )1 P1y1
J = N 2p2(p1+p2+p3)? - 2p2 (p1+p2-+p3)? 2pa (p1+p2+p3)> ’ (29)
(p2+p3)y1 p1y1 _ (p1p2+(p2+p3)*)un
2p3(p1+p2-+ps)? 2p3(p1+p2-+ps)? 2p2 (p1+p2-+ps)?

20This example is similar to Exercise 2.F.17 in Mas-Colell, Whinston and Green (1995).
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and Property (EI) is not satisfied.*!

Before considering an example illustrating the application of Theorem 2, we
first analyze the simpler case of motivating Example 2 where the conditional de-
mands are independent of ¢; and Corollary 1 applies. We discuss this example
in some detail in order to illustrate the processes for (i) deriving the conditional
demands from the given unconditional demands and (ii) solving the partial differ-
ential eqn. (27) for the set {UM}.

Example 4 Assume that the unconditional demands are given by eqn. (20) in
Ezxample 2. The demands satisfy Properties (P), (TD), (B) and (H). To verify
that Property (EC) holds, first note

2 2

01:&—&—& and y2:y1—p101:&+&. (30)
D1 b2 D3 b2 D3
Since 9 )
C1,Y2
det ————== £0 Y(p1, ceR ;L xRy, 31
e T ) # (p1,y1) o+ + (31)

the unconditional demands satisfy (EC). Using (30) and solving for (p1,v:1) as
functions of (¢1,y2), yields

Y2 Y2
pr=/T i and Y1 = C1 T T + Yo. (32)

P2 p3 p2 p3

Substituting the above two expressions into the unconditional demands for co and

cs in (20), one obtains the conditional demand functions

Yo
2py

and 3 (P2, D3, Y2] 1) = 22 (33)

02(p2;p3;y2’ 01) = 2p3’

which are independent of ¢, and increasing in y. Moreover, it can be verified that
the conditional demands (33) satisfy Property (N) and hence applying Corollary
1, U egists and is independent of c,. Following the Hurwicz and Uzawa (1971)
recovery process yields

UP (¢,¢3) =Inecy + Ines, (34)

2Interestingly, although the demands (28) do not correspond to sophisticated choice, following
the analysis in Section 5 below they can be rationalized as naive choice by the changing tastes
(UM, UP)-pair

v (c1,¢2,¢3) = min (¢1,c2,¢3)  and U® (ca,c3) =Incs + Incs.
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which satisfies Property 1. To establish the existence of a period one utility U™,
it can be verified that

6 (Cl7 C, C3)

det
0 (Ph P2, p3)

£0  Y(p1,p2,p3) €RE (35)

and hence Property (EI) is satisfied. Given that the requisite demand properties
hold, Corollary 1 applies and the partial differential equation (27) can be used to
solve for UM, First based on eqn. (33),

dcy D1 dcs D1
= and —p=— = ——. 36
= Y2 2py n Y2 2p3 (36)
Solving for the inverse demands from (20), one obtains
1

B , (37)

Y1 1 —+/2(ca+c3)
D2 VC2 +C3 and B3 V€2 +C3 (38)

E - \/562 (01 - 2(C2+03)) a - \/503 (01 - \/m>

Substituting the above inverse demand functions into eqn. (36) yields

2 2
_bh V20 and < V2cs (39)

2po _2\/ C2 1 C3 2p3 B 2v/ca +c3

Thus, eqn. (27) can be rewritten as

ou™ out out)
2z + 3 —V2¢, — V24 = 0. (40)
dcy dey des

The two characteristic equations are given by

dey deoy dcoy des

+ =0 and — = — =0, 41
2¢y/ca+c3 20, V2es  V2c3 )
and the two independent first integrals are
c
¥y (e1,¢9,c3) = 1+ 24/2 (2 + ¢3) and Py (c1,09,c3) = 0_2 (42)
3

It follows that
UW (¢y,ca,08) = f (014—2\/2(02—1—03),?) : (43)
3

Since f is an arbitrary function, in general the UM functions associated with
different f functions differ by more than an increasing transformation. Therefore,
eqn. (43) defines a set of UM function. One special form of the function f(x,y) =
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x corresponds to the utility (23) referenced in Example 2. Another form of the

period one utility corresponding to f(x,y) = x + Iny is given by
UD (¢, 2, ¢5) = 1+ 21/2 (cz + ¢3) + In 2. (44)
C3

This utility is strictly increasing and quasiconcave for all (c1,ca,c3) € (0,00) X
(0,1) x (2,00).%2

In the above example, multiple U(")’s are recovered based on Corollary 1 al-
though as noted in the discussion following Theorem 2, not all of the utilities
need be strictly increasing and quasiconcave everywhere. Since the conditions of
Corollary 1 are satisfied, at least one member of the set of possible U") functions
(defined by eqn. (43)) will be strictly increasing over some subset of the choice
space. In the example, the UM corresponding to f(z,y) = x is actually strictly
increasing and quasiconcave in the whole space. But another member (44) is
strictly increasing and quasiconcave when (cy, ¢, ¢3) € (0,00) x (0,1) X (2, 00) and
decreasing in c3 when (¢, ¢z, ¢3) € (0,00) X (2,00) x (0,1). As suggested in Sec-
tion 1, this multiplicity of U™ functions arises because the sophisticated solution
does not result in a complete set of optimal demand functions corresponding to
the period one optimization problem P;.

The next example illustrates the application of Theorem 2, where the condi-

tional demands depend on ¢; and Corollary 1 does not apply.

Example 5 Assume that

1 1
= (py—p2—p3) (—+—), (45)
P1—P2—Ds P2 D3
pPL+p2—ps | D1 +P2—p3) i
co=(p1—p2—p + — 46
2= (o1 = 3)< 2p3 2pop3 p1—DP2— D3 (46)
and
D1+ P3 — P2 p1+p3—p2> (1
c3=(p1—p2—p + — ; 47
2= (P =Pz =) < 2p3 2paps P1— D2 —P3 47)
where the following are assumed to ensure that Property (P) holds
p1 > p2 + ps, (48)

221f one assumes f(x,y) =y, then following sophisticated choice,

c2 _y2/(2p2) _ ps

v — — —
ez y2/(2p3)  Dp2

is a constant and hence the utility value is the same for all ¢; < y1/p;. Therefore, the given ¢;

demand function can be viewed as an optimal solution.
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1 1
y1 > (p1 —p2 — p3)2 <— + —) (49)
D2 P3

and . . .
y1§§<p1—p2—p3)2<p—2+p—3+]%)- (50)
The demands satisfy Properties (P), (TD), (B) and (H) but not (S) and (N).
Therefore, there is no U to rationalize these demands. It can be shown that
the requisite demand properties for Theorem 2 apply and the partial differential
equation (26) can be used to solve for UV, Given the resulting two independent

first integrals, it follows that

U(l) (Cl,CQ,Cg) = f (61 + 2\/2 (CQ + C3 + 201), et Cl) . (51)

03—|—Cl

If one assumes f (x,y) = x, then

U(l) (Cl, Ca, C3) =c + 2\/2 (C2 + 3+ 201)7 (52)

which satisfies Property 1 except that it is quasiconcave instead of strictly qua-

siconcave. (Supporting computations for this example are provided in Appendix

H)

If a given set of demands satisfy the conditions in Theorem 1, does this imply
that the conditions in Theorem 2 hold as well? The following result establishes
that this is indeed the case if the non-changing tastes utility U recovered based
on the Hurwicz and Uzawa (1971) process is twice continuously differentiable.?
However without the partial differential equation in Theorem 2, it is not clear how

one would recover the changing tastes set of utilities.

Corollary 2 If a given set of demands satisfy the conditions in Theorem 1, then
there exists a non-changing tastes U satisfying Property 1 which rationalizes the
demands. If U is twice continuously differentiable, then the given demands also
satisfy the conditions in Theorem 2 and there exists a (UM, U®)-pair which ra-

tionalizes the demands as sophisticated choice, where UM can be expressed as

UW (1, ¢0,¢3) = f (g (cr,02,¢3), U (c1,2,3)) (53)

U (¢1,¢a,¢3) and g (¢1, 2, c3) are the independent first integrals of the characteristic
equations for the partial differential equation (26) and U® is the continuation of
U. Moreover, there exists at least one UM in the set {UM} defined by (53) which
satisfies Property 1.

23The reason that U is required to be twice continuously differentiable is to ensure that
Property (EI) holds (refer to the proof of Corollary 2 in Appendix I).
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Following Corollary 2, Theorem 2 can be viewed as a generalization of Theorem
1 since when Properties (S) and (N) are satisfied, one can also recover the non-
changing tastes U using the partial differential equation in Theorem 2 (assuming
U is twice continuously differentiable). In fact, one of the first integrals is always
the non-changing tastes U (cy, ¢y, c3) which is a member of {UM}.

The application of Corollary 2 is illustrated by the following example, where
the conditional demands will be seen to exhibit ¢; dependence and one member
of {UM} will be recognized to be the popular habit formation utility (see, for
example, Constantinides 1990).

Example 6 Assume that

_ hn
C1 = 1 1

prtamrps) e (Bra(148)) 7 dp(2ra(1+2))™

(54)
1
(a+<i’£+a<1+lﬁ>)l+5)y
P2 ) 1
2= T — (55)
1+6 1+5
p1+oc(p2+p3)+p2<§—;+a<1+§—z>) +p3<%+&(1+§_§)>
and
™
1 o i+
(a+<§—3+a<1+§—3)> >y1
Cc3 = % %7
i+ T
p1+oc(p2+p3)+pz<§—;+a<1+§—z)> +p3(§_;+a(1+g_§)>
(56)

where 6 > —1 and 0 < aw < 1. These demands satisfy Properties (P), (TD), (B),

(S) and (N) and using Theorem 1 one can recover the non-changing tastes utility

_ ) 1
U(Cl,CQ,Cg) = - — — y (57)

which satisfies Property 1 and is twice continuously differentiable. It can be veri-
fied that the requisite demand properties for Theorem 2 hold. 1t follows that U®?)
is the period two continuation of (57)

Cy — acl)_6 (c3 — OzCl)_6

U@ (co,c3] 1) = —< 5 - 5 (58)

and one can use the partial differential equation (26) to solve for UV, yielding

c (co — acl)f‘s (c3 — 0401)75 Co — QCy
U(l) (Cl, Co, 63) = f _—— — — . (59)

5 5 ) ey — acy

(Supporting computations for this example are provided in Appendiz J.)
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4.1.3 Conditional Demands Affine in Income

Based on Examples 4 - 6, it would seem that when the conditional demands are

affine in vy, the UM obtained from solving the partial differential equation in

ca—a(c1)
c3—b(c1)
a(c1) and b(cy) are arbitrary functions which can depend on ¢;. We next verify

that this is the case.

Theorem 2 always has as one of its independent first integrals, where

Corollary 3 Assume that the conditions in Theorem 2 hold and the conditional

demands cy (p2,p3, 2| c1) and c3 (P2, 3, y2| c1) satisfy

2 (P2, 13, y2| 1) —a(c1) = ka (P2, p3) Yo (60)

and

C3 (p2,p3,y2| 01) - b(Cl) = ks (p27p3) Y2, (61)

where a(c1) and b(c1) are arbitrary functions of ¢; and ko (p2,ps3) and ks (ps, p3)
are arbitrary functions of (pa,p3).** Then there exists a (UM, UP)-pair which
generates these demands as a result of sophisticated choice and UM can be ex-

pressed as

ue (c1,c0,03) = f (g (¢1,c,03), Z:—ZE;IZ) , (62)

where g (c1,c2,¢3) and (ca —a(c1))/(cs — b(c1)) are the two independent first in-

tegrals of the characteristic equations for the partial differential equation (26).

We next show that the assumption that conditional demands are affine in s
also plays a critical role in extending our integrability results to the case of de-
mands associated with effectively consistent preferences (see Definition 3). Selden
and Wei (2015) provide necessary and sufficient conditions in terms of the forms
of UM and U® such that demands exhibit the myopic separable and quasilinear
cases of effective consistency. However, they provided no means for being able to
recover the specific utility functions generating a given set of effectively consistent
demands. If sophisticated demands take the myopic separable form of effective
consistency, then the unconditional period one demand function ¢;(py, ps, p3, y1)
must be independent of ps and p3 and the full set of unconditional sophisticated
demands must be rationalizable by a non-changing tastes utility U (Selden and
Wei, 2015, Proposition 4). However the assumption that these demands also sat-
isfy the properties in Corollary 1 is not sufficient to ensure that Property (S) holds

and that the Hurwicz and Uzawa (1971) recovery process can employed to obtain

24When the functions a (c1) and b(c;) are independent of ¢;, Corollary 3 can be viewed as a
special case of Corollary 1.
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U. But as we next show, if one additionally assumes that the conditional demand
functions are affine in 75, then the unconditional demands can be rationalized by
both a non-changing tastes U and a changing tastes (U, U®)-pair taking the
required forms given in Selden and Wei (2015, Corollary 1). (The generalized

quasilinear case is considered in Appendix M.)

Corollary 4 Assume that the conditions in Corollary 1 are satisfied and further
assume that the unconditional demand function c¢; (p1,ps,ps,y1) is independent
of pa and ps and the conditional demands co (pa, p3,ya| ¢1) and cs (pa, p3, ya| ¢1)
satisfy

Co (p2,p37y2| 01):1?2 (p27p3)y2 and c3 (p2,p3,y2| 01) = ks (P2,p3)y2a (63)

where ky (p2, p3) and ks (p2, p3) are arbitrary functions of (ps, ps), and have Prop-
erty (N). Then preferences are effectively consistent in the sense of Definition 3
and sophisticated choice can be rationalized by a non-changing tastes U (cq, 2, c3)
which takes the form

U(c1,ca,¢3) = h(g(er)ca, g(cr)es). (64)

Moreover, there exists a (UY), U®))-pair which generates these demands as a result

of sophisticated choice, where UM (cy, ca, c3) is given by

UW (er,¢0,¢5) = f (g (1) e, g (er) c3) (65)
and U® (cy, c3) is homothetic and satisfies Property 1.

