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1. INTRODUCTION

The arbitrage theory of capital asset pricing was developed by Ross {9,
10, 11] as an alternative to the mean-variance capital asset pricing mode!
(CAPM), whose main. conclusion is that the market portfolio is mean-
variance efficient. Its formal statement entails the foliowing notation, A given
asset { has mean return E; and the market portfolio has mean return E,, and
variance . The covariance between the return on asset / and the return on
the market portfolio is ¢,,, and the rlskless interest rate is r, The CAPM
asserts that

E,=r+Ab, (1.1)
where

A=E, —vr,
and . .

by =0 /07, | (12)

is the “beta coefficient” of asset i

Normality of the returns of the capital assets or quadratic preferences of
their holders are the assumptions which lead to (1.1)~{1.2). Theoretically
and empirically &t is difficult to justify the assumptions of the CAPM,
Moreover, the CAPM has been under strong criticism because of its dubious
cempirical content (¢f. [7]). The market portfolio is practically not obser-
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vable, and a statement on the market portfolio (such as the CAPM) is
difficult to test empirically. Yet the linear relation (1.1) is appealing in its
simplicity and in its ready interpretations. The arbitrage pricing theory [10,
11] is an alternative theory to mean-variance theories, an alternative which
implies -an approximately linear relation like (1.1). In [10] Ross elaborated
on the economic interpretation of the arbitrage pricing theory and its relation
to other models, whereas in [11] he provided a rigorous treatment of the
theory. Recent interest in the APT is evident from papers elaborating on ‘the
theory (e.g., Chamberlin and Rothschild [1], Connor [4] and Kwon {3, 6))
as well as on its empirical aspects (e.8., Chen [2, 3] and Roll and Ross [8]).

The main advantage of Ross’ arbitrage pricing theory is that its empirical
testability does not hinge upon knowledge of the market’s portfolio. Unfor-
tunately, Ross’ analysis is difficult to follow, He does not provide an explicit
definition of arbitrage and his proof—unlike the intuitively - appealing
introductory remarks in {11]—involves assumptions on agents’ preferences
as well as “no arbitrage” assumptions. : o

Here arbitrage is defined and the intwition is formalized to obtain a simple
proof that no arbitrage implies Ross’ linear-like relation among mean returns
and covariances. The main lines of the proof are illustrated in the following
paragraphs. ' :

Consider an economy with # risky assets whose returns are denoted by %,
(i = 1,..., ) and they are generated by a factor model

F=E +88+8 (=l..n), _ (.3)

where the expectations E §'= E£;= 0 (i = 1,..., n), the &, are uncorrelated and
their variances are bounded. Relying on resuits from linear algebra, express
the vector £ (whose ith component is ;) as a linear combination of the
vector e (whose ith component is 1), the vector § (whose ith component is
#;) and a third vector ¢ which is orthogonal both to e and to f.' In other
" words, one can always find a vector ¢ such that

E=pe+y8+e, | (1.4)
‘where p and y are scalars, |
ecziznlc,=0, (L.5)
and _
.ﬁcsgﬁfc,-——-ﬂ‘ ' (1.6)

! Gregory Connor used this idea it an earlier work of his 14}
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Next, consider a portfolio which is propartional to ¢, nemely ac (¢ i8 a
scalar), Note that it costs nothing to acquire such a portfolio because its
components (the dollar amount put intg each asset) sum to zero by (1.5).
We shall call such a portfelio 2 arbitrage porifolio. Also, by (16) thisis a
zero-beta portfolio. The return on this portfolio is

P B "
fe=a) Fe=ay cita ) ef, (1.7)
f=1 I=1 =1

by virtue of the decomposition {1.4) and the orthogonality relations (1.3)
and (1.6). It is important o notice that the expected return on the portfolio
ac is proportional to ¢ (and 7, c}), whereas an upper bound on the
variance Of its return is proportional to ¢* (and 3.7, c?)

Suppose now that the number of assets n increases to infinity. Think of
arbitrage in this environment as the oppurtunity to create a sequence of
arbitrage portfolios whose expected returns increase to infinity while the
variances of their returns decrease to zero. If the sum 3.1, ¢} increased to
infinity as # did, then one could find such arbitrage opportunities as follows.
Set @=1/(37,c})¥* and use the portfolio o¢. The reason why such a
choice of a will create the arbitrage is that the expected return on the
portfoho is proportional to @ (and with ¢ = 1/(}1‘,1(:2)3" it equals
ayr ei=_0n eHY), while its vanance is proportional to «? {and with
e= 11 ) it equals @® 31, of = /(T2 ¢])').

