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Abstract

What does utility maximization subject to a budget constraint imply for
intertemporal choice under uncertainty? Assuming consumers face a two
period consumption-portfolio problem where asset markets are incomplete,
we address this question following both the standard local infinitesimal and
finite data approaches. To focus on the separate roles of time and risk
preferences, individuals maximize KPS (Kreps-Porteus-Selden) preferences.
The consumption-portfolio problem is decomposed into a one period port-
folio problem and a two period certainty consumption-saving problem. We
derive demand restrictions which are necessary and sufficient, for portfolio
choices and certainty intertemporal consumption to have been generated by
maximization, respectively, of a one period expected utility representation
and a certainty representation of time preferences. Conditions are provided
for recovering the building block time and risk preference utilities. For the
finite data case, we derive a set of linear inequalities that are necessary and
sufficient for observations to be consistent with the maximization of KPS

utility.
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1 Introduction

The neoclassical certainty model of consumer behavior postulates that a con-
sumer’s demand can be described as having been derived from utility maximiza-
tion subject to a budget constraint. One is then naturally led to ask what this
model implies about demand behavior. This question has been addressed us-
ing two quite distinct approaches. The first, typically referred to as integrability,
originating in the infinitesimal analysis of Slutsky (1915) and Antonelli (1886), de-
rives necessary and sufficient conditions such that a given demand function arises
from the maximization of utility. The second approach known as "revealed pref-
erence", following the classic work of Samuelson (1938), provides necessary and
sufficient restrictions on a finite set of demand-price pairs such that the demand
behavior of a consumer is consistent with utility maximization. Among many
others, Hurwicz and Uzawa (1971), Mas-Colell (1978) and Afriat (1967) have pro-
vided complete answers to these questions for the case of demand for commodities
under certainty. While the analysis carries over directly to a static uncertainty
setting with complete asset markets, the case of incomplete markets is not fully
understood. Moreover for the case of the intertemporal demand for assets and first
period consumption in incomplete markets, the answer is far less clear, in particu-
lar for the integrability approach. The question of what the hypothesis of utility
maximization implies for intertemporal choice under uncertainty has received very
little attention in the literature. This is surprising given the well-recognized im-
portance of understanding the separate roles of risk and time preferences in saving
and portfolio decisions.

In this paper we address the question of intertemporal choice where asset
markets are incomplete utilizing both the integrability and revealed preference
approaches. We assume the classic two period consumption-portfolio problem,
where period 1 consumption is certain and period 2 consumption is risky. In the
first period the consumer chooses a level of period 1 consumption and a portfolio
of financial assets, where the market for assets is incomplete. In order to distin-
guish the separate roles of time and risk, we assume that consumers have pref-
erences of the form axiomatized by Kreps and Porteus (1978) and Selden (1978)
which include two period expected utility preferences as a special case. These
KPS (Kreps-Porteus-Selden) preferences are fully characterized by a representa-
tion of time preferences defined over certain periods 1 and 2 consumption and
conditional risk preferences, where the latter are parameterized by period 1
consumption and are defined over risky period 2 consumption. This separation of

time and risk preferences is well known and has been widely used in the analysis of



saving behavior and asset pricing.! In addition to giving necessary and sufficient
conditions such that consumption and asset demands are consistent with the max-
imization of KPS preferences, we also provide conditions under which the building
block time and risk preference utilities can be recovered from the demands.

Our first observation is that, under mild conditions, an agent’s utility maxi-
mization problem can be decomposed into a two stage problem. First conditional
on a given value of period one consumption, one solves the single period portfolio
problem resulting in optimal second period consumption. The solution is referred
to as the conditional asset demand function. Then a second stage consumption-
saving optimization for optimal first period consumption is solved. It will prove
convenient to base our demand test for and identification of conditional risk pref-
erences, on the solution to the conditional asset optimization problem. Then for
the existence and identification of time preferences we utilize the solution to the
second problem.

The solution to the conditional asset demand problem is formally identical to
the solution of a one period asset choice problem. We argue that when financial
markets are incomplete, it is generally impossible to extend the Hurwicz and
Uzawa (1971) integrability result to the most direct case, a utility for assets. But
what if preferences are defined over contingent claims and are representable by an
EU (expected utility) function? Assuming one can vary probabilities as well as
prices and income, we derive an asset demand test which verifies the existence of
a unique EU representation that rationalizes the given demand. Moreover, we
provide a means for recovering the EU function.

The assumption of varying probabilities is different from the traditional Arrow-
Debreu setting, where probabilities are assumed to be given and fixed. This key
difference enables us to define an implicit relationship between probabilities and
asset prices from the given asset demand functions. It follows from McLennan
(1979) that without this assumption the EU preferences cannot be uniquely recov-
ered - in this sense it is a necessary condition for our analysis. In reality, investor
beliefs over asset returns obviously vary over time but it is not clear how they can
be observed. In laboratory experiments where subjects are given the probabilities
they can naturally be varied across observations.