In Corollary 4, g(c1)cy and g (c1) ¢ are the two independent first integrals
corresponding to the partial differential equation (27), where g (¢1) is uniquely de-
termined (up to an arbitrary constant of integration) by the unconditional demand
function for ¢; (see the derivation of g(c;) for Example 1 below). The h function
in U is uniquely determined by the c; and c3 conditional demand functions and the
f function in UM is arbitrary, implying that one member of UM where f = h (up
to a monotone transformation) corresponds to U.?> The conditions in Corollary

4 are shown in its proof to imply that Property (S) holds. If the unconditional

25 At first glance, the UM in Corollary 4 does not seem to be a special case of eqn. (62) in
Corollary 3. However noticing that ca/c3 = g (c1)ca/(g(c1) c3), c2/cs is also a first integral, it

follows that eqn. (65) can alternatively be expressed as

C

U0 (enenea) = 1 (o (e g e 2).

which is more directly consistent with (62) in Corollary 3.
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demands also satisfy Property (N), then U satisfies Property 1, implying that this
property is satisfied by at least one member of {U (1)}.

Revisiting Example 1, one will note that the period one unconditional demand
function (15) is independent of ps and p3. Moreover, the full set of unconditional
demands (15) - (16) satisfy each of the conditions in Corollary 4 — indeed the
corresponding conditional demands are given by ¢; = y2/ (2p;) (i = 2, 3) ensuring
that condition (63) is satisfied. Applying Corollary 4 and using eqn. (15), one
obtains

Y1 = 3picr + 2p1y/er. (66)

Substituting this equation into the following ordinary differential equation derived

in the proof of Corollary 4

g (c1)
pici +Dp1 7 (@) = Y1, (67)
and solving for g (¢1) yields
gla) = (Ve +1)exp K, (68)

where K is an arbitrary constant of integration. =~ Without loss of generality,

assuming K = 0, one obtains

U (cr,e2,05) = f((Ver + 1) ea, (Ver + 1) es) - (69)

Given this result we can obtain the specific utilities in Example 1.  Letting
f(z,y) = Ty, UY converges to the non-changing tastes U given by eqn. (17),
which satisfies Property 1 over the full choice space. Alternatively assuming

f(z,y) = T3+ y% , we obtain the specific changing tastes form (18).

4.2 More Than Three Commodity Case

In this subsection, we return to the more general setting of Section 2, where M > 3.
We begin by demonstrating that for this case it is possible to extend Corollary 1

and guarantee the existence of a set of period one utilities {UM}.

Theorem 3 Assume (i) a given set of unconditional demands c; (p1, ..., P, Y1)
(t=1,..., M) which have the Properties (P), (TD), (H), (B) and (EC) and (ii)
the conditional demands ¢;(pgy1,--sPu,Yo| C1y-vcx) (1=K +1,..., M) are in-
dependent of (cy,...,cx). Then there exists a (UM, UP)-pair, where UM is twice

continuously differentiable and U satisfies Property 1 and is weakly separable in
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(Ck11,---,Cnr), such that the given demands ¢; (p1,...,pam,41) (1 =1,..., M) corre-
spond to sophisticated choice if and only if they satisfy Property (EI), the condi-
tional demand functions ¢;(Drs1, -, Doty Ya| €1,y o) (1= K + 1, ..., M) have the
Properties (S) and (N) and the following condition is satisfied

Ip; —p-% = Ip; _papi
8ci zayg 8Cj 33y2

(i,j=1,..K), (70)

where p; is a function of (1, ..., Cx, Pi41, -, P> Y2)-20 In this case UM (cq, ..., cx)

satisfies the following system of equations

oUW X de; oUuM
— p; = =0 (i=1,.,K). 71
9 P j%m D O, ( ) (71)

Furthermore, pig—;i (i=1,...K,j=K+1,..., M) are functions of (p1, ..., pym) and
can be transformed into functions of (cq,...,cp) using the inverse demand func-

tions.

(The case with more than one change in tastes is discussed in Appendix O.)

The key difference between Theorem 3 and Corollary 1 is that once Properties
(P), (TD), (H), (B), (EI) and (EC) are satisfied, the partial differential equation
(27) for UM always has a solution while the group of partial differential equations
(71) may not have a solution. The additional condition (70) in Theorem 3 ensures

that a solution exists.”

Remark 2 In attempting to also extend Theorem 2 to the more general set-
ting where one does not assume that the conditional demands are independent
of (¢1,...,ck), the single partial differential eqn. (26) becomes the set of equations

M

oUW dc; oUW
=0 (i=1,2,..,K). 2
8CZ’ + J;l 8CZ acj O (/L Y ) Y ) (7 )

260ne will note a similarity between condition (70) and the Antonelli condition that Vi,j €
{1,.. M -1}
_Op; Opj _Opi  Opi
a 8Ci _placM o 801' IR 801\/[ = Y

assuming py = 1 (see Katzner 1970, p. 45). If inverse demands exist and the corresponding

a]—i

Antonelli matrix is symmetric and negative semidefinite, it follows from Katzner (1970, Theorem
3.2-13) that Properties (S) and (N) hold. If Properties (P), (TD) and (B) are also satisfied,
then there exists a twice continuously differentiable utility which rationalizes the demands.
2TIn order for the partial differential equations (71) in Theorem 3 to have a solution, one can
think of (70) as ensuring that the equations in (71) are compatible. To see this point, consider
a simple set of partial differential equations where there is no solution. If one equation is given
by 0U/dc; = f (c1,¢2,c¢3,c4) and another equation is given by 0U/dcy = g (c1, ca, c3,¢4), then
since 02U /dc10cy = 02U /Dcadcy, we must have Of /Ocy = Og/Ocy. If this does not hold, the set

of partial differential equations do not have a solution.
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Although it is possible to write out the Frobenius conditions that ensure the exis-
tence of a solution for the set of partial differential equations (72), the results are

cumbersome and do not seem to offer much economic insight.
We next illustrate an application of Theorem 3.

Example 7 Assume that ¢; and co are consumption goods in period one and cg

and c4 are goods in period two. The unconditional demands are given by

iy Pt iy Pt

2
P1 P2 P34 J25 2ps 2p4
where the following is assumed to ensure that Property (P) holds
2 2 2
ys P (74)
P2 P3 P4

It is straightforward to show that these demands satisfy Properties (P), (TD),
(H) and (B) but violate property (S). Following the same process as discussed in
Subsection 4.1.2, one can show that Property (EC) is satisfied, derive the condi-
tional demands c3 (ps, ps, y2| c1,c2) and cq (p3,pa,y2| c1,c2) and verify that they
are independent of (cy, ce) and satisfy Property (N). Then Theorem 1 holds for the

conditional demands and one can recover the following period two utility
U® (c3,c4) =Incg + Incy. (75)

It can be easily verified that (EI) holds. Combining the independent first integrals
yields

c
U(l) (Cl’ Co, C3, 04) = f (Cl —+ 2\/C2 -+ 2\/ 2 (03 -+ C4), 0—3) . (76)
4
(Supporting computations for this example are provided in Appendix P.)

It suffices to note that the effective consistency results in Corollary 4 and
Appendix M extend naturally to the case where M > 3 if one adds the assumption
that ¢;(p1,...,par, 1) (2 = 1, ..., K) satisfy Properties (S) and (N).

4.3 Quasiconcavity of UV: A Global Result

In Appendix F, both a necessary condition and a sufficient condition are given such
that at least one member in {U (1)} is locally twice continuously differentiable,
strictly increasing and quasiconcave. We next conjecture, but have not been
able to prove, that these properties of U will hold globally only if the period one
unconditional demands (¢y, ...cx) satisfy (S) and (ND). This assertion is motivated

by Example 8 below and consistent with each of the examples presented in this

paper.
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Conjecture 1 Assume the conditions in Theorem 3 hold implying that there ex-
st a set of period one utilities {U (1)} and a U, which is weakly separable in
(Ck11,---,Cnm), and which together rationalize a given set of demands ¢; (p1, ..., Par, Y1)
(t=1,..., M) as sophisticated choice. ~Then at least one member in {U(l)} 18
twice continuously differentiable, strictly increasing and quasiconcave over the full
choice space only if the unconditional demands ¢; (p1, ..., par, 1) (i = 1, ..., K) have
Properties (S) and (ND).*

In Conjecture 1, we assume that the conditions in Theorem 3 hold, implying
that the period two conditional demands ¢;(pgi1,-.sPrm,Y2| €1y .ees CK)
(i = K +1,..., M) have the Properties (S) and (N). We also assume that the pe-
riod one unconditional demands ¢; (p1, ..., par, y1) (i = 1, ..., K) have Properties (S)
and (ND), where the latter implies Property (N). However, together these assump-
tions do not imply that the unconditional demands ¢; (p1, ..., par, y1) (i = 1,..., M)
have Properties (S) and (N) and hence there may not exist a non-changing tastes
U.

Consistent with Conjecture 1, we next provide a simple three period, three com-
modity example in which the unconditional period one demand ¢ (py, pa, P3, ¥1)
fails to satisfy (ND). Although one can recover the generating utilities ({UM)}, U®),
none of the UM functions is quasiconcave. We also show that when there exists a
UM that is twice continuously differentiable, strictly increasing and quasiconcave
and a unique U® independent of ¢;, the unconditional demand c¢; (p1, p2, ps, y1)
satisfies (ND).

Example 8 Assume three periods and one commodity in each period. The de-

mand functions are given by
PL . PL
(p% ™ p§> h B Y1
p1 2 p 2 “= 2 2 (
p1 pL
2 (5) +(2) (2+ (=) +(2))»

As the following demonstrates, period one consumption does not satisfy (ND)

i=2,3). (77)

Cc1 =

dcy 0cq _ 2]7%]?% (p% + p;%) N > 0. (78)

R Cl—=—
o i (20303 + p? (B3 + p2))°

28It should be noted that if the full set of unconditional demands c; (p1,...,Par, Y1)
(i=1,..., M) can be rationalized by a non-changing tastes utility function, they can only satisfy
(S) and (N) but not (ND) since (B) and (H) imply that the Slutsky matrix is always singular
and hence cannot be negative definite (see Mas-Colell, Whinston and Green 1995, Proposition
2.F.3). But it is possible for the partial demand system ¢; (p1, ...,par,y1) (4 = 1, ..., K) to satisfy
(S) and (ND) as shown in Example 8 below.
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Since the conditional demands ¢; = y2/ (2p;) (i = 2,3) are independent of ¢, ap-

plying Corollary 1 and the associated recovery process one obtains
cs

UW (¢y,c,05) = f (c? +c3+c3, CZ) and U® (cy,c3) =Incy +1necs.  (79)

Also consistent with Conjecture 1, it can be verified that no member of the set
{UM} defined in (79) can be quasiconcave. Neat assume a different set of uncon-

ditional demands
2
1 1
Yip1 (—Tm + _/72[)3)

2
1 1

n

2
1 1
D1 (1 + p1 <_% + _Tps> )

and ¢; = (1=2,3).

CcCl =

(80)
The conditions in Conjecture 1 are satisfied including the requirement that the

period one unconditional demand function satisfies (ND)
2
e da___ Apns (YRt vE)'y:
d Yoy, 2
b n D1 (]91 (VP2 + P3) + 2]92]93)

Since the conditional demands c; = yo/ (2p;) (i = 2,3) are independent of ¢y, ap-

S <0. (81)

plying Corollary 1 one obtains

UW (¢y,c,05) = f <\/a-|— Ve + /s, %) and U® (cy,c3) =Incy + Incs.
3
(82)
If f(z,y) = =,
UM (1, 9, ¢3) = v/e1 + /2 + \/C3. (83)

Then consistent with Conjecture 1, (83) is strictly increasing and quasiconcave

over the full choice space.

One may wonder whether there is any connection between the assumption that
¢ (p1y - o y1) (1 =1, ..., K) satisfy Properties (S) and (ND) and the satisfaction
of Properties (P) through (EI) listed in Section 2. We next show that surpris-
ingly, if ¢; (p1,...,pm,y1) (1 =1, ..., K) satisfy Properties (S) and (ND), then the
conditions in Lemma 1 hold implying that (EC) is satisfied locally. First, denote
the Slutsky matrix for the period one unconditional demands ¢; (p1, ..., par, Y1)

(Z = ]., ,K) as (O'ij)KXK.

Theorem 4 If the unconditional demands c; (p1,...,pam,v1) (i =1, ..., K) satisfy
Properties (S) and (ND), then at each point (p}, ..., p%,y?) € RE, x Ry

det J, = det g(cb'“’CK”y2) £0 (84)
(1 -y P 1) (P15--esprc 1) =19, P% 17

and Property (EC) holds in a neighborhood of (p?, ..., p%, y?).
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Therefore if Conjecture 1 can be verified, then combining it with our other
results, ¢; (p1,...,par, 1) (2 =1, ..., K) satisfying Properties (S) and (ND) is nec-
essary not only for the existence of the conditional demands but also for the

possibility of a strictly increasing and quasiconcave member in the set {U (1)}.

5 Rationalizing Naive Choice

This section addresses the question of integrability for naive choice in a three com-
modity setting. Assuming that the given demands ¢; (p1, p2, p3, ¥1), ¢2 (P1, P2, P3, Y1)
and c3 (p1, p2, p3, y1) correspond to naive choice, we first provide a sufficient con-
dition for the existence of a rationalizing (UM, U®)-pair. ~ As in the case of
sophisticated demands, it is possible for naive demands to correspond to a set
of period one utilities {UY}, where each member of the set differs from other
members by more than an increasing transformation. Paralleling the argument
in Subsections 4.1.1 and 4.1.2, one can derive the period two and three condi-
tional demand functions cy(pa, p3,y2) and c3(pa, p3, y2) and use the Hurwicz and
Uzawa (1971) recovery process to obtain a unique U®(cy, c3) (up to an increasing
transformation).