Therefore, if ¢there are no arbitrage opgortunities (as described abave) the

- sum Y'#_, ¢} cannot increase to infinity as n does. In particular, when the
number of assets # is large, most of the ¢;’s are small and approximately
zero. Going back to the original dscomposmon (14) we mc‘mde that
E; = p + 98, for most of the assets.”

When motivating his proof, Ross |11, p. 342] emphasized the role of
“well-diversified” arbitrage postelios. He indicated thay the law of large
numbers was the driving force behind the diminishing contribution of the
idiosyncratic risks £ to the overall risks of the arbitrage portfolios. The
portfolios presented above, e, need nwi be well diversified, but they satisfy
the orthogonality conditions (1.5) and (1.6). It is the judicious choice of the
scalar ¢ that enables us to apply an idea, which is in the spirit of the proof of
the law of large numbers.

Section 2 of this paper pesents the formal model, a precise statement of
the result and g rigorous proof, In the closing section an attempt is made to
interpret the Yinear-lke pricing relation and to justify the no-arbitrage
assumption in an equilibrated economy of von Neumann-—Morgcnstern
expected utility maximizers.
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2. ARBITRAGE PRICING

The arbitrage pricing theory considers a sequence of economies with
increasing sets of risky assets. In the mth economy there are » risky assets
whose returns are generated by a k-factor model (k is a fixed number).
Loosely speaking, arbitrage is the possibility to have arbitrarily large returns
as the number of available asseis grows. We will show that in the absence of
arbitrage a relation like (1.1) holds, namely (2.9).

Formally, in the nth economy, we consider an array of returns on risky.
assets {¥7:i=1,.,n} These returns are generated by a k-factor linear
model of the form '

H=E{+PLoT+BR0s + - +BL 0+ (=12...,n), (1)
where

EH=0  (j=lonk), ES=0 (i=lea),  (22)
E&& =0 if i#j, @3)
and Var 1 <& (=l n), (2.4)

where 67 is a fixed (positive) number, Using standard matrix notation we can
rewrite (2.1) as

SRy Y. L L (2.5)

where §7 is the n X & matrix whose elements are 87 (i = 1,.., 7 j = 1,..., k).
A portfolio ¢"€R" in the nth economy is an arbitrage portfolio if
c"e" =0, where e” = (1, 1,.., 1) € R*, The return on a portfolio ¢ is
He)y=cf =cE" + of" &" + o™ (2.6)

Arbitrage is the existence of a subsequence n of arbltrage portfol:os whose
returns Z{c" ") satisfy

lim E&fc") = +c0, | 2.7
# oo .
and

lim Vari(c*)=0. (2.8)
ni=on

In Section 3 we relate (2.7)-(2.8) to standard probabilistic convergence
concepts, and discuss how von Neumann-—Morgemtem expected utility
maximizers view (2. 7)—{2 8}
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In Theorem 1 we show that the absence of arbitrage implies an approx-
imation to a linear relation like (1.1).

THEOREM 1. Suppose the returns on the risky investments satisfy

(2.1%(24) and there is no arbitrage. Then for n=1,2,., there exists
P Y ¥, and an 4 such that

" k i
; (E?ﬂo"?!Z ﬁz-yj-’) <4, jor n=11,. (2.9)
=i =1

Progf. Using the orthogonal projection of E" into the lincar subspace
spanned by ¢® and the columns of 8", one obtains the representation

E"=pre 4 %" + ¢, (2.10)
where o
},H‘ ERk,
ee” =0, {2.11)
and
fie"=0. . - (2.12)

Note that Je"|*=Y 1, (! =20, (B! ~p" — T4, ¥}B%,  end
assume that the result is false. Consequently, there is an increasing subse-
quence {n'} with

© Yim |e*) =+ (2.13)
i op

Let p be fixed between —1 and —1/2 and consider the portfolio d"' = a, <",

) where

G =He |, (2.14)

By (2.11}, d*' is an arbitrage portfolio for each n’. Use (2.10)—(2.12) to see
that its return

@)y =a, e + a0, @.15)
Not§ that

- EZd")=a,. e |2 = " 2%, 2.16)

50 (by (2.13)(2.14)), |

im EHd™) = 0. (217
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‘Now look at excess returns of the risky assets (excess relative to the riskless
rate), i.e., at

PR, i=1,2un

Note that any arbitrage portfolio (cy, €5y Co) € R™H! of X7, T,y X7
(which of course satisfies }°7_ ,¢,=0) is equivalent to a vector
(€15 €,) € R" indicating a wealth allocation among the risky assets. Using
this idea one can go through the same analysis as in Theorem | with the
excess Teturns vector ", the decomposition (2.10) replaced by