Within the KPS framework, establishing the existence of a well behaved time

preference utility turns out to be more difficult. One of the challenges is that

'For dynamic extensions (i.e., more than two periods) of these preferences such as the widely
used Epstein and Zin (1989) model, it is not possible in general to achieve a complete separation
of time and risk preferences (over consumption). See Epstein, Farhi and Strzalecki (2014, p.
2687).



the second stage consumption-saving problem can in general have a nonlinear
budget constraint. Building on an insight in Polemarchakis and Selden (1984),
we derive a local demand test for the existence of a unique (up to an increasing
transformation) representation of time preferences that can rationalize the solution
to the second stage consumption-saving problem. A key input into this test is
the EU function recovered from the conditional asset demands. In addition to
integrability results for the first and second stage optimizations, we also provide
local conditions on demand which are necessary and sufficient for it to be derived
from a KPS utility function.

Thus, together our theorems extend the integrability results of Hurwicz and
Uzawa (1971) and Mas-Colell (1978) to the consumption-portfolio problem where
asset markets are incomplete for the case of KPS preferences. To illustrate the
application of our key results, we include a sequence of examples in which given
demands are shown to satisfy the necessary and sufficient conditions for the exis-
tence of both a representation of conditional risk preferences and a representation
of time preferences. Moreover, we recover the specific representations of risk and
time preferences generating the demands.

We also translate our ideas to a revealed preference setting, with finitely many
observations on prices, probabilities and asset demands. Kubler (2004) considered
a special case of this setting but was unable to give a tractable characterization
of necessary and sufficient conditions. In this setting we provide a set of linear
inequalities that are necessary and sufficient for a finite set of observations to be
consistent with the maximization of KPS utility. To obtain this result, we assume
that in addition to observing the utility maximizing choices, one also observes the
certainty equivalents of risky consumption corresponding to these choices. In the
recent literature on contingent claim demand tests of different preference models
(e.g., Choi, et al. 2007), it is standard to assume that prices, income and proba-
bilities are known. Also, the required certainty equivalents could in principle be
solicited from the experimental subjects. Our revealed preference extension would
seem to facilitate addressing the interesting questions of whether (i) consumer de-
mands are consistent with KPS preferences, (ii) time and risk preferences are
independent and (iii) they perform better in complete versus incomplete markets.

The desire to separately identify risk and time preferences from given con-
sumption and asset demands is a clear motivation for why we have chosen to
focus on the consumption-portfolio optimization rather than just the portfolio
problem. With regard to potential applications of the theoretical results in this
paper, recent laboratory experimental work investigating the separate roles of risk

and time preferences would seem quite complementary. Numerous studies have



been conducted in this area (see, for example, Andreoni and Sprenger 2012, 2015,
Wolbert and Riedl 2013, Cheung 2015, Epper and Fehr-Duda 2015 and Miao and
Zhong 2015).

For the case of revealed preferences, Varian (1983) shows how to extend Afirat’s
(1967) analysis to a portfolio problem with possibly incomplete asset markets.
Our contribution is to extend his analysis to an intertemporal setting. There is
a substantial literature on the question whether EU preferences can be uniquely
identified from asset demand and how to recover utility (see e.g., Dybvig and
Polemarchakis 1981, Polemarchakis and Selden 1984). Clearly, if one can recover
a candidate EU function, one can plug it into the first order conditions for optimal
demand and test whether demand is generated by this utility. There are several
limitations to this approach. First, although it allows one to uniquely identify a
candidate EU representation, it may be difficult to analytically derive the utility
function.  Second, McLennan (1979) shows that locally the same incomplete
market asset demand can be generated by two different EU representations. To
overcome this problem, one must assume the existence of a risk free asset and apply
the approach globally or assume that the utility function is analytic. Our approach
proves existence of a unique EU function without having to recover the utility and
avoids the requirement to have a risk free asset and apply the approach globally
as well as the assumption that utility is analytic. =~ Kubler and Polemarchaks
(2017) examine a complementary problem. They also work in a two period
setting with incomplete markets but assume the existence of stationary expected
utility, and directly recover the NM (von Neuman-Morgenstern) index. The main
contribution of that paper is to give conditions that allow for an identification of
(fixed) beliefs from the observed asset demand as a function of asset prices. We
consider the opposite problem: beliefs are observable (objective) and vary but no
assumption is made on preferences. We give necessary and sufficient conditions
for the existence of a KPS representation and show that the utility function can
be recovered from observations on prices, probabilities and demands.