To recover a UM function from naive demands, one confronts the immediate
problem of having information only about the ¢; demand function (and the amount
Y2 = 11 — p1c1 available for ¢y and ¢3). In the case where one has resolute demand
functions corresponding to ¢, ¢ and c3, a unique non-changing tastes utility can
be recovered using Theorem 1 and the Hurwicz and Uzawa (1971) process. But
for the case of changing tastes, in general one only has the ¢; demand function
where naive and resolute choice agree. This problem is closely related to the ques-
tion of integrability for incomplete demand systems which is often encountered in
empirical static demand applications (see, for example, LaFrance and Hanemann
1989). Consider the three commodity version of the P; optimization problem
(4). Assume that the demand function ¢; (p1, p2, ps3, y1) is known but the resolute
¢i (p1,p2, p3, 1) (1 =2,3) are not known. We next give a sufficient condition for
the existence of a (UM, U®)-pair that rationalizes naive demands. This theorem
is a direct consequence of Theorem 2 in Epstein (1982) and the results in his Table

1 adapted to our setting.?

Y LaFrance and Hanemann (1989) introduce the notion of weak integrability of incomplete
demand systems. They relax the condition in Epstein (1982) that d¢;/0p; =0 (i = 1,..., K;
j=K+1,..,M). Tt is interesting to observe that this condition is equivalent to preferences
being myopic separable as discussed in Kannai, Selden and Wei (2014). As will be seen below,

myopic separability of period one demands not only guarantees the existence of U, but also
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Theorem 5 Assume a given set of demand functions c¢; (p1, p2,p3,y1) (1 = 1,2,3)
which have the Properties (P), (TD), (H), (B) and (EC) and the corresponding
conditional demand functions cs (ps, ps, y2| ¢1) and c3 (p2, ps, y2| c1) have Property
(N). Furthermore suppose that ci (p1,p2,D3,%1) satisfies Property (ND) and is
linear in y, or independent of (pa,p3). Then there exists a (UM, UP)-pair which
generates these demands as the result of naive choice, where UM is continuous,
non-decreasing and quasiconcave and U® satisfies Property 1.%

The application of Theorem 5 is quite different from that of the integrability
results derived for sophisticated choice in the prior section. Rather than solving a
partial differential equation such as (26) in Theorem 2, the recovery method uses
the assumption in Theorem 5 that ¢; (p1, p2, p3, 1) is linear in y; or independent of
(p2, p3) which implies the existence of an expenditure function which can then be
used to recover U following the Hurwicz and Uzawa process. This is illustrated
in Example 9 in Appendix R.

For a given ¢; demand function, each specific U!) derived from the expenditure
function using Table 1 in Epstein (1982) may not represent the consumer’s actual
period one preferences generating her resolute choice demands since the full set of
possible U™ functions is not recovered. Next we discuss two special cases, where
it is possible to characterize the full set of utilities ({UM}, U?)) that rationalize
naive choice. In these cases, the consumer’s period one utility function that would
rationalize resolute choice will be in the {UU(V)} set. It should be emphasized that
these two special cases are the only instances of which we are aware where the full

set of UM functions can be recovered.

Theorem 6 Assume a given set of demand functions c¢; (p1,p2,p3,y1) (1 = 1,2,3)
which have the Properties (P), (TD), (H) and (B). Then there exists a (UM, U®)-

pair which generates these demands as the result of naive choice where UW (cy, ¢y, c3)

the recovery of the full set of utilities {U(})} rationalizing ¢; as naive choice. A second case
where one can recover {UM} is when preferences are representable by the generalized quasilinear
utility function (87) in Theorem 7 below. These results can be viewed as a generalization of
conditions for the integrability of incomplete demand systems in Epstein (1982) and LaFrance

and Hanemann (1989).
30Epstein (1982) assumes that the incomplete demand system satisfy Properties (S) and (ND).

For the single demand function ¢1 (p1, p2, p3,y1), (S) is automatically satisfied and (ND) becomes

We assume c¢; satisfies (ND) instead of (N) since as Epstein (1982, Example 1) argues, for an

incomplete demand system, (N) cannot ensure the existence of a quasiconcave U M,
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takes the form

UM (e1, 2, ¢3) = f(g(c1) 2,9 (e1) cs) (85)
where f is an arbitrary function and g (c1) is uniquely determined (up to a con-
stant) by ci (p1, P2, 3, y1), at least one member of {UW} is continuous, non-
decreasing and quasiconcave and U® satisfies Property 1 if (i) the unconditional
demand functions ¢; (p1,p2,ps3,v1) (i =1,2,3) also have Property (EC), (ii) the
conditional demand functions co (pa, p3,ya| ¢1) and cs(pa, p3,ya| ¢1) have Prop-
erty (N) and (iii) the unconditional demand function ci (p1,pe,ps,y1) satisifies
(ND) and is independent of ps and ps.

It will be noted that in Corollary 4 we obtain exactly the same U™ (c1, co, ¢3)
for rationalizing sophisticated choice as is obtained in Theorem 6 for rationalizing
naive choice. However in the latter result, unlike the former, since conditional
demands are not assumed to be proportional to 5, the preferences rationalizing
naive choice may not be effectively consistent. Hence there may not be a non-
changing tastes U (cy, ¢a, ¢3) which rationalizes naive choice. This is consistent
with the fact that in general Property (S) is not be satisfied when the conditions
in Theorem 6 hold.

It follows from Theorem 6 that U® can be recovered from the conditional
demands ¢ (p2, p3, y2| ¢1) and ¢3 (p2, ps3, y2| c1) following the Hurwicz and Uzawa
(1971) recovery process. To recover UM (¢, ¢y, c3), since f is an arbitrary func-
tion, one only needs to determine g (¢;). Given that the unconditional period one
demand in Theorem 6 is myopic separable, it follows from Selden and Wei (2015)
that ¢; (p1, p2, p3,y1) is a solution to

g (01)
pic1 T Pp1 7 (1) Y1 (86)

Therefore, one can use the same approach to recover g (¢1) from the unconditional
demand function ¢; (p1, p2, p3, 1) as shown in the proof of Corollary 4 and in the
discussion of Example 1 following Corollary 4. Similar observations apply as well

for Theorem 7 below.

Theorem 7 Assume a given set of demand functions ¢; (p1, p2,p3, 1) (i = 1,2,3)
which have the Properties (P), (TD), (H) and (B). Then there exists a (UM, U®)-
pair which generates these demands as the result of naive choice where U (c1,co,C3)
takes the form

UW (e1,¢9,¢5) = f (g (c1) + ¢35 ¢2) (87)
where [ is an arbitrary function and g (c¢;) is uniquely determined (up to a con-
stant) by cy (p1, P2, D3, Y1), at least one member of {UM} is continuous, non-

decreasing and quasiconcave and U® satisfies Property 1 if (i) the unconditional
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demand functions c; (p1,p2,ps,y1) (i =1,2,3) also have Property (EC), (ii) the
conditional demand functions co (pa, ps,ya| 1) and cs(pa, ps,ya| ¢1) have Prop-
erty (N) and (iii) the unconditional demand function ¢y (p1,pe,ps,y1) satisifies
(ND) and is independent of ps and 1.3

It can be verified that the demand functions (15) - (16) in Example 1 satisfy
the conditions in Theorem 6. As a result, these demands can be rationalized as

naive choice by

UM (c1,c2,03) = [ ((Ver + 1) ea, (Ver + 1) ¢s) (88)

and
UP (cy,¢5 ¢1) =Iney 4 Ines. (89)

Given that the demands in this example are effectively consistent, it is not sur-
prising that the rationalizing utilities (88) - (89) are the same as those obtained
for sophisticated choice (see the discussion at the end of Section 4.1.3).

Clearly the integrability results for the case of naive choice are much weaker
than for sophisticated choice. For the sophisticated case although one confronts
incomplete information, as evidenced by the fact that demands are rationalized
by a set of period one utilities {U/(!'} rather than a single utility as in the classic
static demand case, the full set of rationalizing utilities can be recovered. In
contrast for the naive case, except for the special case of demands considered in
Theorems 6 and 7, even assuming very strong conditions such as in Theorem 5,
there is no known approach to recover the full set of U™ functions.

(In Appendix R, we show that Theorems 5, 6 and 7 extend naturally to the case
of more than three commodities. Proofs for the more general cases of Theorems

6 and 7 are given in the Appendix.)

6 Conclusion

In this paper, we extend the classic integrability results of Hurwicz and Uzawa
(1971) to the case of changing tastes. Necessary and sufficient conditions are
given for the existence of a rationalizing (UM, U(®)-pair assuming that the given
demands correspond to sophisticated choice and sufficient conditions are given as-

suming that the demands correspond to naive choice. A number of open questions

31Tf the ¢; demand function does not depend on y; and only depends on p; and po, then

UM (c1,¢,¢3) = f (g (c1) + c2,c3)
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remain. First although we can extend Corollary 1 to the case of more than three
commodities, is it possible to similarly extend Theorem 37 Second whereas a
classic revealed preference test (e.g., Varian 1982) based on period two demands
and prices can be employed to determine whether conditional demands are con-
sistent with maximizing U®), can a revealed preference test be constructed for
UM?32 Third since the integrability results for naive choice are generally weak,
do stronger conditions exist in other related settings such as where instead of
choosing over (cq, c2, c3) vectors, the consumer chooses over current consumption
and one and two period zero coupon bonds (see, for example, Selden and Wei
2015)733

Appendix

A Proof of Lemma 1

First prove sufficiency. Consider the following set of equations

K
¢ = ¢ (prypusyn) (i=1,..,K) and yo=y; — Z]%Ci (P1s s DAL Y1) -

- (A.1)

If
8 (Cl, ., CK, yg)

O (prs - Pic; Y1) (P1oprc 1) =90 0% 1Y)

det # 0, (A.2)
then there is an open neighborhood containing (p?, ..., p%, 4?) such that (p1, ..., px, 1)
can be solved for as functions of (¢i, ..., ¢k, Dic 1, - D1, Y2) from the set of equa-
tions (A.1). Substituting

pi(C1y s Cr DIy s Dy Y2) (0 =1, K) and yy (€1, ooy Cy D1y oy DM, Y2)
(A.3)
into the period two unconditional demands, one obtains the conditional demands
Ci(Pr41s s DM Yo| €1yeesek) (=K +1,...,M). Next prove necessity. Since

there is an open neighborhood containing (p?, ..., p%, y?) such that

¢ (D1, oo, Pas Y1) = G (Prat1y s DMy Y2| €1y eyeie) (=K +1,...,M), (A4)

32Since in general U™ need not be quasiconcave, it may be helpful to consider the non-
parametric tests discussed in Polisson, Quah and Renou (2015) where the rationalizing utility is

not required to be quasiconcave.
33 As noted in Selden and Wei (2015, footnote 48), when considering naive and sophisticated

choice for consumption and bond purchases it is useful to assume a simple transaction cost

structure to ensure that the consumer avoids retrading.
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(p1, .-, DK, y1) must be solved for as functions of (cy, ..., ¢k, Pri1, -, P, Y2) from

the set of equations (A.1). Thus the inverse function theorem implies

det d(c1y ..., Ci, Y2) £ 0. (A.5)
3(p17-~-,p1<7?/1) (P15--s pK,yl):(p? ,,,,, p‘}{,y‘f)

B Proof of Lemma 2

This result directly follows from the inverse function theorem.

C Global Tests for Properties (EC) and (EI)

To derive global tests for Properties (EC) and (EI), first consider the following

global inverse function theorem.

Theorem 8 (Gordon 1972, Theorem A) A continuously differentiable map f (x)
from RN to RY is a diffeomorphism if and only if £ is proper and the Jacobian
det (0f;/0x;) never vanishes.

As noted by Gordon (1972), a map is proper if and only if inverse images of
compact subsets are compact. Following Wagstaff (1975), since a set in R” is
compact if and only if it is bounded and closed, and since the pre-image of a
closed set under a continuous map is closed, the properness of any continuous

f: RY — RY reduces to the requirement that
[x[| — o0 = |If (x)[| — oo, (C.1)

i.e., if x goes to the boundary of RY | then ||f (x)|| — co. To apply this result in
a standard demand setting, the problem is that prices typically are not allowed to
be negative and hence cannot be defined on R". To solve this problem, we follow

Wagstaff (1975) in using the following normalization

Zpi =1 (C.2)

for a system of M commodities. Then consider the continuously differentiable

excess demand function z (p) in R¥~!, where p is a price vector in the set

M-1
S:{pGRﬁ:l:Zpi<l}. (C.3)

=1
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Introduce the following homeomorphic map h : x — p, where x € RM~1! and

peES,
h(x) = { PF () X7 0 , (C.4)
p (x =0)
given that
g(x):inf{tEIEth:p—i—%xES}. (C.5)

Since h is a homeomorphic map, z (p) is proper if and only if z o h (x) is proper.
Note that ||x|| — oo if and only if p — 0.5, where 0S is the boundary of the set

S. Therefore, Theorem 8 can be also restated as follows.

Theorem 9 A continuously differentiable map z from S to RM~! is a diffeomor-
phism if and only if for any i € {1,..., M — 1}

pi = 0=llz(p)|| — o0 (C.6)
and the Jacobian det (0z;/0p;) never vanishes.

The condition (C.6) is often referred to as a desirability condition in equilibrium
demand analyses (see, for example, Balasko 2011, p. 28).

Building on the argument in Wagstaff (1975, p. 523), in a pure exchange
economy where demands and endowments are denoted respectively c¢; and ¢;
(t=1,...,M — 1), since endowments are finite the excess demands z;, = ¢; — ¢

are not defined on RM~! but on the set
H={zeR" " :z,>-¢,i=1,..,.M—1}. (C.7)

To ensure that the map is surjective, the domain for z (p) should be modified from
RM~1 to H. Since —¢; is also a boundary point, z (p) is proper if and only if for
some i € {1,.... M — 1}

pi — 0=z (p)|| — o0 or z (p) — —C; (C.8)
for some i € {1, ..., M — 1}. Therefore, Theorem 9 can be modified as follows.