E" —rie=f"y" 4 ¢, (2.10°}

and {2.11}) deleted.
Consequently, one has

COROLLARY. Suppose the returns on the risky investments satisfy
(2.1)~(2.4), there is a risk free asset satisfying (2.19) and there is no
arbitrage. Then there exist v, y2,.., ¥} such that

i

K :
5 (E','—rg- Zﬁ;y}) <4 for m=12..  (220)
=t

i=1

Remark. Analogously, a similar result holds for the stationary model,

3. DISCUSSION

The inmterpretation of (2.9) or (2.97) is straighiforward: for most of the
assets in a large economy, the mean return on an asset is approximately
linearly related to the covariances of the asset’s returns with econoniy-wide
common factors. As the number of assets becomes large, the linear approx-
imation improves and most of the assets’ mean returns are almost exact
linear functions of the appropriate covariances. .

Next, consider the probabilistic implications of arbitrage returns satisfying
(27)-(2.8). Given 2 sequence of random returns #(c"’) which satisfy
{2.7}(2.8), we can apply Chebychev’s inequality to see that along this
sequence lim,, ., #(c")=+o in probability (ie, for all M>0,
lim,..,, Pr{Z(e"” > M} = 1). Purthermore, along a subsequence #, a stronger
convergence holds: limy,,, #(c*) = +o0 almost surely (ie.. for all M >0,
Pr{lim infy o, 2(c") > M} = 1).

Are arbitrage portfolio which satisfy (2.7)—(2.8) desirable for an expected
utility maximizer? In other words, do (2.7)}-(2.8) suffice to assert that
lim, ., EU(#(c")) = U(+c0) for any monotone concave utility function U7
The negative answer is illustrated by the following examples.
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On the other hand (using (2.3), (2.4))
Var 2(g™) € 8%} o™ [* = & || " [P+, (2.18)
50 (by (2.13)),

”lgrgo Var #(d") =0,

thus completing the proof. 1

Next, consider a stationary model, in which E} =E; and g}, =§, for all
i,/ and n. In other words, {2.5) is replaced by .

B =E+8% + & ' (2.5

The stationary model is the one considered originally by Ross [11]. The
nonstationary model is more general than the stationary model but its result
{2.9) i3 not as elegantly presentable as the result in the stationary case (2.9).

THEOREM 2. Suppose the returns on the risky investments satisfy (2.5'),
{2.2)-(2.4), and there is no arbitrage. Then there exist p, yy ., ¥, Such that

z (E;——p — Ji ﬂﬁ}vj)z < . | - (2.9%)

Progf.  Consider the n X (k + 1) matrix B" whose {{,f) entry is 1if j=1
and £, , if L<j<k+1, Let r(n) be the rank of B" Since 1 r(n)<
r{in+ 1)< k+1 for all n, and r(n) is an integer, there is an A such that
r{n) = r(72) for all # > . Let n > A be fixed, By permuting the columns of B*
we may assume that its first #(#) columns can be expressed as linear
combinations of the first r{(f) columns. Define the set H" by

B ] k 2
H" = (p’?”""?k)::z (E;—-P—' 2 ﬂﬁ?j) %4, yj=0»
' =1 i=1

for r{iM<j<gk

where 4 is the A whose existence was asserted in Theorem 1. Note that H"
is nonempty (by Theorem 1), compact for » > 7 and H™ ¢ H"*!, Therefore,
@ H" is nonempty. Since every k41 tuple (2, 950 V) E (Y2, H*
satisfies (2.97), the proof is complete. [ .
Finally, we turn attention to the case where a risk free asset exists, i.e.,
where there is an additional asset in the nth economy, whose return, say, x§,
satisfies '
Xg=rg. - (2.19)
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The first example considers a utility function which is —oo for nonpositive
wealth levels, whereas the second example is for an exponential utility which
takes finite values for ﬁmte wealth levels.

1. The returns #{c*) are 0, # and 2n with probabllmes Ln®, 1—=2/n,
and 1/n®, respectively. The utility function Ulx)=—1/x for x>0 and
Ulx)=—00 for x<0. Then EU(Z(e"))=—oco although . Z(c*) satisfies
(2.7-(2.8).

2. The returns Z(c*) are —n, 1, and 3n with probabllmes 1/n’, 1 - 2/nd,
and 1/n?, respectively. The utility function is U(x) = —exp(—x). Then
EU(z(c")){—n exp(n), so lun,,,,mEU(z(c"))—woo, although (2.7)-(2.8)
are met.

General  conditions  which  assert that = (2.7)(2.8) imply
lim,.., EU(¥(c"*)) = U(+<0) "are not known. As shown in [l1,
Appendix 2], utility functions which are bounded below or uniformiy
integrable utility functions will possess this property.