The rest of the paper is organized as follows. In the next section, we introduce
the setup and define notation. In Section 3, we provide several examples illus-
trating a number of specific obstacles in an incomplete market setting to directly
solving the integrability problem for a utility over assets rather than contingent
claims. In Section 4, we first consider integrability for the case where conditional
risk preferences are representable by expected utility and then provide necessary
and sufficient conditions for the existence of a utility representing time preferences
over certain periods 1 and 2 consumption and a means for identifying the utility.

Section 5 gives a revealed preference test to verify that discrete data is consis-



tent with a KPS representation which can be conducted in a lab setting. Proofs
are given in Appendix A and supporting materials are provided in Supplemental

Appendix B.

2 Preliminaries

In the first subsection, we describe the consumption-portfolio setting and then
review the structure and properties of KPS preferences. One of the motivations
for assuming these preferences is to be able to identify, based on consumption
and asset demands, the specific underlying risk and time preferences. To achieve
this, it will prove useful to utilize a two stage process for solving the consumption-

portfolio optimization, which is discussed in the second subsection.

2.1 Notation and Definitions

At the beginning of period 1, the consumer chooses a level of certain first period
consumption ¢; and a set of asset holdings, where the returns on the latter fund
consumption in period 2. The asset market can be incomplete with J > 2
independent assets and S states, where J < S. Denote the payoff for asset
Jj (G ed{l,...,J}) in state s (s € {1,...,S}) by §;, > 0, where for each j, there
exists at least one s € {1,...,S} such that §;; > 0. The quantities of assets and
contingent claims are denoted, respectively, by z; and cy,, with z and c, being the

corresponding vectors. Random period 2 consumption can thus be expressed as

J
s =Y 7, (s=1,..9). (1)
j=1
The prices of period 1 consumption, c¢; and asset z; are given by, respectively,
p1 and g;. The vector of state probabilities is denoted w € A" = {7 € RY,|
23521 s = 1}. Both asset prices and state probabilities are allowed to vary. We
assume throughout that the payoffs of the J assets across states, (£ FIERRRRLS js),
are linearly independent for all j = 1,...,J. Asset prices preclude arbitrage in
that there are po, > 0, s =1,...,5 such that

S
q; :Z§j5p2s (j = 17277"'7<])‘ (2)
s=1

The consumer’s preferences over the consumption vectors (ci, ¢, ..., Cag) are



assumed to be representable by the KPS form?

S
Z/{ (Cla Co1y +eny CQS) - U <Cl7 ‘/'0:1 (Z WS‘/;l (628))> - U(C7 /C\Q)a (3)
s=1

where 327 7w, V., (c2,) is the standard single period state independent EU repre-
sentation over risky period 2 consumption, V., is the NM index conditional on

period 1 consumption.?

The NM index V,, is strictly increasing in cos and twice
continuously differentiable in ¢; and cys. The assumption that V., is strictly in-
creasing in co4 ensures the existence of a unique certainty equivalent ¢;. The time
preference representation U is twice continuously differentiable and strictly quasi-
concave and V,, is concave in ¢y for each cj-value. The second argument of U in

(3) is the period 2 certainty equivalent associated with (¢, ..., Cag)

S
G =V, (Z wqu(c%)) .
s=1

If V., takes the form
Ve, () = ale)) V() +b(a),

where a (¢;) > 0 and b (c;) are functions of ¢; and V is independent of ¢, it will
be said to exhibit RPI (risk preference independence). Otherwise, it will be said
to exhibit RPD (risk preference dependence).* Clearly for the case of an RPD
conditional NM index, ¢ will depend not only on (ca, ..., c25) but also on ¢.
Thus, the KPS utility (3) is defined by the indices (U, {V,, }).

Given the dual contingent claim structure assumed, the consumer’s consumption-

portfolio optimization problem is given by

max U (c1, Ca) (4)
C1,Z
S
ST /C\Q (CQ; ‘71') = ‘/;:1 (Z Ws‘/q (025)> )
s=1
J J
Cos = ijszj and picy + quzj = 1. (5)
j=1 J=1

2The particular form (3) is axiomatized in Selden (1978). As is well-known, this utility is
equivalent to the two period Kreps and Porteus (1978) form if one embeds V! in the outside
aggregator.

3In general, the representation (3) is not linear in probabilities and diverges from the two
period EU Zle msW (e, cos)-

4One familiar example of such a dependence is the internal habit formation formulation in
Constantinides (1990).



Since these assumptions do not imply that the first order conditions for the prob-
lem (4) - (5) are sufficient for a unique maximum, we require the KPS utility (3)
to be strictly quasiconcave in (cq, ca1, ..., C2g).