Theorem 10 A continuously differentiable map z from S to H is a diffeomor-
phism if and only if for anyi,j € {1,.... M — 1}

pi— 0=|z(p)|]| = < or z(p)— —7¢ (C.9)

and the Jacobian det (0z;/0p;) never vanishes.
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To transform this result based on excess demands to one based on unconditional
demands, notice that we have the following relation between the (unconditional)

demands and excess demands
C; (ply‘--apM—l) = Z; (pl;---»pM—l)”_Ei (’L: 1,,M—1) (010)

In a distribution economy such as is being assumed in the main body of this paper,
it is more typical to use y; = 1 as the normalization rather than (C.2). But since
we want to apply the global inverse function results of Wagstaff (1975) to our
setting, we use his normalization (C.2), which will not affect the necessary and
sufficient conditions for the existence of the global inverse function. However in

this case, y; will be determined from

M—1 M-1
i=1 i=1

Then we have the following global test for Property (EI).

Corollary 5 For a given set of unconditional demands c; (p1,...,Prm—1,Y1)
(1=1,...., M), where

M
Y1 = ZP@', (C.12)
i=1

(1, s Dr—1,Y1) € SXR L can be expressed as continuously differentiable functions

of (¢1,...,Cp) based on the set of equations

C; (pl,...,prl,yl) :Ei (Z: 1,,M—1) (Clg)
and
M
Y1 = Zpﬁi (C.14)
1=1

if and only if for anyi,j € {1,....M — 1}
pi — 0= |(c1 (P), -, cn—1(P))|| = 0 or ¢ (p)—0 (C.15)
and the Jacobian det (Oc;/Op;) never vanishes.
Proof. Since
¢ (p1y e Pv—1,01) = 2i (P1y s Dv—1,91) + G (1=1,...,. M —1), (C.16)

it follows from Theorem 10 that (p1, ..., pp—1) € S can be expressed as continuously

differentiable functions of (¢4, ...,¢5s) based on the set of equations
C; (pla---pr—layl) :Ei (l: 1,...,M—1), (017)
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where
M-1 M-1
v = Z pici + (1 - Z pz) Cu, (C.18)
i=1 i=1
if and only if for any 7,j € {1,..., M — 1}
pi — 0=|(c1(P),--,cn—1 (P))|| = o0 or ¢ (p) —0 (C.19)

and the Jacobian det (Jc;/dp;) never vanishes. Noticing that

M M-1 M-1
yi=) piti= Y piti+ (1 -y pi> e (C.20)
=1 =1 =1

if (p1,...,pm—1) € S can be expressed as continuously differentiable functions of
(€1,...,€m), 1 can be also expressed as a continuously differentiable function of
(¢1, ..., Car), which completes the proof. =

Paralleling (C.6) in Theorem 9, the condition

pi = 0= [[(cr(P), s enr—1 (P))]] = 00 (C.21)

in (C.15) and (C.29) in Corollary 6 below will be recognized as an assumption on
the desirability of demand.
To apply Corollary 5 as a test, once the unconditional demands ¢; (p1, ..., Par—1, Y1)

(t=1,..., M) are given, one needs to rewrite ¢; (p1,...,ppm-1,y1) (i =1,.... M — 1)

M-1 M-1
Ci (pl, cy PM 1, Z pici + (1 - Z pi> EM> (C.22)
=1 i=1

and then check whether the following conditions hold for any ¢; € R, : for any
i,je{l,..M -1}

as

pi = 0= [[(cr (P), - cxr—1 (P))]] = 00 or ¢ (p) =0 (C.23)

and the Jacobian det (Jc;/dp;) never vanishes.
To derive a necessary and sufficient condition for the existence of conditional

demands, consider the normalization

K

Y pi=1 (C.24)

=1

resulting in (py, ..., px_1) being a price vector in the set

K-1
S = {p e RECY: Zpi < 1}. (C.25)
i=1

Then we have the following global test for Property (EC).

36



Corollary 6 For a given set of unconditional demands ¢; (p1, ..., pa,y1) (1 =1, ..., M),

where
M
Y1 = Zpi@, (C.26)
i=1

(1, s PEc—1,71) € S"XRy can be expressed as continuously differentiable functions

of (€1, ..y CK, Dic15 - DM, Y2) based on the set of equations

C; (ply'-‘;pM7y1> :Ei (Z: 1,,K—1) (027)
and
K
Y1 = ZP@' + Y2 (C.28)
=1

if and only if for anyi,j € {1,...., K — 1}
pi = 0= [(c1(P),..cx-1 (P))[| = 00 or ¢ (p) — 0 (C.29)

and the Jacobian det (Oc;/Op;) never vanishes.
Proof. Since

¢ (p1y P Y1) = 2 (D1, o Pasy1) +6 (=1, K —1),

it follows from Theorem 10 that (py,...,px—1) € S’ can be expressed as contin-
uously differentiable functions of (¢, ..., ¢k, prt1, -, Par, y2) based on the set of

equations
¢i(Pry-pvyyn) =6 (=1, K —1), (C.30)

where
K—1

K—1
yi =) pici+ (1 - Zm) K + 4o (C.31)
i=1 i=1
if and only if for any 4,j € {1,..., K — 1}
pi — 0=|(c1 (P),--,cx—1(P))|| = 00 or ¢ (p)—0 (C.32)

and the Jacobian det (Oc;/0p,) never vanishes. Noticing that

K-1 K-1
yi= Y piti+ <1 — Zm) K+ Yo, (C.33)
=1

i=1

if (p1,....,px_1) € S" can be expressed as continuously differentiable functions of
(C1y .oy €y DEC415 - DM Y2)s Y1 can be also expressed as a continuously differen-

tiable function of (¢, ..., ¢x, Pr+1, .-, D1, Y2), which completes the proof. m
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D Proof of Theorem 2

First prove sufficiency. = The sophisticated demand functions ¢; (p1, p2, ps, y1),

¢z (p1, p2, p3,y1) and ¢z (p1, p2, p3, y1) have the Properties (P), (TD), (H) and (B).

Then if (EC) holds, the conditional demand functions cg (p2, ps, y2| ¢1) and c3 (p2, ps, y2| ¢1)
exist and also have the Properties (P), (TD), (H) and (B). It follows from Katzner

(1970, Theorem 4.1-2) that (S) always holds for ¢; and ¢3 and thus assuming (N) is
satisfied, Theorem 2.6 in Jehle and Reny (2011) ensures the existence of a unique

U® satisfying Property 1. Given the conditional demands ¢y (pa, p3, y2| ¢1) and

cs (P2, 3, y2| 1), UM must satisfy the following partial differential equation

oUW 9y UM dez UM
— — =0 D.1
861 + 801 602 + 801 an ’ ( )

ddU:;) = 0 by the chain rule. Since Property (EC) holds,

(p1,p2,ps3) can be transformed into functions of (¢, ¢, c3) through inverse de-

which follows from

mands, implying that the coefficients in the first order partial differential equation
(D.1) can be expressed as functions of (¢, ¢z, c3). Therefore, U") exists, but is not
uniquely determined. Next prove necessity. Assume there exists a U®?) satisfying

Property 1. Maximizing U® (¢, c3| ¢1) subject to the budget constraint

P2C2 + P3C3 = Yo (D.2)

yields the conditional demands cs (po, ps, y2| ¢1) and c3 (p2, ps, ya| ¢1). Therefore,
the conditional demands must exist, implying that Property (EC) holds. Since
the positive, continuously differentiable conditional demands ¢z (p2, p3, y2| ¢1) and
cs (P2, p3,y2| ¢1) can be rationalized by a utility function U® satisfying Property
1, it follows from Jehle and Reny (2011) that the Properties (H) and (B) are
satisfied. Since U™ satisfies equation (D.1), if the inverse demands do not exist,
then the coefficients of this partial differential equation cannot be expressed as
functions of (cy, ¢a, c3) and thus there is no solution for U), Therefore, Property
(EI) must be satisfied.

E Four Period, Four Commodity Case

Assume there are four periods and one commodity in each period. The consumer

faces the optimization problems

4
P: max UW(cy,co,05,¢4) STy > ijcj, (E.1)
€1,€2,C3,C4 =1
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4
Py: max UP(cyc3,¢a] ¢1) ST, yo =y —prcy > ijcj (E.2)

€2,C3,C4

j=2
and
4
Ps Tcl;lacii U(g)(03704| c,c2) ST ys =11 —picr — pace > ijcj- (E.3)
. =

We assume that Properties (P), (TD), (H) and (B) hold. First consider the
existence of U®). Suppose that (EC) holds, i.e.,*

a<Cl’C2,ys)

0 v ’ ) €R2 R , EA
a(p17p2>y1) % (pl D2 yl) ++4 X + ( )

implying that the conditional demands c3 (ps, pa, ys| c1,¢2) and ¢4 (3, pa, y3| c1,¢2)
exist. If one assumes c3 (ps, pa, ys| c1,¢2) and ¢4 (ps, pa,ys| c1,c2) have Property
(N), then there exists a U®. Next consider the existence of U(?). Since

Y3 = Y2 — p2Ca, (E.5)

we have

C; (p37p47y3| 61762) =G (p37p47y2 _p262| 61762) (Z = 374) (E6)
If we assume that (EC) holds, i.e.,

0 (01, y2)

0 V(pu)€Ry, xRy, E7
a(pl,yl) 7£ (pl yl) ++ + ( )

then we have the conditional demand function ¢, (pa2, ps, pa, ¥2| ¢1) and U® satis-
fies

AU (¢, ¢3,ca] 1) +%3U(2)(C27C3,C4| c1) +%3U(2)(C2703,C4| c1)

=0.
Oco Ocy dcs dcs dcy
(E.8)
Noticing that
9ci (p3, pa, Y2 — paca| 1, C2) (i =3,4) (E.9)

802
are functions of (pa, p3, pa, y2) (c1 is treated as a constant parameter), if we assume

that (EI) holds, i.e.,

a <C27 C3, 64)

o R} E.10
3(p2,p37p4> # <p27p37p4) S T ( )

34 Although one can conduct the test for the global version in Appendix C, we use the local

version throughout this appendix and Appendix O for simplicity.
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where ¢; (i = 2,3,4) are conditional demand functions, then the coefficients of the
partial differential equation (E.8) can be expressed as functions of (¢, c3,c4) and

hence there exists a solution U®. Finally, U satisfies

— 0, (E.11)

8U( (Cl,CQ,C3,C4 Z acz aU C1,02703704)
J0cy i

where ¢y = ¢ (P2, p3, Pa, y1 — p1c1| c1) and

Ci = C; (pg,p4,y1 — D1 —p202| C1,C2 (]927]337174,% —p101| 01)) (l = 374) .
(E.12)

If we assume that (EI) holds, i.e.,

8 (Cl7 Co, C3, C4)
0 (p1, P2, D3, P1)

#0 VY (p1,p2,ps,ps) € R, (E.13)

where ¢; (i = 1,2,3,4) are unconditional demand functions, then the coefficients of
the partial differential equation (E.11) can be expressed as functions of (¢1, ¢2, 3, ¢4)
and hence there exists a solution U™, In summary, we have the following theo-

rem.

Theorem 11 Assume a given set of demand functions c;(p1,D2,Ps, P4, Y1)
(i =1,2,3,4) which have the Properties (P), (TD), (H) and (B). There exists
a (UM, U@ UG)-triplet which generates these demands as a result of sophisti-
cated choice, where UM and U® are twice continuously differentiable and U

satisfies Property 1, if and only if

8(617027y3) 2
————= £ 0 V(p1,po, eR, xR, E.14
8(p1,p2,y1) 7é (pl b2 yl) ++ + ( )
6(017?J2)
0 , eR,, xR
8(p1,y1) # (Pl ?/1) ++ +
and o )
C2,C3,Cy4 3
——————= %0 VY (pa,ps, e R, E.15
3(202,103,]94) 7 (p2 bs p4) A ( )
where
¢i = Ci (p2;P3,Pa, 2| 1) (1 =2,3,4), (E.16)
and o )
C1,C2,C3,Cy 4
0 V(p1,p2,p3,p1) €ER,, E.17
9 (p1, P2, P3s Pa) 20 Vpupopanps) €Ryy (E.17)
where
Ci =06 (p1>p27p37p47y1) ('L = 1729374) ) (E18)
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and the corresponding conditional demand functions

c3(ps, pa, ys| c1,¢2) and ca(ps, pa, ys| c1,¢2) (E.19)

have Property (N). In this case, U satisfies

8U(1)(01,C2,C3704 Z aCZ aU 01702763704)

= E.2
7, » 0 (E.20)

and U satisfies

OUP ¢y, c3,c4] 1) N Deg OUP) (¢a, 3, ¢4] 1) N ey OUP) (¢a, ¢3,¢4] 1)

=0
Dy ey dcs des o (E ;1)
where in eqn. (E.20),
aci <p17p27p37p47 yl) (/l =923 4) (E22)

801

are functions of (p1,pe,ps,Pa,y1) that can be transformed into functions of

(c1,ca,c3,cq) using the inverse demand functions and in eqn. (E.21)

0c; (p3, Pa, Yo — Paca| c1,c 4
(3, P4 92662]92 2| c1,¢2) (i = 3,4) (E.23)
are functions of (pa, p3,Pa,Y2) (c1 1S treated as a constant parameter) that can be

transformed into functions of (cq,cs,c4| 1) using the inverse demand functions.

F Strict Monotonicity and Quasiconcavity of UV:
Local Results

To simplify the notation of the conditions for the existence of at least one U™

being strictly increasing and quasiconcave, denote for any function ¢ (¢q, 2, ¢3)

_ Op  0Ocy (9g0 dcs 3g0 Op 830 Op
L(,O a 661 e 801 802 e 801 803 801 362 b@cg (Fl)

: Jc Jc
where ¢y and c3 are functions of (c1, p2, p3, y1 — prc1) and a = —52 and b = —5=

are transformed into functions of (cy, ¢o, ¢3) using the inverse demand functions.

Then we have the following theorem.