We conclude that one needs to make assumptions on agents’ preferences
in order to relate existence of equilibria to absence of arbitrage. This task is
beyond the scope of this paper. However, it is straightforward to see that if
the economies satisfy the assumptions made by Ross (see [11], especially the
first paragraph on p. 349 and Appendix 2), then no arbitrage can exist. In
fact, a result of the type “no arbitrage implies a certain behavior of returns,”-
should involve no consideration of the preference structure of the agents
involved. Our analysis is in this spirit, because it involves no assumptions on
utilities. Other than the simple proof, this may be another contribution of
this work.
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discussion | Notes on the )
Arbitrage Pricing Theory

Gregory Connor
University of Calliornla, Berkeley

The arbitrage pricing theory (APT) constitutes one of the most important
models of security market pricing. The chief aim of Huberman’s justly famous
paper, reprinted in this volume, is to clarify and simplify Ross's model. He does
an admirable job of this. His presentation is so clear that a detailed critical
review would be superfluous. I will attempt, instead, a general overview of the
APT. A novice to the field might use this broad discussion as a way to solidify
his or her understanding of the original papers. An economist familiar with the
APT may benefit from sezing another economist’s conceptual framework laid
out simply. ‘

Section I describes a few résults from “pure” arbitrage pricing theory. “Pure”
arbitrage pricing theory is only distantly related to the arbitrage pricing
theory. Part of the intent of Section 1 is to clarify this relationship, The results
of this section also have independent interest; Key Result 2 in Section I must be

- one of the most elegant theorems in financial economics.

Section 11 develops the APT using Ross's original “approximate arbiteage”
- argument. Ross conjectured that several assumptions of his model could be
~‘weakened, and acknowledged that some of its features could be refined.
Section IIT describes one of the most important refinements: the generalization
of the factor model assumption that Ross uses. Section IV develops the
competitive equilibrium version of the APT. Section V summarizes the paper
and suggests some fruitful directions for future research. Each section (except
V) ends with 2 selective list of references to guide further reading,

. PURE ARBITRAGE PRICING THEORY

An arbitrage opportunity is the existence of a collection of assets that can be
combined into a costless portlolio with some chance of a positive payoff and
‘no chance of a negative payoff. There are two strong arguments for assuming
that arbitrage opportunities will not appear in security market price
relationships. First, any investor who observes such an opportunity can make
limitless profits {unless prices adjust). Second, af! investors can improve on
their current portfolios by reshuffling their holdings to take advantage of the
arbitrage opportunity. Chaos follows uniess prices adjust.
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The absence of arbitrage epportunities is a minimal condition for well-
functioning capital markets. The standard tool for price analysis in free
markets is the concept of competitive equilibrium. The absence of arbitrage is

a more general condition than the presence of competitive equilibrium, as
codified below.

KEYRESULT 1. If the economy is in competitive equilibrium{and there exists at
least one -nonsatioted investor) then there do not exist amy arbitrage
opporiunities.

See Harrison arid Kreps (1979, p. 385)for a preof. Arbltrage (moze correctly
“nonarbitrage” or “the absence of arbitrage”) places Hnéar restrictions on the
relatlonshlps among asset prices. {In security market analysis we usually
describe price in terms of expected return, which is essentlally the recnprocal of
price.) A complete charactenzatlon of these restrictions is provided in Key
Result 2,

For simplicity, assume that the economy lasts one period and there is a finite
set of [ possible outcomes, or states of the world, denoted by 8,,0,,...,6,
Assume that thete are N assets in the economy; asset i is represented by an I-
vector R; giving the gross return of the asset for each possible state. The set of
possible returns for all assets can be represented by an N x I matrix R. The
assumption of o arbitrage creates linear restrictions on R. Let 1¥ denote an
N-vector of 1's. :

KEY RESULT 2. R allows no arbitrage opportunities if and on!y if there exists
an l-vector py that consists entirely of positive numbers such that 1Y = Rpe

Sec Ross (1978, p. 474) for the proof of this simple version and Krcps (1981,
Theorem 3) for a more complex version allowing for continuous time and a
continuum of states. The elements of p, can be viewed as the “fundamental
~ prices” of the { states of nature; 2 security that pays one dollar only in state g;
costs Py . The theorem can be interpreted to say that there mus exist some set
of positive state prices. Note, however, that these state prices heed not be
uniquely defined. In the continvous-time, continyous-state-space version, the
vector p, is replaced by an infinite-dimensional linear operstor; the theorem
guarantees the existénce of a positive linear operator that relates the prlcc ofa
security to its payoff density over states,