The solution to (4) - (5) can be expressed as the period 1 consumption ¢; (pq, q, 7, I)
and asset demand function z(p;, q, 7, I). It will be understood that when we write
m1,...,Ts, one can always replace g by 1 — Zf;ll ms. Consistent with the above
simplex normalization of probabilities, corresponding to any change in 75 (s # 5)
it will be understood that mg will have a compensating change. Given this con-
vention, dc; /0 and 0z/07, are defined for s =1,...,.5 — 1.

Throughout most of this paper, we assume that one is given the functions
c1(p1,q,m,1) and z(p1,q, 7, I) on an open set of period one consumption price,
no-arbitrage asset prices, probabilities and incomes. These sets are denoted re-
spectively by PC Ry, QCR{,, I C A and T € Ry ;. We assume that the
function is given on the product on these sets, P x Q x II x Z which we assume
to be topologically connected. This assumption is not needed for our tests, but
clearly one cannot uniquely (up to monotone or positive affine transformation)
recover utility functions which are defined on different regions of the consumption
space.

The key question we focus on is whether a given vector of demands (cq,z) is
generated as the result of the optimization (4) - (5) and hence can be said to be
rationalized by KPS preferences. As mentioned in the introduction, it is crucial

to assume that variations of probabilities are observable on an open set.

2.2 Two Stage Optimization

The optimization (4) - (5) can be decomposed into a two stage problem.’ First

conditional on a given value of ¢;, one solves the single period problem

S

S J
mzaX Z’/Ts‘/cl (CZS) = Zﬂ—s‘/q (Es ’ Z) S.T. Z djzj = I — b1 = I27 (6)
s=1

s=1 Jj=1

where I denotes period 2 residual income. The solution to (6) is referred to as
the conditional asset demand function and denoted by z(q, 7, I5| ¢;). Then the

second stage optimization is

max Uley, & (z( a, m,12| 1)) (7)

® A necessary and sufficient condition for being able to perform this decomposition is given in
Remark 8, Appendix A.2.



is solved. It should be noted that in this formulation ¢, is a function of z and c;.
The resulting optimal period 1 consumption demand ¢1(p;,q, 7, ) can be substi-
tuted into z(q, 7, I5| ¢1) yielding the unconditional asset demand z(p;,q, 7, I). It
will prove convenient to base our demand test for and identification of conditional
risk preferences, corresponding to Zle 7sVe, (c25), on the solution to the condi-
tional asset optimization problem (6). Then for the existence and identification
of time preferences represented by U(cy, ¢2), we utilize the solution to (7).

For the overall optimization, suppose that I/ in (3) is quasiconcave in (cy, ¢a1, ..., C25),
then a solution to (6) - (7) exists, but the U implicitly defined by U (¢y,c2) =
U (c1,¢214 .0y Cog) With gy = ... = cag, need not be strictly increasing and qua-
siconcave, as is required for a suitable representation of time preferences. (See
Example B.1 in Supplemental Appendix B.1.) For the two stage optimization, it
is standard to assume that U is quasiconcave. However, this is not sufficient to
ensure that the solution to the first order condition also satisfies the second order
condition. (See Example B.2 in Supplemental Appendix B.1.)

Since for our primary integrability results, we assume the two stage formula-
tion, we need an assumption on the certainty equivalent to guarantee overall strict

quasiconcavity.

Assumption 1 The period two certainty equivalent

S
&=V, Y w6 z(am b )
s=1

18 weakly concave in cq.

Proposition 1 Suppose J > 2 and S > J and one is given twice continuously
differentiable demand functions c¢1(p1,q, 7, I) and z(p1,q, 7, I). Further assume
that the conditional asset demand function z (q,, I3| c1) is rationalizable by an
EU function with a twice continuously differentiable NM index V., and inverse
conditional demand exists. Moreover, there exists a unique twice continuously
differentiable, strictly increasing, strictly quasiconcave representation of time pref-

erences U (c1,¢y) rationalizing the certainty demand. Then (c1,2) can be ratio-
nalized by a KPS utility (3) if Assumption 1 holds.

Remark 1 As proved in Selden (1980, Corollary), if V., is a member of the
HARA (hyperbolic absolute risk aversion) class, then ¢y is a linear function of

c1 and Proposition 1 is automatically satisfied.



3 Motivating Examples

The most natural and direct way to solve the integrability problem would be to
prove the existence of a rationalizing utility defined over period 1 consumption
and assets rather than period 1 consumption and contingent claims, for instance,
using Hurwicz and Uzawa (1971). However, even if one could prove the existence
of an increasing and quasiconcave utility over assets, there is no guarantee that
this would imply the existence of an increasing and quasiconcave utility over con-
sumption. This difficulty is illustrated by the following simple example based on
the consumption-portfolio problem (4) - (5). The Slutsky symmetry and negative
semi-definiteness conditions necessary and sufficient for the existence of a utility
over assets are satisfied, but the induced preferences over contingent claims are

not increasing and quasiconcave.