Theorem 12 Assume that UV satisfies

oUuM oUW oUuM
LUW — _ _ —0. F.2
v 801 “ 802 b 803 0 ( )




Given a (¢1,¢,¢3) € R3, a necessary condition such that at least one solution to
the partial differential equation (F.2) is strictly increasing and quasiconcave in an

open neighborhood of (¢1,¢s,¢3) is that the algebraic system
ar+by>0 and xLa+yLb<0 (F.3)

has a positive solution (z,vy), where a,b, La, Lb are evaluated at (¢1,¢2,¢3). A suf-
ficient condition such that at least one solution to the partial differential equation
(F.2) is strictly increasing and quasiconcave in an open neighborhood of (¢, ¢, ¢3)

15 that the algebraic system
ar+by>0 and xLa+yLb<O0 (F.4)
has a positive solution (z,vy), where a,b, La, Lb are evaluated at (¢y,¢a,C3).

Proof. First consider the necessary condition. Since U) satisfies

oUMm oU M oUM
LUW = — —b =0 F.5
801 “ 802 803 ’ ( )

if there exists a U") that is strictly increasing in an open neighborhood of (¢y, @, ¢3),
then at (¢;,¢9,¢3), we have
oU M ouw oy

b = 0 F.6
“ 862 + 803 801 > ( )

U puM
dca 7 Ocs

implying that there exists a positive solution (x,y) = ( ) satisfying

ax + by > 0. (F.7)

Consider the Bordered Hessian matrix of U®)

o u v ol
1 1 1 1
v Uy Uy UL

B - 1 1 1 1 ) (F8)

uP ol o o)

1 1 1 1

o Uy Uy ol

where " 2 r(1)
oU 92U

Y — d v = . i=1.2.3). F.9
) aci arn 1] aciacj ('La] ) £ ) ( )

UM being quasiconcave implies that the principal minors of the Bordered Hessian

matrix B must satisfy (i)

0 U(l) 2
det | oy 2| =- (UQ(”) <0, (F.10)
U2 U22
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o u U ) ,
det | U0 Ul Uy | = -uf) (0d") + 20 ufuf - o) (Uf) > 0
o ol ol

(F.11)
and (iii) det B < 0. It is clear that (i) is automatically satisfied. We can always
assume that (ii) is satisfied with the strict inequality. The reason is as follows.
One can assign arbitrary initial values for U® on the given ¢; = ¢, plane (so
UM is an arbitrary function of ¢, and c3). Hence (ii) can be satisfied with strict
inequality on this plane and by continuity it is satisfied in a three dimensional
neighborhood of (¢1,¢,¢3). Therefore, we only need a condition corresponding
to (iii) det B < 0. Differentiating

oUM oU M oU M

b F.12
801 “ 862 + (963 ( )

with respect to ¢q, co and c3 respectively yields
Ul = a, U + aUS) + 0,08 + 05U, (F.13)
US = a,U) + aUSy) + b,UY + bUS) (F.14)

and

U = asU) + aUSy) + bsU) + bUS), (F.15)

where 5 9

a

= d b= ' =1,2,3). F.16
a 9, an 9, (7 ) ( )

For the matrix B, subtracting a times the second column and b times the third

column from the fourth column and using eqns. (F.12) - (F.15), we have

o oM ul 0
| u U U a4 by
det B = det (1) (1) (1) (1) (1) (Fl?)
1 ) )

v vl a,USY + b, U

For the above matrix, subtracting a times the second row and b times the third

row from the fourth row and using eqns. (F.12) - (F.15), one obtains

0 Ul Ul 0
- UM Ul Uy a3 + byUSY
det B = det (1) 6 (1) (1) 1 |
0 aU + 0,08 asUM + 0,08 UV La+ UV Lb

(F.18)
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where
UPLa+ UL Lh = U (ay — aay — bag) + U (by — aby — bbs) . (F.19)
Therefore,

o v g

det B = (Ugl)LaJrU?S”Lb) det | UV Ul D |+
1 1 1
Us) Uy Uy

2
(U2<1> (a3U2<1>+53U§1>) —yW® (a2U2(”+b2U§”)) . (F.20)

Since
0o u” Uy

det | UV US) US| >0 (F.21)
1 1 1
s Uz Uy

is assumed, det B < 0 implies that U2(1)La + Uél)Lb < 0 and hence there exists a
positive solution (z,y) = (Uél), Ué”) satisfying

xLa+yLb <0. (F.22)

Combining this condition with condition (F.7) above, a necessary condition such
that at least one solution to the partial differential equation (F.2) is strictly increas-
ing and quasiconcave in an open neighborhood of (¢, ¢, ¢3) is that the algebraic
system

ar+by>0 and xLa+yLb<0 (F.23)

has a positive solution (z,y), where a, b, La, Lb are evaluated at (¢, ¢s,¢3). Next

consider the sufficient condition. Given a (¢, ¢, ¢3), if the algebraic system
ar+by >0 and xLa+yLb<0 (F.24)

has a positive solution (z,y), where a,b, La, Lb are evaluated at (¢;,¢s,¢3), then

by continuity, one can define ¢ (cy,¢c3) in an open neighborhood of (¢,,¢3) such

that
% =z and % =
802 N 803 N

and thus ¢ (cq,c3) is strictly increasing in this open neighborhood. Moreover,

y (F.25)

noticing that if (x,y) is a solution to the algebraic system (F.24), then for any
positive N, (%, %) is also a solution and hence (x, y) can be chosen to be arbitrarily
small. Since in eqn. (F.20), the first term on the right hand side is homogeneous
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of degree three in (UQ(I), U§1)> and the second term is homogeneous of degree four

in <U2(1), Ué”), if (x,y) is small enough, setting

99 y _ 09
U = — = d U ="= F.26
2 802 T an 3 8C3 Yy ( )
results in det B < 0. Therefore, solving the initial value problem
oUW dcy OUY Oz OUW
— =0 F.27
861 + (901 662 + 801 a03 ( )
and
U(l) (El, Co, 03) =@ (Cg, 63) N <F28)

there exists a solution in an open neighborhood of (¢y,%,,¢3) such that UM is

strictly increasing and quasiconcave. m

G Proof of Corollary 1

Since the conditional demands ¢y (po, p3, y2| c1) and 3 (po, ps, y2| c1) are indepen-

dent of ¢y,
Oy _ 000y, _ O g O _060m _  Oc (G1)
Jdcy - Oy Oy - ys dcy - Oy Ocy - 892' .
It follows from Theorem 2 that UM satisfies
(1) (1) (1)

gcr 'y e oys 0cy
Moreover, following the discussion in Appendix F, the necessary and sufficient
condition for the existence of at least one locally strictly increasing U™ is that

the following inequality has a positive solution

ax + by > 0, (G.3)
where 5 P 5 p
Co Co C3 C3
72 72 d b=_-—22=p -2 G.4
@ 801 P 3y2 an 801 P 8y2 ’ ( )
which is also equivalent to
862 863
— >0 or — > 0. G.5
ya Oya ( )

Next we prove that U®?) is weakly separable in (cy, c3). To see this, first note that
when U® is weakly separable in (cy, c3), the marginal rate of substitution (MRS)
between ¢, and c3 is independent of ¢y, implying that the conditional demands are
independent of ¢;. Moreover, if ¢;(ps, ps, y2| ¢1) = ¢i(p2, ps3, y2) (i = 2,3), then the
MRS between ¢, and c; must be independent of ¢, implying that U is weakly

separable in (cg, c3).
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H Supporting Calculations for Example 5

To verify (EC), first calculate

_|_
Yo =y — p1c1 = (p1 — p2 — ps3) (jﬂ + Zﬂ) — M (H.1)
P2 D3 P1—PpP2—P3
Based on eqns. (45) and (H.1),
0 (017 yz)
— £V ceR R H.2
3 (pr, 1) 7 (p1, 1) ++ XNy (H.2)

and Property (EC) holds. Solving for p; and y; as functions of (¢1,y2) and
then substituting the resulting expressions into eqns. (46) - (47), one obtains the

conditional demands

W27 Py ¢ —(ps —p2)c
C2 (pg,pg,y2| Cl) = v ( 2 3) ! and 03(p2,p3,y2| 01) = Y2 ( ’ 2) L
2P 2ps

(H.3)
Viewing ¢; as a preference parameter, the conditional demands satisfy (S) and

(N). Hence one can use the Hurwicz and Uzawa (1971) recovery process to derive
U@ (¢y,c3) ¢1) =In(ca 4 ¢1) +1n(cs+c1). (H.4)

To establish the existence of a UM, it can be verified that

8 (Cl, Co, 03)

det
8 (p17p27p3)

#0 Y(p1,p2,p3) € R?H (H.5)

and hence Property (EI) is satisfied.  Solving for p; and y; as functions of

(pl y P25 D3, 92) y1eldS

-~ +ps) +
Dr = po - pa 4 V223 (P24 23) (€1 (P2 + ps) +42) (H6)
P2t D3

and

c + c +p3) +
1= (p2+p3)cr + 1\/p2p3 (P2 ﬁg)j; (P2 £ ps) + 12) + Y. (FL.7)
2 3

First based on eqn. (H.3),

Ocy _ prtp2—ps Ocs  pr+ps—p

e, s and 7, o, (H.8)
Solving for the inverse demands from (45) - (47), one obtains
p1_ 2cfwawi — 2wawy V23w2 (wy + ws)
U1 2ciwow? (2 — 2 (wg + w3))
(wq + ws) <\/20%w§ (wo + w3) — 2wows — 2w§> 1)

2wow? (2 — 2 (we + w3))
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p2 _ 2wpws + 2w? — /2c3w? (wy + w;)

= H.10
Y1 2wows (2 (wg + w3) — 2) ( )
and
ps _ 2waws + 2w3 — /2c3w3 (wq + w3) (HA1)
Y1 2w3 (2 (w2 + ws) — i) 7 '
where
wy =c,+cp and w3 =c +c3. (H.12)
Substituting eqns. (H.9) - (H.11) into eqn. (H.8), we have
dcy  —ciwows + (wy — 1) ) v 2c3w3 (wg + ws3) + ¢1 (2waws + 2w?) (H.13)
dcy c1 <\/201w3 wy + w3) — 2waws — 2w§>
and
des _ —Ew3 + (w3 — 1) /2EWw2 (wy + w3) + 1 (2wawy + 2w3) (1L.14)
dcy 1 <\/201w3 (wg + w3) — 2waws — 2w§>
The two characteristic equations are given by
dey —Awyws + (wy — 1) \/2c3w3 (wy + w3) + ¢1 (2waws + 2w?) (HL15)
de, ¢ (\/201103 (wy + ws3) — 2waw3z — 2w§)
and
deg  —ciwi + (w3 — ¢1) ) v 2c3w3 (wy + ws3) + ¢1 (2waws + 2w?) (1L.16)
dey c1 <\/201w3 wy + w3) — 2wows — 2w§>
Thus the two independent first integrals are
o+ c
Y, (c1,c0,03) = 1 +2v/2(ca+c3+2¢;)  and 4y (e, co,03) = 02 n cl' (H.17)
3+ C1

I Proof of Corollary 2

When the Properties (P), (TD), (B), (S) and (N) are satisfied, Theorem 1 guar-
antees that there exists a U (c1, ¢z, ¢3) to rationalize the demands. If U is twice
continuously differentiable, Property (EI) holds since the inverse demands can be
derived from the first order condition and Property (EC) holds since the condi-
tional demands always exist. Moreover as discussed in footnote 16, Property (H)
also holds. In this case, for the partial differential equation (26)

wl (Cla02763) = U(Cla02703) (Il)

is always one of the first integrals.
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J Supporting Calculations for Example 6

To recover a (UM, U®)-pair for this case, first note that

L 1
n (a(p2+p3)—|—p2 (]pj—;—i-a(l—i—i’;_z))ué + ps3 (i—;—i-a(l—i—ﬁ_;))lﬁ
y2: 1

1 1 -
p1+ o (p2 +p3) +p2 (ﬁ—;—i-a(l—i-g—z))l "+ ps (%—Fa(l—i—i—j))lH
(J.1)
Based on eqns. (54) and (J.1),
d (c1,92)
G2 L0 Yip, ) Ry xRy, J2
3 (1, 1) # (p1,y1) ++ + (J.2)

and hence Property (EC) holds. Solving for p; and y; as functions of (¢, y9)
and substituting the resulting expressions into eqns. (55) - (56), one obtains the

conditional demands

— + c —« + c
Cy = ey + Y2 (P2 P33 1 and s = acy + Y2 (P2 p32 1' (13)

1+3 1+3
P2+ D3 (Z—i) o ps + P (ﬁj—j)”

Then viewing c¢; as a preference parameter, one can verify that Property (P),
(TD), (H), (B) and (N) hold. Using the Hurwicz and Uzawa (1971) recovery
process, one obtains

(co — ozcl)fa (c5 — ozcl)f(S

U(2) (02763| Cl) = — 5 — 5 . (J4)

To establish the existence of a U™, note that

a (Ch Co, 03)

det
0 (pla P2, p3)

#0 Y(pi,pa,p3) €RE, (J.5)

and hence Property (EI) is satisfied.  Solving for p; and y; as functions of

(p17p27 D3, y2) y1€ldS

1+6
P1 = D2 Yo/01 — (P2 41)?) -« (1 + 22) (J.6)
pg | 119 D2
P2+ p3 <p—3>
and
1+6
] — o +
Y1 = Y2 + P21 ve/cx (P2 + ps) — o (1 + %) ) (J.7)
2

1
1+6
P2 + D3 (i—g)
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Now substituting the conditional demands (J.3) into U yields

UD (c1,¢5 (1), 3 (er))

-« + c -« + &
5 (¢ cl,acl+y2 (p2 Psz 1,acl+y2 (p2 p;:,? L (1.8)
5 5
D2 + 3 (%2) v D3 + P2 <£—3) o

Taking the derivative of the right hand side of the above equation with respect to

c1 and setting it to zero, one obtains the following partial differential equation
oUW ey UM dcs oUW