Key result 1 shows that competitive equilibrium implies the noncx:stence of
arbitrage opportunities. The next theorem proves, in a restricted sense, that 4
‘converse relatipnship aiso holds, For any returns that do not permit arbitrage,
there ‘exists some economic model (specified by investor preferences and
endowments) in which the returns are consistent with competitive equilibrium.
Without loss of generality, one can restrict the analysis to representative
investor economies—economies in which all investors are identical. One must
also assume that the representative investor is nonsatiated in ail states.
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KEY RESULT 3. R does not permit arbitrage if and only if there exists a
representative investor economy in which R is consistent with competitive
equilibrium,

See Harrison and Kreps (1979, Theorem 1) for a proof. This theorem
describes in what sense a competitive equilibrium pricing theory can be
reduced to a nonarbitrage pricing theory. Any competitive equilibrivum model
that does not depend on preferences or endowments can be derived by a
nonarbitrage argument. The Black-Scholes option pricing model, originally
proven with a competitive equilibrium argument, is an example of such a
model. Most other security market- pricing models rely on preferences or
endowments in some fashion and so cannot be reduced to nonarbitrage
maodels,

Arbitrage theory has produced powerful results using fairly weak assump-
tions. Research has branched in three directions. First, arbitrage theory has
played a key role in developing the mathematical foundations of asset pricing
theory. See Kreps (1981), Duffie (1985), and Duffic and Huang (1985) for a taste
of this field of research. Second, arbitrage theory has been applied to the
pricing of derivative asseis. A derivative asset is an asset whose payoff is a
function of one or more other observable assets (the primary assets). If all
assets are traded continuously and price changes are “smooth,” them the
relationship between the price of the derivative asset and that of the primary
assets is determined by arbitrage. Applications range from the pricing of put
and call options (Black and Scholes 1973, Merton 1973) to the valuation of oil
drifling rights (Paddock, Siegel, and Smith 1985) to choice of investment in
higher education (Dothan and Williams 1981) See Smith (1976) for a general
review of thig area.

The third direction for research is to place more structure on the relationship
among primary asset payofls so that arbitrage restricts their price relationship.
This is the intent of Ross’'s APT and the topic of the rest of this chapter.

Il. APPROXIMATE ARBITRAGE AND THE APT

Many successful theories begin with s simple model that captures some
empirical regularity. Ross’s APT is based on a readily observable feature of
securities markets: asset returns have strong patterns of positive covariation.
First, Ross captures this observation with a very simple model cailed a
noiseless factor model. All asset returns are assumed to be exact linear
combinations of a constant term and a set of K random variates called factors:

(1) r=?+Bf’h r0=FO!

- where 1 is the riskless return, B is an N x k matrix of factor betas, 7 is an N-
vector of expected returns, and f is a K-vector of mean-zero randotn variables
called factors. Since the returns are lincarly related, nonarbitrage guarantees
that the expected returns also have a linear relationship.



Notes on the Arbitrage Pricing Theory | 301

KEY RESULT 4. If returns obey (1), thew in the absence of arbitrage there
exists a K-vector y such thot F = 1%y, + By.

The proof is in Ross (1977, p. 197); briefly, it goes as follows. Any portiolio
with zero risk and zero cost must have zero expected return to prevent
arbitrage. Letting o denote an arbitrary portfolio, we can state this non-
arbitrage condition as follows:

B (2) If¢B=0 and &1 =0, then a'r=0.

The duality theorem of finear algebra can now be applied.” Statement (2) says
that the dual space of B and 1" belongs to the dual space of 7. This implies (by
the duality theorem) that 7 is a linear combination of B and 1%,

F=1%, + By,

for some 7, and y. It is easy to show (by nonarbitrage} that 9o =r,.

Next, Ross generalizes the model to the case of a standard factor model
(sometimes called a strict factor model to differentiate it from the approximate
Jactor model discussed in Section ). He assumes the assets have uncorre-
lated, mean-zero random terms added to the noiseless factor modet of (1);

r=f+Bf+e

He also assumes that there are many assets (N is large). The weak law of
‘large numbers guarantees that if we take a large convex combination of
uncorrelated random variates and each of the linear coefficients is small, then
the randomness approximately disappears from the sum. Note that the
random return in a portfoliois a convex combination of the random returns to
assets. Since there are many assets and the terms in £ are uncorrelated, these )
terms obey the weak law of large numbers. By choosing each individual
element of « to be small, an investor can approximately eliminate the ¢ variates
from his or ber portfolio return. _ .

Because of the s tetms, pure arbitrage pricing theory does not give an exact
pricing testriction. A portfolio with o’1% = 0,&'B = 0, and o7 > 0 is no longer
an arbitrage portfolio because the investor must incur idiosyncratic risk.
However, by relying on the diversification of ¢ in portfolios, we can get an
approximate form of (2) that holds if ¥ is large. If &, & O for everyi, then s & 0,
where the “~” will be used Joosely to mean “approximately equal,” This gives
an approximate version of {2); :

(3 , If #1%=0,0/B=0, and o'z~ 0, then a7 = 0.
Invoking the duality theorem together with (3) gives
“) Fa 1y + By.