Example 1 Assume three states with a risk free asset, a risky asset, asset payoffs

1
§n=1 &u=1 &s=1 &1 =2, {n =0, 52325

and probabilities (w1, 7o, m3). Suppose demand takes the following form

2 (ngn + madyp + 7T3€13) I

I
C1 (phqa]) =5 % (plaqa]) - 3(

3p1 1 (§11 + &) + 72 (§12 + &) + 73 (€43 +&03)) @1

and

2 (m18g; + malgy + m3Ea3) [
m1 (€11 + &o1) + 2 (§19 + En0) + 73 (€13 +Ea3)) @2

ZQ(plaCLI) = 3(

It can be verified that the conditional asset demands are given by

(1611 + T840 + m3E13) o
1 (§11 + &a1) + 72 (§12 + Ea2) + T3 (13 + E23))

21 (q7 12| Cl) = (

and

(11801 + T8y + T3E03) o
1 (€11 + &) + 2 (§10 + Ean) + 73 (€13 +623)) 1

These demands satisfy Slutsky symmetry and negative semidefiniteness conditions

22 (q7 IQ‘ cl) = (

where the former holds automatically since there are only two assets. Applying
the Hurwicz and Uzawa (1971) recovery process yields the familiar Cobb-Douglas

form defined over assets,

Vq(zh zp) = (m1€yy + T2 1o + m3813) In 21 + (M1y + mabay + T3Es3) In 2.

10



This in turn, corresponds to a utility function over the contingent claim domain

{(ca1, ca, c23) € RE | o3 = 2 + 322} which is given by

Co1 — C22

1 .
5 + In ¢y

Vcl (021, C22, 023) =In

By the Tietze extension theorem (see e.g., Hazewinkel 2001), this can be extended
to a continuous utility function over the entire contingent claim space. However,

it 18 easy to see that the utility 1s not everywhere increasing in cos.

This example clearly demonstrates that any asset demand test has to work
in the contingent claim setting since even if one can recover a well defined util-
ity over assets, it may have no economic meaning when defined over contingent
claims, which are associated with the consumers’ real consumption. However, it
is well known that when markets are incomplete one cannot uniquely identify the
preferences over contingent claims from demand of assets. The following example
which focuses on the conditional asset demand optimization (6) illustrates this

point.5

Example 2 Consider the following non-EU function representing conditional risk

preferences
3
Vey (€21, €22, Co3; M1, T2, T3) = ZWS In cos 4+ Va1 + a2 — 2¢93, (8)
s=1
where
1 1
511 =1, 512 =0, 513 = 57 521 =0, 522 =1, 523 = 5
Since

Co1 4 Cog — 293 = 21 + 29 — (21 + 22) =0,

it is clear that the non-EU function (8) expressed as a function of assets

3
Vc1 (Zl7 R9,T1, T2, 7T3) = Z Ts In (glszl + 528’22)
s=1

takes the same form as the conditional EU representation defined over contingent

claims

3
Ve, (€Ca1, €2, Co3; Ty, Mo, T3) = E s 10 Cos.
s=1

Therefore in this case, mazximizing the non-EU and FEU representations results in

same conditional asset demand functions.

A similar example is given in Polemarchakis and Selden (1981).

11



The examples suggest that when markets are incomplete it is very difficult to
derive necessary and sufficient conditions for intertemporal demand to be ratio-
nalized by a well-behaved utility function. Clearly, the Slutsky condition on asset
demand is a necessary but not a sufficient condition. The difficulty in deriving
sufficient conditions lies in the fact that there are many utility functions that
rationalize asset demand in incomplete markets and it is generally impossible to
ensure that one of them is increasing and quasiconcave.’

To address this problem, we note that assuming that a consumer’s preferences
are EU goes a long way to solve this problem. Although for this example, it
is impossible to tell whether the true underlying representation of conditional
risk preferences is the EU function, one can still ask whether the EU function
rationalizing the observed asset demand is (i) unique in the class of EU functions

and (ii) can be recovered from the demands.

4 Integrability

In this section we solve the integrability problem for KPS preferences by provid-
ing conditions such that there exists a KPS utility (3) defined by (U, {V,, }) which
rationalizes given demands (cy,z), is unique and can be recovered from the de-
mands. Our approach follows the two stage consumption-portfolio optimization
(6) - (7). Based on the first stage conditional portfolio problem, we give condi-
tions for the existence and uniqueness of the {V,,} and a means for recovering the
NM indices. Then, utilizing the second stage consumption-saving problem, we
derive conditions for the existence and uniqueness of U and a means for recovering
time preference utility. Finally, we provide conditions such that the KPS utility
defined by the (U, {V,,}) obtained does indeed rationalize the given demands. A
comprehensive example is provided which illustrates the application of the tests

derived in this section.