Jcy 0cp Ocy  Ocy Ocy 9
where
Oc + a(ps + Oc + a(p2 +
T2 _4- 1 (P2 pl?’) and 22 —q- 2 (P2 pf’) (J.10)
dcy p2 ) 1F0 dcy ps ) 13
P2+ 3 (1,—3) D3+ P2 (p—Q)
Solving for the inverse demands yields
b !
Y1 ca(ca—ae)) 170 c3(cz—aey) ' ° ’
1+ T 0 —a(eca—ac) P 0—aez—ac) "1 + 0;176—04(02—0401)7175—04(63—0401)7176
(J.11)
(CQ—OLC]_)_l_6
]2 _ clfl*é—a(cg—acl)7176—04(03—0161)7176
U1 ca(ca—ae)) 170 c3(cz—acy) ' °
¢+ 07175—a(cz—acl)717‘5—04(03—0501)7175 + cf176—a(cz—acl)7176—04(03—0401)7175
(J.12)
and
(0370561)7176
]ﬁ _ cl_l_‘s—a(cz—acl)_1_6—a(03—acl)_1_5
Y1 cz(cz—ozcl)7175 03(03—o¢01)7175
€1t cl_l_d—a(CQ—acl)_l_‘s—a(%—acl) =5 T 170 _a(ea—act) T 0 —aes—aer) 10
(J.13)
Therefore, we have
% B a_p1+06(p2+p3)
dcy B ™
p2
D2 + D3 <p3>
—1-§ ~1-5 —1-5 ~1-5
cq —a(ca—act) —a(cz—acy) ((czfacl) )
= « (ca—acy)—17° ta (c3—aer) ™' ! (J.14)
(cgfozcl)_l_‘s + (0270101)_1 )
(03—(161)_1_5 (0370101)_1

and
dcy a_p1+04<p2 + p3)

dcy P3 T+
P3 + D2 <p—2)

Cl_1_5701(627a61)_1_67a(637a01)_1_6 a < (cg—acl)7175

— T P i 1)
(e3—acr) (es—acr) ‘ (J15)

+

(cz—acl)76
1 + (03—0161)76
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Thus, UM satisfies

017176704(02 ac1) 0 —a(ez—ac) "0 + (ca—ae) ™10 +1
0 o 8U(1) + o — (63_(101)7175 67 (03—a01)7 —9 aU(l)
0o (c2—acy) ' + (e2mac1) ! 0co
(03—04(:1)71*6 (0370401)_1
e 0 _a(ea—aer) VP —a(ecs—acy )10 co—acy) 10
elema) el 4 (Ecjfacﬁ_l_a - 1) UM
Tle- (ca—ac1)™’ oc (J'16)
1 + ((:370101)_(S 5
It can be verified that the two independent first integrals are
-8 —6 -6
c Co — Qc c3 — ac
Yy (c1,¢2,03) = —17 e 5 ) fe 3 ) (J.17)
and
co — ac
¥y (C1,02,¢3) = —Cz — aci' (J.18)

K Proof of Corollary 3

When the conditional demands ¢, (p2, ps3, y2| ¢1) and ¢z (p2, ps, y2| ¢1) satisfy

Co (p2’p37y2| 01)—(1((31) =k (P2,p3) y2 and c3 (p27p3,y2| 01)—5(01) = k3 (p2,p3)y27
(K.1)

where a (c1) and b(c;) are arbitrary functions of ¢; and ks (ps2, p3) and ks (pa, p3)

are arbitrary functions of (pq, p3), we always have

ca (P2, 3, 2| 1) —a(er) _ k2 (p2, p3)

= . K.2

c3 (P2, ps, 42| 1) —b(c1) ks (p2,ps) (K.2)

Since including the term % in UM will not affect the optimization problem
3

max UW (¢, ¢5 (1), ¢5(c1)) STy > Zpici, (K.3)

c1 -
=1

ca—a(c1)
c3—b(c1)
ential equation (26).

is always one of the two independent first integrals for the partial differ-

ca—a(c1)
c3—b(c)
term in UM will in general cause UM to fail to be strictly increasing. But this is

Remark 3 Since increases with co and decreases with cs, including this

not always the case. For instance, the UY) function (i 69) can be also written as

UD (c1, 0, ¢3) = f ((\/c_1 +1) e, 2-2) . (K.4)
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Although the term 2 is not increasing in both cy and cs3, if we use the equivalent
form f ((\/_ + 1) cz, (\/_ + 1) 03) it is clear that UMY is strictly increasing if f is
an increasing function. Moreover, in general, although the UM (cy, ¢y, c3) form in
(62) is not strictly increasing and quasiconcave in the whole space, it is possible to
specify a subspace such that UM (cy, ¢y, c3) is strictly increasing and quasiconcave

as shown in Fxample 4.

L Proof of Corollary 4

To show preferences are effectively consistent, we need to prove that the uncondi-
tional demands ¢; (p1, p2, p3, 1) (i = 1,2, 3) satisfy Property (S). Note that

302_3023?&_%8@1—1)101):%(_Cl_pl%> (L.1)
dp1 Oya Opy s Ip1 Y2 Op1 '
and dcs  Deydys Dy 0 )0 9
Co C2 OY2 C2 0\ Y1 — P1€a Ca C1
- S U o eV Y O L.2
dy Oy Oy Oy oy Yo ( . 8y1) (L2)
implying that for the Slutsky matrix (oy;),, 5, we have
oy = 02 00 Oci ez 91 0cs
2T o Yoy Py g Mo ows
801 862 802 < 801 601)
— — pic — — +p=— . L.3
(y1 b 1) Oy 892 392 s oy b op1 ( )

C

Property (H) implies ; acl +p1 gpi = 0. Since the conditional demand ¢ (pa, p3, y2| 1)

is independent of ¢; and proportional to 35, we have

der _ o2 (L.4)
dy2 Yo
Therefore 96 8
C1 JCo C1
= = Cpg—. L.5
on =W —pa) 5 oy 392 a?h (L5)
Since ¢ is independent of p, and ps,
801 661 601
= — — = . L.6
012 8])2 + Co 8y1 = Ca7 — (91/1 =021 ( )

Similarly, one can also prove 013 = 03;. Moreover, it can be verified that

S %+C%:(%) _pdeda 0o (1_ 1%)
ya=const

Ops3 ’ oy dps3 Oyz Ops “ o ya Oy
802 ) (902 CoC3 801
= — +Cc3——P— =, L.7
(apg pconst O Py o (L.7)
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where (%)
P3 ya2=const

spect to ps. Similarly,
an i an (863) 803 aCl i an (1 801 )
o = _— Co—— — —_— — p RN Co——— J— p JR—
% Op2 2 oy Ipa ya=comst ' 0ya Op 2 0ya ! Iy

Ocs ) des coc3 Oy
~ \om tog T e L8
(3]92 ya=const 28y2 ! Y2 8y1 ( )

denotes the derivative of the conditional demand ¢y with re-

Since the conditional demands ¢ (p2, ps, y2| ¢1) and c3 (pe2, ps, y2| 1) satisty Prop-

erty (S),
(8_6) +C%_(%) ) L.9)
Ops ya=const ’ Y2 Op2 ya=const ’ Yy’ '

implying that 093 = 033. Therefore the unconditional demands ¢; (p1, ps2, p3, y1)
(1 =1,2,3) satisfy Property (S) and preferences are effectively consistent. It
follows from Selden and Wei (2015) that there exists a U (cq, ¢z, ¢3) that takes the
form

U (c1,¢2,¢3) = h(g(c1) ca, 9 (c1) c3) (L.10)
to rationalize the demands, where g (¢1) is uniquely determined (up to an arbitrary
constant of integration) from the ¢; unconditional demand function. To see this,
note that the ¢; unconditional demand function is a solution to the following

ordinary differential equation

pig(e)
g' (1)

To recover g (c;) from the ¢; demand function, express y; as a function of (py, ¢;).

picy + (L.11)

Since Property (H) holds, one must have

y1 = pip (1) (L.12)
implying that
g(c1)

= L.13

or equivalently,

1

Ing(a)) = ——. L.14
( g( 1)) 90(01) - ( )

Solving the above ordinary differential equation yields a unique function g (¢1) up
to an arbitrary constant of integration. Following from Selden and Wei (2015), the
demands ¢; (p1,p2,p3,v1) (1 =1,2,3) also correspond to the sophisticated choice
of a (U(l), U(Q))—pair, where

UW (1, c9,¢3) = f (g (c1) ca, g (c1) c3) (L.15)

and U® is homothetic.
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M Generalized Quasilinear Effective Consistency

Case

In this appendix, we discuss the integrability problem associated with sophisti-
cated choice for the generalized quasilinear effective consistency case. A sufficient
condition for effective consistency given by Selden and Wei (2015) assumes that

U (¢1, ¢, c3) and U (cy, c3) take the following quasilinear forms, i.e.,
UD (¢, c0,05) = gler)+ fex)+es  and  UP (co,c5) = h(ca) + 3. (M.1)
However for effective consistency, U(!) can take the more general form
UW (e1,09,03) = f (g (1) + es5,2) (M.2)

which will be referred to as the generalized quasilinear form. The reason is as
follows. For naive choice, ¢} is determined by the first order condition ¢’ (¢;) =

p1/ps. For sophisticated choice, we can rewrite U™ as

— p1c1 — Pac
Y (c1,c0,¢3) = f (g (c1) + & p1p1 P2 2,02) . (M.3)
3
Since c¢4* is independent of y9, the optimal ¢;* must satisfy
d (c))—d <y1 — 4 _pm) Joer = ¢ (1) — 2L = 0. (M.4)
D3 Pp3

Therefore, ¢] = c}* and preferences are effectively consistent. Then we have the

following corollary.

Corollary 7 Assume the conditions in Corollary 1 are satisfied and further as-
sume that the demand function ci (p1,p2,ps3,y1) is independent of ps and yi, the
conditional demand cy (p2, ps, y2| c1) is independent of yo and the conditional de-
mands ¢ (pa, p3,ye| ¢1) and c3 (p2, ps,y2| 1) have Property (N). Then prefer-
ences are effectively consistent in the sense of Definition 3 and sophisticated choice

can be rationalized by a non-changing tastes U (cq, ¢a, c3) which takes the form
U(c1,c9,c3) =g(c1) + h(e) +cs. (M.5)

Moreover, there exists a (UMY, U®))-pair which generates these demands as a result

of sophisticated choice, where UM (cy, ca, c3) is given by
UD (c1,¢,¢3) = f (g (c1) + 3, ¢2) (M.6)
and U (cy, c3) is given by
U (¢3,¢3) = h(cg) +c3 (M.7)

and satisfies Property 1.
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Proof. To show preferences are effectively consistent, we need to prove that the
unconditional demands ¢; (p1, p2,ps3,v1) (i = 1,2,3) satisfy Property (S). Notice

that
dcy 802% _0 dcy 602%

—=_= and —=_— =0, M.8
op1 Jy2 Op1 Oy Oy2 Oy ( )
implying that
862 802
= — — =0.
o Ip1 ta oy
Since ¢ is independent of py and y,
861 801
- = =0=o09. M.9
019 ap2 (&) 31/1 021 ( )
Moreover, since c3 (ps, p3, y2| ¢1) is independent of ¢y,
0 Ocg O 0 (ys — 0 1 0
ey _ 0cs 0y _ O(yr —paca) Op _ 1 (_cl —plﬁ) (M10)
Op1 Oyz Ip: psOy2  Op1 ps Ip1
and
O _ Dl _Oln=pein _L(, 00 (AL
Oyr  Oya Oy P30y oyr p3 O

implying that 5 5 5
C3 C3 b1 0Cy

O31=—+c— = ————.
o om 183/1 p3 Op1

Since ¢ is independent of p, and 4,

661 601 601
= g = —. M.12
o1 dps3 e Oy dps3 ( )

C C

Property (H) implies plg—pi + pgg—p; = 0. Therefore, 013 = 03;. Finally, it can be
verified that

802 ) 002 8C1 862 (802 )
# (@pg ya=const o dy2 Ops ’ I Ips ya=const ( )

and

803 802 (901 8C3
032 = — - —+ cog——
ya2=const

Ops P 0y 0ps T o
863 > (903
= | =— + co—. M.14
<8p2 ya=const ’ 8:(/2 ( )

Since the conditional demands ¢ (ps, ps, y2| ¢1) and c3 (p2, ps, y2| 1) satisfy Prop-
erty (S) and

862 ) 802 ( 602 > (0C3 ) 803
9c2 2 _ (2 = (= tepm—, (M5
(8])3 ya=const ’ ay2 ap3 ya=const 8p2 ya=const ’ ay2 ( )

o4



this implies that 093 = 035. Therefore the unconditional demands ¢; (p1, p2, Ps, ¥1)
(1 =1,2,3) satisfy Property (S) and hence preferences are effectively consistent.
It follows from Selden and Wei (2015) that there exists a U (c1, ¢z, ¢3) that takes
the form

U(ci,co,c3) =g(c1) +h(e)+cs (M.16)

to rationalize the demands, where g (¢1) and h (cg) are uniquely determined (up
to an arbitrary constant of integration) from the ¢; and ¢y unconditional demand
function, respectively. To recover g (c;) from ¢ (p1, ps2, ps, y1), noticing that the
unconditional demand function ¢; (p1, pa, p3,41) is independent of p, and y; and

Property (H) holds, one must have

1 <p17p27p37y1) = <§_;) : (M17)

It follows from the first order condition of the utility (M.16) that

P

s = 9071 (Cl) . (M18)

g (1) =
h(cy) can be recovered following a similar argument. Since it is obvious that
g(c1) + c3 and ¢y are two first integrals, the demands also correspond to the

sophisticated choice of a (U WU (2))-pair, where
UD (¢r,c0,03) = f(gler) +esc0)  and  UP (cg,¢3) = h(c) + 5, (M.19)
where f is an arbitrary function. m