Equation (4) is the. central conclusion of the APT. Unfortunately, the
informal intuition given above canniot be formalized directly—the duality
theotem is an exact theorem and does not allow for the approximate equality
®eAQin (3). Ross uses a quadratic programming problem to mimic (3). This



-302 | Gregory Connor

provides an approximate form of the duality theorem. Most recent theoretical
papers abandon duality theory entirely and rely on projection theory instead.
A clear and simple proof using projection theory appears in Huberman’s
paper in this volume, R :

There are two distinct uses of the symbol “ 2" in the intuitive description of

‘the APT given above. I will follow Huberman in defining each of these
precisely. A sequence of approximate arbitrage opportunities (for shorthand,
‘an approximate arbitrage opportunity) is a sequence of portfolios with
expected payoff going to infinity and the probability of negative payoff going

to zero. This clarifies the meaning of “~™ in (3). '

The symbol “ " in (4} will be defined as follows. Let 4" denote the N-vector
of pricing errors in the equality version of (4} 7= 1%y, + By +d*. The
sequence obeys the Ross pricing bound if the sum of squared pricing errors,
d¥'d¥, does not go to infinity with N. That is, there exists some finite number C
such that d¥'d¥ < C for all N.

KEY RESULT 5. If there do not exist any appropriate arbitrage opportunities,
then the Ross pricing bound holds, : :

See Ross (1976, Theorem 1) or Huberman (1982, Theorem 1) for a proof.
Next, we describe in what sense this gives approximate pricing for large N, The -
proof is straightforward and is left to the reader. SN

KEY RESULT 6. Given the Ross pricing bound, the mean square pricing error is
less than C/N; for any d > 0 the proportion of assets with squared pricing errors
less than 3 -is greater than 1 — C/SN; and the squared pricing ervor of any
- individual asset is less than C.

This is not a standard approximation: even for large N it only guarantees
accurate pricing on average or for most assets. The error bound for an
individual asset {C < w0) does not change with N. For now, let us view this as a
useful, although unconventional, form of approximation and return for a
second look when we discuss competitive equilibrium. :

. APPROXIMATE FACTOR MODELS

Ross’s original derivation assumes that the idiosyncratic risks have zero
correlation. This is one of the features of a standard factor model. This
obviously allows a diversification of idiosyncratic risk, but, as Ross notes, a
weaker condition could also suffice. Chamberlain and Rothschild (1983) and
Ingersoli (1984) (working independently) developed a very. appealing alterna-
tive, called an approximate factor model,

First, recall that in a strict factor model random returns can be written in
the form r — F=Bf + &, where ¢ is uncorrelated with ¢; and f, for every
i, j, k, i#j. Without loss of generality we can set £[ f/*]=1 {the K x K
identity matrix). The assumption of an exact factor model is identical to
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assuming the following form for the return covariance matrix:
E[(r=F){r—7Y]=%=BB + D,

where D = Efec'] is diagonal.

We wish to relax some of the restrictiveness of the strict factor model, We
maintain the assumption that f,, are uncorrelated, but we drop the
assumption that g, ¢; are uncorrelated. This gives the more general form

) I=BB+V,

where ¥ = E[c¢'] need not be diagonal

We need to place sufficient structure on (5) to derive the APT. Recall that the
APT is an asymptotic theory dealing with approximate relationships for large
N. Let V¥ = E[e"™ ] be the idiosyncratic covariance matrix indexed by the
number of assets. A basic concept of the APT is that the randomness captured
by &, i=1,2,..., N, should disappear from portfolios with holdings spread
evenly over a large collection: of assets. Define a sequence of diversified
portfolios as a sequence of N-vectors ¢” such that «¥ 1¥ =1 for all N and
Limity ..., " " = 0. Call 2 sequence of random variables ¥ diversifiable if
limity_, ., E[(«"*"e")*] = 0 for all sequences of diversified portfolios &,

KEY RESULT 7: The sequence of random variates & is diversifiable if
there exists @ C < oo such that the maximum cigenvalue of V¥ is less than C
for all N. '

See Chamberlain {1983, Lemma 2) for a proof. There is a useful restriction on
B¥BY that is symmetrical to the restriction on V7. The factors in Ross’s model
are intended to represent economywide shocks to asset returns. As such; each
factor shouid have a broad-based influence affecting many assets in the
economy. This means that each of the columns of BY should have many
nonzero components. Through a technical argument (see Connor 1982,
appendix) this gives rise to a restriction called the pervasiveness condition. The
pervasiveness condition requires that the minimum eigenvalue of B¥BY
approaches infinity as N goes to infinity. :

Asset returns follow an approximate fuctor model if the sequence of
covariance matrices can be written in theform (5} and the minimum eigenvalue
of B¥B" approaches infinity with N while the maximum eigenvalue of V¥ is
bounded for afl N. : : ' :

KEY RESULT 8. If returns obey an approximate factor model, then the .
honexistence of approximate arbitrage implies Ross’s pricing bound.