4.1 Veritying That Conditional Asset Demands Are Gen-
erated by EU Risk Preferences

The question of the existence of a rationalizing conditional EU representation can

only be answered in terms of restrictions on conditional asset demands.® Since

"For the revealed preference analysis, matters are quite different. It is straightforward to

derive the Afriat inequalities for this case. We illustrate this in Supplemental Appendix B.2.
8If the unconditional demands can be rationalized by a twice continuously differentiable,

strictly increasing and strictly quasiconcave utility function, then as argued in Remark 8 in

12



it is more reasonable to suppose that one is given unconditional demands for
period 1 consumption and assets, it is necessary to ensure that a unique twice
continuously differentiable conditional asset demand function can be derived from
the unconditional demand function. Sufficient conditions for this derivation are
given by Lemma 2 in Appendix A.2. This is a mild technical condition and for
simplicity it will be assumed to be satisfied throughout this paper.

In order to derive our integrability result for conditional asset demand, it will
prove useful to consider the inverse demand function which maps asset demand,
probabilities and income into a supporting price vector. To simplify notation,
normalize I; = 1 and denote the conditional inverse demand function by ¢;(z, )
(j=1,2,....J). It should be noted that although ¢;(.) refers to both the uncon-
ditional and conditional inverse demand, they can easily be distinguished, respec-
tively, by the inclusion of I for the case of unconditional demand. For the analysis
below, we require taking the partial derivatives of q(z, ) with respect to prob-
abilities. In Appendix A.2, sufficient conditions are given in Lemma 3 for the
existences of twice continuously differentiable inverse demand. Again this is a
mild technical condition that will be assumed to hold throughout the paper.

As explained in Section 2 above, conditional demand is assumed to be given in
an open and topologically connected set of asset prices and probabilities. It follows
from Lemma 3 that for each v € II, the range of the inverse demand function is an
open and connected subset of R” and we can define the domain of inverse demand
as D C R/ x Ai_l, an open and connected set.

In order to derive necessary and sufficient conditions for EU-rationalizability
based on inverse demand, consider the conditional portfolio optimization problem

in (6) - (7). The first order conditions for the optimization problem are

S
D i Vi (e20) = pgs (G=1,..,.]), (9)
s=1

where 4 is the Lagrange multiplier. It is easy to see that when markets are com-
plete the system (9) has a unique solution in 7,V (cas)/pt, s = 1,...,5. These
are the contingent claim prices, pss. Kubler, Selden and Wei (2014, Theorem 2)
derive simple necessary and sufficient conditions for the existence of a rational-
izing EU function in complete markets based on the following relation between

contingent claim demands
Cog = f(CQI7 k8)7 (10)

where

Appendix A.2, one can always consider the two stage optimization and hence unique twice

continuously differentiable conditional asset demand exists.

13



TsP21
, 11
T1P2s ( )

and f is strictly increasing in kg and f (cgs,1) = ¢gs for all ¢, The demand

ks =

restriction (10) is referred to as the k-test. Unfortunately when markets are
incomplete, (9) has many solutions and it is not feasible to determine whether
there exists a particular solution that satisfies (10).

However as we next show in Theorem 1 below, it is possible to extend the
complete market EU asset demand test to incomplete markets if we assume that
probabilities can be varied. Indeed the three conditions stated in the theorem
below comprise a formal analogue to the complete market k-test. The method
gives us a way to uniquely pin down 7,V (c2s)/p which we denote by p,,: Assuming
that for some j, {;5 — ca25q; # 0, this allows us to define for all (z, ) € D,

S—1_ dg S-1_ g
P (Z 7'r) _ Zszl Wsagjs _ _71'3 Zl:l 7”3_;]?]1 (12)
2 —%(fjs - 62}2%) fjs — 2584
and (assuming §;; — ca,q; #0) fors=1,...,5 — 1,
™ (di Dy Wl%)
S\ Ors = on
pas(2, ) = : (13)

gjs — C254;

In the proof of Theorem 1, we show that these are the analogues of contingent
claim prices for the incomplete market setting.

For two states s and s, define

M, (2, 7) = Ty P3s(2, ) (14)
’ ’ 7T8p23’(z777)

We have the following theorem.

Theorem 1 Assume J > 2 and S > J and that for some j € {1,....J}, &, —

c2sq; # 0 (Vs = 1,...,5). Then conditional asset demand z(q,m, 5| ¢1) can
be rationalized by a unique EU representation if and only if the following three

conditions hold.