Remark 4 For the generalized quasilinear case in Corollary 7, co (pa, ps, y2| ¢1)
being independent of yo and ¢y implies that c3 is linear in ys. Moreover, since

co (P2, p3,y2| c1) is independent of yo and cy, it is one of the first integrals in UM,

ca—a(cy)

which can be viewed as a degenerate case for s blen) -

N Proof of Theorem 3

First prove sufficiency. Since the demand functions ¢; (py, ..., par, y1) (1 = 1,2, ..., M)
satisfy the Properties (P), (TD), (H), (B) and (EC), the conditional demand func-

tions co( pr i1, -, Pars Y2| €1, ooy Cic) and cs(Pri, - Pry Y2| €1, ooy Cx) €xist due to
(EC) and also have the Properties (P), (TD), (H) and (B). Since the condi-

tional demands ¢; (pxi1,---, PM, Y2| €1, .5cx) (1= K +1,..., M) are independent
of (¢1,...,cx) and also have the Properties (S) and (N), Theorem 2.6 in Jehle and
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Reny (2011) ensures the existence of a unique U® satisfying Property 1. Given

the conditional demands

i=1

K
Cj (pK+17 <y DM YL — Zplcl) (] =K+ ]-a "'7M)a (N]')

UM must satisfy the following system of partial differential equations

oUW I e U .
o > acj- o =0 (i=12..K). (N.2)
7 _ ? J
Noticing that
8cj B aCj <pK+1, s PM,YL — Zfilpicz) - % (N 3)
aCi N 80,- - h ay27 .
eqn. (N.2) can be rewritten as
oUW X de; oUuM .
5 i > S =0 (=12, K). (N.4)
‘ j=x 1 Y2 9C

Since Property (EI) holds, p; (i = 1,2, ..., K') can be transformed into functions of
¢; (i=1,2,..., M) through the inverse demands, implying that the coefficients in
the first order partial differential equation (N.4) can be expressed as functions of

(Cl, ceey CM). Settlng

(7(1) (Cla - CKyPK+15 -y PM, y?)
- U(1)<Cl’ - CK, CK41 (pK—i—la -~7PM,?J2) y ooy CM (pK—l—l; <y PM, y2))7 (N5)

eqn. (N.4) can be rewritten as

ac. — i ayQ :0 (Z: 1,2,...,[(). (N6)

Defining

- oUW oUW

LUW = —p— (i=1,2,....K N.7
aci p ay2 (Z b ) ) ) b ( )

eqn. (N.4) can be rewritten as

LUW =0 (i=1,2..K). (N.8)

It follows from the Frobenius theorem for integrability that the above system of

partial differential equations have a solution if
LiL;UY = L;L,0D, (N.9)
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or equivalently

Op; Op; . Ip; Ip;

801- pi 8y2 N 86]' R ayg

(i,j=1,2,.. K). (N.10)

Next prove necessity. Since the conditional demands ¢y (pri1, - Pary Y2| €1, -ty Cx)
and ¢z (Prt1, - P, Y2| €1, ..., k) (1) satisfy the Properties (P), (TD) and (H), (ii)
are independent of (cy,...,cx) and (iii) can be rationalized by a utility function
U® satisfying Property 1, it follows from Theorem 2.6 in Jehle and Reny (2011)
that the Properties (B), (S) and (N) are satisfied. Set

U(l) (cla - CKyDK+1, "7pM7y2) = U(1)<Cl (pK+17 "';pMayQ) y ey CM (pK+17 "'7pM7y2))'
(N.11)
Since UM satisfies

7 7
agc. —pia(;jm =0 (i=1,2,..,K), (N.12)

if the inverse demands do not exist, then the coefficients of the above partial
differential equation cannot be expressed as functions of (c1, ..., ¢k, Pr 11, -, Pars Y2)
and thus there is no solution for U("). Therefore, Property (EI) must be satisfied.
Moreover, it follows from the Frobenius theorem for integrability, eqn. (N.12) has

a solution only if
LiL;UY = L;L,UD, (N.13)

or equivalently

Ip; Op;  Op; Op;

801' bi 8y2 N (9cj L (9y2

(,j=1,2,...K), (N.14)

where p; is a function of ¢y, ..., cx, Pri1, ooy D1y Yoo

O Multiple Changes in Tastes: General Case

Assume there are three periods and there are K commodities in the first period,
H — K commodities in the second period and M — H commodities in the third

period. The consumer faces the optimization problems

M
P : max UW(cy,...,cnr) STy > ijcj, (0.1)
Clyeeey CM j:1

K M
Py max U(2)(CK+1,...,CM c1yncg) ST ygzyl—ijCjZ Z D;C;
j=1 j=K+1

(0.2)
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H M
Ps: max U(g)(cHH,...,cM] C1yney) ST, ys= yl—ijCj > Z D;Cj.
j=1 j=H+1

(0.3)
First consider the existence of U®). We assume that the demand functions
¢ (p1y - parsy1) (1=1,2,..., M) satisfy the Properties (P), (TD), (H) and (B).

If we also assume (EC) holds, i.e.,

8 (Cla -y CH, y3)
9 (pla --s DH, yl)

7£ 0 V(ph '“apHayl) € RI_:_;_ X R+, (04)

then the conditional demands ¢; (py+1, ..., Par, y3| €1y oscg) (i = H+1,..., M) ex-
ist and also have the Properties (P), (TD), (H) and (B). If the conditional demands
¢i (pas1, s Py Ys| 1y -cg) (0= H + 1, ..., M) are independent of (¢y, ..., cgy) and
also have the Properties (S) and (N), Theorem 2.6 in Jehle and Reny (2011) en-
sures the existence of a unique U® satisfying Property 1. Next consider the
existence of U®). Since Y

ys=12— > pic. (0.5)

j=K+1

we have Vi € {H + 1, ..., M}

H
G (PH+1, - P, Y| €1,y cn) = G (PH+1,---apM,y2 - Z D¢ Cl,---,CH> :
j=K+1
(0.6)
If we assume that (EC) holds, i.e.,

a(cla"'acKayZ) K
0 V(p1,..\ P, e RY, xRy, 0.7
(9(]?1,---,1?1{,?41) # (p1 Pk ?Jl) ++ + ( )

then the conditional demands ¢; (px11, .-, Par, y2| €1, cx) (1= K +1,..., M) ex-
ist. Further assume that the conditional demands ¢; (pg i1, ..., Par, Yo| €1, -, Cic)
(i = K 4+ 1,..., M) are independent of (cy, ...,cx). Then U® (cgyy, ..., car) satis-
flesVie {K +1,...H}

ou® I oc; ou®
ac,- + ZXH;rl 801- 8ci =0 (08)

Noticing that ¢; (pr41, -..s Dm, Ys| €1y cm) (j = H +1,..., M) are independent of
(c1y.yey), Vie {K+1,..,H}and Vj € {H+1,..., M},

H
acj acj <pH+17 oy DML, Y2 — El=K+1 plcl) aCj

(0.9)
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and eqn. (O.8) can be rewritten as

U@ X e oU®
_p; ] —0 (i=K+1,. H). 0.10
P Y G =0 (=K L) (0.10)
—H+1
If we assume that (EI) holds, i.e.,
0(Cxi1,-\C _
(Crcin ) #0 Y (pri1,..sDm) € Rﬂ K. (0.11)

O (PK+1; -+ P1r)
where ¢; (i = K +1,..., M) are conditional demand functions and the following
Frobenius condition holds
dp;  Op; _ Op; Ip;

dc; b Y3 B dc; _pja_y:%

where p; is a function of cx 1, ..., ¢y, P41, ---, PM, Y3, then there exists a solution to

(i,j=K+1,...H), (0.12)

the set of partial differential equations (O.10) implying that U®) exists. Finally,
UW satisfies Vi € {1,..., K}

ouw I ae; oUW
P :;1 e vl (0.13)

where ¢; = ¢; <pK+1, s DM Y1 — Z{ilplcl> (j=K+1,..,H)andVj e {H +1,... M}

H K K
G =6 (pH+17 o DM Y1 Z b — ZPM) =G (PKH; o DM, Y1 — Zplcl) :
1=1 =1

I=K+1
(0.14)
Therefore, Vi € {1,..., K} and Vj € {K + 1, ..., M},
Jc; dc; (pK-i-b ~ PM, Y1 — Z{il plQ) dc; 0.15
8_@- = ac; = _pif)_yg (0.15)
and eqn. (0.13) can be rewritten as
U™ Y Oc; 0UW
D =0 (i=1,...K). (0.16)
6ci iyt 3y2 80]'
If we assume that (EI) holds, i.e.,
8(01,...,CM) M
——=#0 Y(p1,..., e Ry, O.17
a(plv“'7pM) 7& (pl pM) A ( )

where ¢; (i =1,...,M) are unconditional demand functions and the following
Frobenius condition holds
Op;  Op; _9Opi  Op

8@ bi 8y2 N 8cj L 8y2

where p; is a function of ¢y, ..., ¢k, pri1, ---, Par, Y2, then there exists a solution to

(,j=1,..K), (0.18)

the set of partial differential equations (0.16) implying that U™ exists.
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P Supporting Calculations for Example 7

It can be verified that

a (Ch C2, Cs3, C4)

det
0 (p1, D2, D3, P4)

#0 Y(p1,p2,ps,pa) € RY,, (P.1)

implying that (EI) holds. Using the conditional demands and inverse demand

functions, eqn. (71) in Theorem 3 can be expressed as

oUM oU M oUM
2v/C3 + ¢4 —V2¢3 —V2¢4 =0 (P.2)
dcy Jdcs Jcy
and oUu ) oUW oU M
U U U
2 (Cg + C4> Co 802 — \/503 803 — \/§C4 804 = 0. (P3)

Applying eqn. (70) in Theorem 3, the necessary and sufficient condition for the

existence of a solution to eqns. (P.2) - (P.3) is

Opo Opa  Om Ip1

e Mo " e oy P4

Expressing p; and ps as functions of (cy, ¢z, ps, pa, y2) and substituting them into
(P.4), it follows that

L L __ L
der 0y, 2i+ L va 2(i+t)va
_ Ip1 Ip1
N 862 P2 &yg’ (P5)

implying that eqn. (P.4) holds and a solution to the partial differential eqns. (71)
exists. Therefore, eqns. (P.2) - (P.3) have a solution. To solve these partial
differential equations for U, note that the two independent first integrals for
eqn. (P.2) are given by
c
Uy (e1, 60,05, ¢4) = 149 (c2)+2v/2(cs +¢)  and Yy (c1, 2, ¢3,¢4) = — (P.6)

Cyq

and the two independent first integrals for eqn. (P.3) are given by

C
Uy (c1,c2,03,¢a) = () +2y/ea +2¢/2(cs +ca)  and 9y (cr, 02, ¢3,¢0) = 0_3
4
(P.7)

Therefore,

UW (¢, ca,c3,¢4) = f (01 +24/03 + 21/2 (c3 + c4), 2—3) . (P.8)
4
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Q Proof of Theorem 4

Note that
Je
o a(cla"'7CK7y2)
0 (pl, -y DK, yl)
Qa1 e dar
op1 Ok oY1
- oci Ocki ek (Ql)
8p}( 0 o 8“;( o) 6}1,(/1 0
Cyq Cj Cj
—c1 =i 1Pigpy -+ TCK T > i 1Pigpe 1 — 2 in1 Pigy,

Since the matrix determinant is invariant under elementary transformations, mul-
tiplying the i*" line of the matrix J, by p; (i = 1, ..., K) and adding them to the

last line of J,. yields

dcr o o
Opr 7" Opx  Onr
det J. = det Do e en (Q.2)
opp T dpkx Oy
—C1 —CK 1
Multiplying the last line of J. by — g;; (1=1,..., K) and adding them respectively

to the i*" line of J., one obtains

det J,

" Oc1
Op1
= det
Op1

Odc1
Op1

= det

Ock
| Op1

dci

+

+

+

+ 1

801
Loy,

dci
oy

Oct
18y,

Ocy
9y1

861 801
Opk +c K oy,

BCK 8CK
Opk T ek Gy dy1

aC]_ 861
Opk ek K 8y,

BCK
8211

Oci
Opk +c

(Q3)

which is the determinant of the Slutsky matrix of the unconditional demands

¢ (p1, -

If the period one demand functions ¢; (py, ...
erties (S) and (ND),

7pM7y1) (Z = 17 eeey

det (0if) ey i

then

K), ie.,

det (o-ij)KXK {

= det

8(61, ...,CK,yg)
a(pla "'7pK7y1)
;pM,Z/l) (Z = 17 L3

<0 if K is odd
>0 if K iseven

61

(Q4)

K) have the Prop-

(Q.5)



implying that at each point (p9, ..., p%,y?) € ]RfJr x Ry

det J. = det Q.6)

d(c1y ..y Cry Y2) < 0 if K is odd
>0 if K iseven

a (pl’ .“,pK’ yl) (pl7"'7pK7y1):(p(1)7"'7p9(7y?)

It follows from Lemma 1 that Property (EC) holds in a neighborhood of (p9, ..., p%, 3?).