See Chamberfain and Rothschild (1983, Theorem 3) or Ingersoll (1984,
Corollary) for a proof. Besides generalizing Ross’s assumptions, the approxi-
mate factor model has implications for the econometrics of the APT. Let HY
denote the N x K matrix consisting of the K eigenvectors of IV associated
‘with the K largest eigenvalues. Chamberlain and Rothschild (1983, Corollary 3)
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show that, in an important sense, H" is approximately equal to B” for large
N. Hence, the econometrician can estimate BY by estimating the Tirst K
eigenvectors of £V,

(V. THE COMPETITIVE EQUILIBRIUM VERSION OF THE APT

In the simple case of a noiseless factor model, the APT only requires the
nonexistence of arbitrage in its derivation, For strict or approximate factor
models, many theorists now believe that assuming competitive equilibrium
improves the model. A competitive equilibrium approach avoids two
weaknesses of the approximate arbitrage proof, First, approximate arbltrage
can only give a pricing bound rather than a pricing approximation in the
conventional sense. Second, the Ross-Huberman model of approximate
arbitrage, although clever, is very different from the classic economic modet of
competitive miarket pricing. This separates the approximate arbitrage version
of the APT from a wide range of applications and extensions that rely on
classic price theory.

The extra assumptions needed for a competitive equilibrium proof of the
APT are very natural to Rase’s framework. Rather than weakening the APT
by restricting its applicability, these extra assumptions actually strengthen the
theory by clarifying the economic principles behind it.

First, for the competitive equilibriam proof, the market portfolio must be
well diversified. This merely requires that no single asset in the economy
accounts for a significant proportion of market wealth. If aggregate wealth is
spread evenly across assets, then, by definition, so are the market portfolio
weights,

Second, the market factors must be pervasive. As discussed in Section III,
this restriction is justified by the cconomic rationale behind Ross™s model, In
the competitive equilibrium model this assumption guarantees that investors
can efficiently trade factor risk and idiosyncratic risk by exchanging available
securities. It allows investors to divessily away idiosyncratic risk without
restricting their choice of factor risk exposure.

The competitive equilibrium proof relies on the most basic notions of
economics. The first tool we need is the “invisible hand” of Adam Smith (1776),
which guarantees that all mutually beneficial trades will be consummated in a
competitive market. Given that investors are risk-averse, idiosyncratic risk is
undesirable to them. With the market portfolio diversification and pewaswe«
ness assumptions, it i8 possible to eliminate this risk from all portfolios via
market trading. Rational investors will take advantage of these trading
opportunities, and, in competitive equilibrium, all investors’ portl'ohos will be
free of idiosyncratic risk.

Another basic principle of economics is the notion that prices accurately
reflect the marginal preferences of agents (see, for example, Marshall 1890),
The randomness of security returns has two parts in an approximate factor
model: a linear combination of factor variates and an additive component of
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idiosyncratic risk, We deduced above that each investor will be protected from
idiosyncratic risk; hence, this risk will not affect his marginal preferences and
will not be reflected in expected returns, The remaining risk (factor risk) is in
linear combinations across assets. It follows, by the same logic that Ross uses
for the noiseless factor madel case, that the risk premia for each type of factor
risk will be proportional to the linear coefficients.

KEY RESULT 9. Given the pervasiveness and market portfolio diversification
assumptions, then in competitive equilibrium the APT holds with g conventional
approximation. In particular, it holds approximately for every asset for large N
and exactly for every asset for infinite N.

See Connor (1982, 1984) for proofs of the large-N and infinite-N cases,
respectively, along the lines outlined above. Dybvig (1983) and Grinblatt and
Titman (1983) develop alternative versions of the large-N model that simplify
the proof and provide explicit bounds on the rate of convergence of the
approximation.