(i) For all (z,m) €D, and all j=1,...,J,

S
QJ (Z7 7T) - Z £j5p25(z7 7T)
s=1
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(ii) For all (z,7) € D, and all arbitrary vectors ¢ € R with &,- ¢ =€, -¢ =0,

the derivative in the direction of these vectors satisfies

d
%Ms,s’(z + 5C7 7T)|5:0 = O,

where § 1s a scalar.

Moreover, for all (z, ) € D,

DM, g (z,m) =0.

(iii) For all (z,m),(z,7) € D and all s,3,8',5 € {1,...,S}, if cos = 2-&, >

Cos=7-& and cay =7 -&, = Cow = 7 &5 then
Ms,s’ (Z, 7T) S M§,§' (Ea %)7
where the inequality holds strictly if cos =7 - &, > Cos = 7 - &5

Furthermore {V,, } can be uniquely recovered up to a positive affine transfor-
mation on the intervals of consumption values demanded in states s = 1,...,S
by integrating M o (z + 5¢, ) with respect to & for ¢ € RY where ¢ - &, =0 and
¢-&,>0. Inthis case,

Vou(cas) = Viu (€, - (21 60)) = / Moz + 6, 7)d5.

One cannot directly integrate with respect to ¢y, since M ¢ (z, 7) is a function
of probabilities and asset demands instead of (cas, Cos), Define the marginal rate
of substitution between ¢y, and coy as M RS,s. If conditional asset demands are

EU representable, we have

g V, (023)
Myg(z, )= MRS,y = 21—,
o (2, 7) o V7 (cav)

which is independent of probabilities. Here we choose a vector satisfying ¢-£,, = 0
and ¢ - &, > 0. Since o5 = z - €,, when integrating M, ¢ (z + 0¢, ) with respect
to 9, we effectively integrate for co,.

As argued in the proof of the theorem, Condition (i) follows from the first
order condition for optimality. Condition (ii) follows because utility is assumed
to be separable across states and the NM index does not depend on probabilities.

Condition (iii) guarantees state independence and concavity of utility.
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Remark 2 To see more clearly the connection between Theorem 1 Conditions (i)
- (i4i) and the k-test (10), set s =1 in (14) yielding

My (z,m) = TP (2, 7) = k. (15)
T1p2 (2, 7)
Condition (ii) in Theorem 1 guarantees that My (z, ) is a function of only ca
and cag and Condition (iii) ensures that this function is strictly decreasing in co
and strictly increasing in cog. By the Implicit Function Theorem, there exists a
function f such that

cos = f (0217 k’s') .

Based on Condition (iii), it is easy to verify that f (ca1, ks) is strictly increasing
in kg and f(co1,1) = coy for all coy. Therefore, the result in Theorem 1 converges
to the complete market EU test in Theorem 2 of Kubler, Selden and Wei (2014).

Remark 3 If there is a risk free asset and demand can be observed globally, then
the process to recover the candidate V., can be significantly simplified. Following
Dybvig and Polemarchakis (1981), without loss of generality assume asset 1 is risk
free. Then one can recover the candidate {V,,} if the following inverse demand
18 known

q(z = (z,0,...,0),m, I5) € Q for some Z.

This recovery process rests crucially on the assumptions that (i) an EU represen-
tation exists and (ii) one can observe demand and prices where it is optimal to

only demand the risk free asset.”

Remark 4 McLennan (1979) provides an example in which asset demands can
be rationalized by two EU representations with NM indices that differ by more
than an affine transformation (also see Dybuvig and Polemarchakis 1981, p. 165).
It should be emphasized that one of the NM indices depend on probabilities. If,
as McLennan (1979) assumes, probabilities are fixed, both representations can be
viewed as standard EU functions. However because we allow probabilities to vary,
a representation which takes the EU form but with a probability dependent NM
index cannot rationalize the given demand.'® Thus if there is a probability depen-
dent NM index and a probability independent NM index to rationalize the demand
for fized probabilities, we will only recover the probability independent one based

on Theorem 1.

Tt should be noted that Green, Lau and Polemarchakis (1979) propose another approach for
recovering V., when there is no risk free asset and the analysis is local. This is based on the

strong assumption that V., is analytic in the nonnegative domain.
10This is discussed at length in Kubler, Selden and Wei (2017).
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Next we apply the incomplete demand test associated with Conditions (i) -
(iii) in Theorem 1 for demand to have been generated by the maximization of an
EU function. Given that the asset demand function passes the incomplete market
EU test, a unique EU representation exists and integration is shown to produce

the corresponding NM index V,, (up to a positive affine transformation).

Example 3 Assume three states and two assets where the payoffs are given by'!