R Rationalizing Naive Choice

In this appendix, we discuss how to rationalize naive choice in more detail. In
the next example, the given demands satisfy Slutsky symmetry and hence they
correspond to a case where naive and sophisticated choice agree and one can use
the Hurwicz and Uzawa (1971) process to recover a non-changing tastes U and
thus also a UM and a U®. Moreover, since the ¢; demand function satisfies
the condition in Theorem 5,%° we show that these demands can be also viewed as
corresponding to naive choice and derive a (U®"), U?))-pair that rationalizes the

demands.
Example 9 Assume that

b1 2
Y1 - (p_z> h

2 27 2
Pp1+ P2 (%) + p3 <%) P11+ P2 (%) + p3 (%)

Ccl =

and )
p1L
— (”3>2 - 5. (R-2)
D1+ P2 (%) + D3 (%)

It can be verified that the corresponding Slutsky matriz is symmetric and negative

C3

semidefinite.  Following the Hurwicz and Uzawa (1971) recovery process, these

demands can be rationalized by

U(Cl,CQ,Cg) = \/a+ \/a+ \/C_g (Rg)

Next assume that the given demands correspond to naive choice. Since the con-
ditional demands for co and cs are
Y1 —npc Yo
2 = 2
D2 +Dp3 (i—;) P2 +Dp3 <§—§>

(R.4)

Cy =

35The ¢ demand function will be seen not to take the form in Table 1 below associated with
effective consistency.
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and
( )<p2)2 Y <p2 2
Y1 —pic) |\ 2 p—>
C3 = 32 = i 59 (R5)
p2 p2
P2+ p3 <p3) P2+ p3 <p3)

we have
U@ (ca,c3) = \/C2 +/C3. (R.6)

Next we apply the process in Epstein (1982) to recover UV .  Since the ¢; demand

function is
Y1

2 29
P11+ D2 (%) + p3 <£—;)

following Table I in Epstein (1982), we can assume that the indirect utility function

C1 =

(R.7)

18 given by
Y1
V (p1, 2, P3,91) (R.8)
ex n 1 dt
(7 )
Y1
= R.9
exp (Inp; — In (p1py + p1ps + paps) + C) (B9)
_ (P2t vt paps) 1 (R.10)
prexpC
where C' is a constant ensuring that Property (B) is satisfied. Following Roy’s
identity,
—8‘//8]92 —8V/8p3
— d = R.11
2T ey, MY C T Tavien (R-11)
It can be verified that if
C = ln (paps), (R.12)
then
P1C1 + p2Ce + p3c3 = Y1. (R.13)
Therefore, the indirect utility function is given by
+ pips +
V (o1, pa, o) = P2 T PAPs ¥ Papa) (R.14)
P1P2D3
Then we have )
—oV/o (IA> 1
@ 3V//3 o= = 2 2 (R.15)
h P1+ D2 <p—;) +Dps3 (%)
and )
yan
—9V/o —) Y1
/s : (R.16)

C3 = vy, Lo (_1)2 o (ﬂ)g-



Following the Hurwicz and Uzawa (1971) recovery process, these demands can be

rationalized by
U(l) (01,02,63) = \/C_l‘i‘\/a‘i‘ \/a, (Rl?)

which coincides with eqn. (R.3).3% However, since this process assumes that the

preferences are homothetic, it cannot give all possible forms of UM,

The following provides a simple application of Theorem 6, where the demands

also satisfy effective consistency.

Example 10 Assume that

L @-i and c3 =

B 4py

v

. R.18
4p3 ( )

C1 =
1 2p17

It can be verified that the corresponding Slutsky matrix is symmetric and negative

semidefinite.  Following the Hurwicz and Uzawa (1971) recovery process, these

demands can be rationalized by
U(ci,ca,03) =2Inc; +Iney + Ines. (R.19)

Next assume that the given demands correspond to naive choice. Since the con-

ditional demands for co and cs are

Y — pica Y2 Y1 — pica Y2
Cg=2T—— — = 2= and 3= F——— = 2, R.20
2 2po 2p2 ’ 2p3 2p3 ( )
we have
U® (ca,c3) =1Incy + Incs. (R.21)

Since the unconditional demands (R.18) satisfy the requirements in Theorem 6,

we have
UD(ey,e,¢3) = f(g(e1) ez, g(c1)cs). (R.22)

Combining the first order condition with the budget constraint, one can verify that

g (c1)
plcl +plg/ (C]_) = yl' (R'23)

the optimal ¢y satisfies

36To see the direct utility function (R.17) is consistent with the indirect utility function (R.14),
substitute the optimal demands (R.7), (R.15) and (R.16) into (R.17) and simplify yielding

p1p2 + p1ps + p2p3) Y1
V(p17p27p3ayl>: ( ) 3
Pip2ps

which is ordinally equivalent to the indirectly utility function (R.14).
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Since the solution to the above equation is c; = 2‘%, we have

g(c1)
= ¢y, R.24
g ) (R.24)
implying that
g(c1) = Key, (R.25)

where K is a constant. Without loss of generality, assume K =1 and then we
have
U(l)(Cl,CQ,Cg) = f<6162,0103> . (R26)

In summary, the demand functions (R.18) can be generated as the result of naive

choice using the period one and two utilities
UWD ¢y, ¢9,¢3) = f (169, c105) and  UP(cy,¢3) =Incy +Ines,  (R.27)

where f(x,y) is an arbitrary function and defines the complete set of period one
utilities {UM} for naive choice associated with the unconditional demands (R.18).
Next we show that if one follows the Epstein (1982) process to recover U M then
only a subset of the set of all possible UY) functions in (R.26) can be obtained.

Since the ¢; demand function is given by

n
= = 2
c1 oy (R.28)

it follows from Table I in Epstein (1982) that the indirect utility function is given

by
Y1

V (p1, D2, D3, %1) = U1 = ,
exp (" dt)  /prexpC

where C' is a constant which ensures that Property (B) is satisfied.  Following

(R.29)

Roy’s identity,
—OV/p, —0V/0Ops
—_— and = ——

= = . R.30
== ov)oy, “ = o (R-30)
It can be verified that if
C = (spi* ). (R.31)
where 0 < a < % 18 some constant, then
Dic1 + p2ca + P3c3 = Y. (R.32)
Therefore, the indirect utility function is given by
hn
V (p1, P2, D3, Y1) = Sy (R.33)

VP1P5P3
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c1 (p1, P2, p3, Y1) Ut (c1,¢2,03)
c1 (p1, P2, p3,y1) = ha (p1, 1) U (1, ¢2,¢3) = f(g(c1) 2, 9 (1) cs)
c1 (p1,p2, p3,41) = ha (p1, p3) Ut (c1,c2,¢3) = f (g (1) + c3,02)
c1 (p1,p2, p3,y1) = ha (p1, p2) UM (c1,¢9,¢3) = f(g(c1) + ca,c5)
c1 (p1, pa, p3,y1) = a (p1, D2, P3) Y1 There exists a homothetic U™
c1 (p1, P23, y1) = a (pr, p2,ps) y1 + b (p1, 2, p3) | There exists a quasihomothetic U™

Table 1:
Then we have
-0V /0py  au —aV/ops  (1/2—a)y
Co = = and  c3 = = . R.34
2 8V/8y1 P2 3 8V/8y1 D3 ( )

Following the Hurwicz and Uzawa (1971) recovery process, these demands can be
rationalized by
UWD (¢1,c9,05) = \/c_lcgcéﬂ_a. (R.35)

This utility will be recognized to be a special case of the general form (R.27) where
f(x,y) = 2°9y"/2=. To see that the set {UM} includes other well-behaved period
one utilities satisfying Property 1, let f (z,y) = T3 + yi. In this case the specific

member is given by

IS

U(l)(Cl, Co, C3) = (01C2)% + (Cng) y (R36)

which satisfies Property 1. Clearly (R.36) is not homothetic and not ordinally
equivalent to (R.35) and would generate very different resolute demands even
though it together with U would generate exactly the same set of unconditional
naive demands (R.18).

This example illustrates that when effective consistency holds an infinite num-
ber of UM functions can be recovered, whereas in Example 9 where effective
consistency does not hold only a single U") can be recovered (although in princi-
ple other period one utilities may exist). It is an open question whether {U(®)}
can be other than a singleton for any case of naive choice not satisfying effective
consistency.

Table 1 summarizes the relationship between naive ¢; demand functions and
the rationalizing U") functions. It is assumed that Properties (P), (TD), (H)
and (EC) hold and the ¢; (unconditional) demand function satisfies py¢; < 3, and
Property (ND). The first line in the table follows from Theorem 6 and the second
and third lines follow from Theorem 7. For these three cases, the full set of possible

UM functions can be determined. The fourth and fifth lines follow from Epstein
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(1982, Table 1). It should be emphasized that for these latter two cases, Epstein
(1982) only proves the existence of U(!) and gives an approach for recovering a U")
by assuming ¢, and cs are linear in income. Therefore although U™ may not be
unique (up to an increasing transformation), following Epstein’s (1982) approach,
one can only recover the homothetic or quasihomothetic members from the set of
possible functions.

Since the results in Epstein (1982) can be applied to the case where M > 3,

we next extend Theorem 5 to the M > 3 case.

Theorem 13 Assume that a given set of demand functions c; (p1,...,Pum, Y1)
(t=1,..., M) have the Properties (P), (TD), (H), (B) and (EC). If the demand
functions ¢; (p1,...,par,y1) (i =1,..., K) (i) have the Properties (S) and (ND),
(ii) are linear in y, or (iii) are independent of (pgy1,-..,pm) and the conditional
demand functions ¢; (P11, -, Prs Y| €1y cx) (1 = K+ 1,..., M) have the Prop-
erties (S) and (N), then there exists a (UM, U®)-pair which generates these de-
mands as the result of naive choice, where UMY is continuous, non-decreasing and

quasiconcave and U?) satisfies Property 1.

Proof. Since the naive demands ¢; (p1, ..., pa,y1) (i = 1, ..., M) satisfy Properties
(P), (TD), (H), (B) and (EC), it follows that ¢; (p1,...,pm,21) (i = 1,..., K) also
have Properties (P), (TD), (H) and satisfy

K
Zpici <Y1 (R.37)
i=1

If we further assume that ¢; (p1,...,par,v1) (i =1,..., K) (i) have the Properties
(S) and (ND) and (ii) are either linear in y; or independent of (px.1,...,pan),
then it follows from Epstein (1982) that there exists a continuous, non-decreasing
and quasiconcave U™ (cy, ..., car) to rationalize the incomplete demand system
¢ (p1yonsy1) (=1, K). Moreover, the conditional demands
Ci(Pr41s s DML Yo| €1y eosci) (1= K + 1, ..., M) exist due to (EC) and also sat-
isfy Properties (P), (TD), (H) and

M
Z piCi = Y. (R.38)
i=K+1
Since we further assume that ¢; (pgi1, .., Par, Yo| €1, Cx) (1= K +1,..., M) sat-
isfy the Properties (S) and (N), it follows from Hurwicz and Uzawa (1971) that
there exists a U® (cg1, ..., car| ci, ..., cx) satisfying Property 1 which rationalizes
the conditional demands. Thus there exists a (U, U®))-pair which rationalizes

the demands ¢; (p1, ..., par,y1) (i = 1,2,..., M) as a result of naive choice. m
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Moreover since the sufficient conditions for effective consistency can naturally
be extended to the M > 3 case, we next generalize Theorems 6 and 7 (the proof

of Theorem 15 is similar to that of Theorem 14 and hence is omitted).

Theorem 14 Assume that a given set of the demand functions c; (p1, ..., P, Y1)
(t=1,..., M) have the Properties (P), (TD), (H) and (B). Then there exists a
(UWD, U -pair such that the demands c; (p1,...,pa,y1) (i =1,..., M) correspond

to naive choice where UM (cy, ..., cyr) takes the form

U(l) (Clu "'7CM) = f (g (Cla "JCK) CK415--, 9 (Cla "JCK) CM) ) (R’39)

where [ is an arbitrary function and g (cy,..,cx) is uniquely determined (up to
an arbitrary constant of integration) by ¢; (p1,....,pamr, 1) (1 =1,...,K), at least
one member of {UM} is continuous, non-decreasing and quasiconcave and U
satisfies Property 1 if (i) the unconditional demand functions c¢; (p1,...,Da, Y1)
(t=1,....,M) have Property (EC), (ii) the corresponding conditional demands
Ci(Pr41s s DML Yo| €1y eeyex) (1=K 4+ 1,..., M — 1) have the Properties (S) and
(N) and (iii) the unconditional demand functions ¢; (p1,...,pm, 1) (i =1,..., K)
have the Properties (S) and (ND) and are independent of (px41,---sDar)-

Proof. Since ¢; (p1,....,pam,v1) (1 =1,..., M) have the Properties (P), (TD), (H)
and (B), it follows from Theorem 1 that there exists a U® satisfying Prop-
erty 1 if and only if (i) the unconditional demand functions ¢; (p1, ..., par, Y1)
(i =1, ..., M) have Property (EC) and (ii) the corresponding conditional demands
Ci(Pr41s -y DM Yo| €1,y oci) (1=K +1,..., M — 1) have the Properties (S) and
(N). It follows from Theorem 2 in Epstein (1982) that if the unconditional de-
mand functions ¢; (p1, ..., par, v1) (0 = 1, ..., K) have the Properties (P), (TD), (H),
(S), (ND) and are independent of (px.1,...,par), then there exists a continuous,

non-decreasing and quasiconcave U(!) to rationalize this partial demand system.
Then following Kannai, Selden and Wei (2014), UM (cy, ..., cpr) takes the form

U (c1y.venr) = fg(ery oy Ck) Cri1y - g (€1, oy CK) Car) (R.40)
if and only if ¢; (p1,...,pamr, 1) (2 = 1,..., K) are independent of (pgy1,...,pp). M

Theorem 15 Assume that a given set of demand functions c; (p1,...,Pum, Y1)
(1 =1,..., M) have the Properties (P), (TD), (H), (B) and (EC). Then there exists
a (UD  UP)-pair such that the demands c; (p, ..., par, y1) (1 = 1, ..., M) correspond

to naive choice where UW (cy, ..., cyr) takes the form
U(l) (Cl, ceny CM) = f (g (Cl, cey CK) + CMsCK 41y -y CM—l) s (R41)
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where f is an arbitrary function and g (cy,..,cx) is uniquely determined (up to
an arbitrary constant of integration) by c¢; (p1,...,pam,v1) (1 =1,...., K), at least
one member of {UM} is continuous, non-decreasing and quasiconcave and U
satisfies Property 1 if (i) the unconditional demand functions c¢; (p1,...,Da, Y1)
(i=1,....,M) have Property (EC), (ii) the corresponding conditional demands
Ci(Pr41s s DM Yo| €1y ey ci) (0= K +1,..., M — 1) have Properties (S) and (N)
and (iii) the unconditional demand functions ¢; (p1,...,pa,y1) (i = 1,..., K) have

the Properties (S) and (ND) and are independent of (px i1, -, Pr—1,Y1)-

Remark 5 As in the three period, three commodity case, it remains unresolved
whether (i) the sufficient conditions in Theorem 13 can be weakened and (ii) there
are other cases in addition to those in Theorems 14 and 15 where one can recover
the full set of UV functions.
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