The advantages of the competitive equilibrium proof of the APT are
obvious: it provides a stronger conceptual basis for the theory by embedding it
In a competitive market setting, and it lcads to a more conventional
approximation of asset prices. One disadvantage is that the model depends on
an economywide pricing equilibrium. The approximate arbitrage model only
depends on the hedging behavior of any single investor trading any large
collection of assets. That some assets {for example, real estate, human capital,
corporate bonds) might not be included in the model does not affect the pricing
restriction. The equilibrium model analyzes economywide market equitibrium
and all the trading interactions between investors. It does require that all
assets are included in the model; in particular, the model assumes that the
market portfolio (the value-weighted portfolio of all assets traded in the
economy) is welt diversified. In this respect, the equilibrium version is similar
to the CAPM (capital asset pricing model), which also requires a joint
hypothesis on the markét portfolio. (For the CAPM the return on the market
‘index uvsed for empirical analysis must be a good proxy for the true market
portfolio return.) One nust trade off the necessity for a joint hypothesis about
economywide aggregates against the fact that the equilibrium version gives a
conventional approximation rather than a pricing bound.

Some of the papers in this area are Connor (1982, 1384), Dybvig (1983),
Dybvig and Ross (1985), Grinblatt and Titman (1983), Shanken (1982, 1985),
and Sharpe (1977).

¥. CONCLUSION
Stripping the APT model to its barest essentials, it has two central ideas. The

first is contained in Key Result 3—the absence of arbitrage implies linear
pricing under (noiseless) factor linearity of returns. This takes the pure APT,
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which:-provides an intuitively appealing but empiricaily sterile result, and gives
it usable empirical content. ' '

A noiseless factor model involves dn overly restrictive assumption on asset
retarns. The second central idea: of the APT is that asset-specific risks will be
diversified out of large portiolios. The weak law of targe numbers states that all
randomness disappears from a many-term, convex combination of random -
varigbles, given that the linear weights are spread “evenly” across tervs and .
there are appropriate limits on the interdependencies between the random-
variables. A portfolio return is a convex combination of asset returns. If a
portfolio consists of weights that are spread “evenly” across many assets, and
asset-specific risks have limited independence, then these risks will dlsappear '
from the portfolio return. Risks that disappear from portfolio returns ought

" not affect the market prices of assets. This is the logical tool that allows the
analyst to generalize the arbitrage-based pricing resuit of the noiseless factor
model to a strict or approximate factor model.

One féature that is not essential to the APT is the approximate arbitrage
approach, which Ross and Huberman use to prove the theory. Arbitrage
(including approximate arbitrage) deals with the portfolio strategies of
individual investors. It cannot be used to analyze the influence of investor
interaction on prices. To more fully understand the diversification pheno-
menon, the analyst must examine marketwide equilibrium. Diversification is
then viewed as a consequence of the invisible hand acting on investors.
Investors eliminate asset-specific risks from their portfolios because it is
muteally beneficial for them ta do so. In this form the APT has 1t,s basis in the
most fundamental principles of economics.

The greatest weakness of the APT is the large amount of ambiguity in its
empirical predictions, particularly when compared to the CAPM. The CAPM
is explicitly a one-beta model. The APT only guarantees a K-beta form, with
K determined {one hopes) empirically. The CAPM sperifies the market
portfolio return as its “factor.” We do not have a perfect proxy for the market
portfolio return, but at least we know what we are searching for. The APT
gives very little guidance on the identity of the factors beyond the restriction
that they should obey the pervasiveness condition. Even with a perfect
statistical procedure for extracting factors, a level of ambiguity would remain:
any rotation of the factors provides an equally valid set of factors. -

The APT assumes a factor model of returns a priori. A stronger model would
generate the returns process endogenously, as a consequence of the economic
forces in the economy acting on asset prices. In such a model the factors would
be “labeled” as money shocks, production shocks, fiscal shocks, and so on,
and so identified theoretically rather than empirically. This would greatly
diminish the empirical ambiguity in the APT, The paper of Chen, Roll, and
Ross (1986), although it does not provide a formal model, constitutes an
important first step in this direction.

The APT is winning increasing favor as the best available model of stock
market prices. Yet there is a dearth of applications of the model to related
areas, such as capital structure, tax effects, dividend policy, and capital
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budgeting. For these tangential areas the CAPM remains the dominant
paradigm. This situation may change with time.

This chapter has been devoted entirely to the theoretical 31de of the model.

One of the most exciting directions for future research is toward tying together
the theoretical and empirical approaches to the APT. This tendency is evident,
for example, in Chamberlain and Rothschild (1983), Ingersoll (1984), and
Stan:g:raugh {1983), where theoretical models lead directly to new econometnc
msights,
" The APT, despite its weaknesses has made 2 permanent contribution to our
understanding of secugity market pricing. The model will continue to change
and grow due to new theoretical developments and empirical findings. The key
insights, however, are here 10 stay.

NOTE

! Let 4 be an N x ‘M matrix and & an N-vector. The duality theorern says that if
cb=0 for all N-vecters ¢ such ¢'A=0, then there exists an M-vector y such
that b= Ay.
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