1 1
=1 &2=0, &3 = 9 §01 =0, =1, {3 = 9 (16)
The period 1 consumption and unconditional asset demands are respectively given
by 213
1
1 (m@-1/B)\™ (m(B-1)\"\ 2
o = i RN 1—q2 a—aq2 (17)
- m3(1=1/B) \™ ’
P11 X <—2(q27q1/3))
1
1 (m0-1/B)\™ (m(B=D\" \ 2
_m(1-1/B) 12_1< a1—q2 ) < a1—q2 )
aT 91— Q2 m3(1-1/B) \™* (18)
X (2(Q2*Q1/B))
and )
1 (m1-1/B)\™ (m@B-1)\"2 \ 2
_ T2 (B—-1) Pt ( 1Q1*Q2 ) ( ?117112 )
2T G — Q2 m3(1-1/B) \ " ’ (19)
X (2(q2—q1/8))
where
A= \/((1 —m) @ — (1 —72) g2)” + Amimaqi o
and

_ma (A -m)g — (1 +7m) g+ A)
Tage (L+m1) g — (L =) g2 — A)
Given that the unconditional demands satisfy the conditions in Lemma 2, and the

conditions in Lemma 3 are also satisfied, one can first derive unique conditional

For the assumed payoffs, there exists an effective risk free asset, which corresponds to a

portfolio of assets z satisfying the following condition of having the same payoff in each state

J
Z zi€;s =1 forall s.
j=1

However the effective risk free asset is not used in this example.
12Tt may strike the reader as surprising that asset demand is independent of income I. This
will be clarified in Example 4 below. Nevertheless, in Supplemental Appendix B.3 the associated

conditional asset demand is shown to depend on period 2 income I5 before normalization.
131t should be noted that the complete market unconditional demands generated by the same

rationalizing utility derived at the end of this example, are considerably simpler than (17) - (19).
The considerable increase in complexity of the demand functions is a common consequence of

incomplete markets.
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asset demand functions and then obtain the following inverse conditional demands
(with the normalization Iy = 1)
(1 —79) 21 + m129 (1 —71) 20 + ma21

a (Zl + ZQ) 1 an 2 (21 -+ ZQ) Z9 ( )

Applying the approach outlined in Theorem 1 and its proof, it first can be verified
that

o 22 o 1
= and = —
omr1 (214 22) 21 Oms 21+ 29
Noticing that
1
Co1 =21, Cpp=2 and co3= B (21 + 22),
we have
6111 Z
ony =1 lam ™1 ((1—71'1) ZQ+7T221)
/)21(Z> 7") = .
11— caqu (1—qiz1) (21 + 22) 21
and
a1 Z >
(67r2 =17 o (7T122+ (1 —7T2) 21)
P22(Za 7") = .

§12 — C2qn B Q122 (21 + 22) 21
It can be verified that

5
7T) = Z fjsT‘-SPZS(Z7 ﬂ-)
s=1
and hence Condition (i) in Theorem 1 is satisfied. Next we verify Condition (ii).
Inserting the inverse demands (20) into the following yields

M (Z 7T) _ T2 p21(z, 77) . ((1 - 7T1) Z + 71'221) q122 22
12 9 —_— — = —.
T1p(z, )  (mz+(I-m)z)(l—qan) =

Next assume ¢ € R? satisfying

C1€11 + €1 =0 and (€15 + (2800 = 0.

It follows that ¢ = (0,0) implies that

d
%Mm(Z + 5C, 7T)|5:0 =0.
Clearly
DxMis(z,7) = 0.

Verifying that the same conclusion holds for M y(z, ) with other s and s, Con-
dition (ii) is satisfied. Finally, it can be verified that

Mis(z, ) = 2 nd Mos(z, ) = iy

C21 C22
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Therefore, if coy > Caa and ¢y = Ca3, then for any ™ € 11,
Mia(z, ) < Mas(z, 7),

with the strict inequality if and only if ca1 > ¢a9. Verifying that the same conclusion
holds for M ¢ (z, ) with other s and s', Condition (iii) is satisfied.
To see the connection to the complete market k-test (10), notice that

U S & S
k, = M2sPa1 _ Miy(z, ) = 2
T21P2s C21
implying that cos = f (a1, ks) = corks.

Given that a V., exists, one can in fact recover the form that rationalizes the
given conditional asset demands. Following the logic in the discussion after Theo-
rem 1, define the dummy variable cos = €, - (z+ 0C). Then to identify V,,, taking
¢ =(¢4,0), we have
Z9 Z9

md§ = C_1 In (44 (21 +¢19))

which is defined up to a positive affine transformation. (See Supplemental Ap-

Ve, (c2s) = /6Ms,s/(z + ¢, m)ds = /5

pendiz B.3 for supporting calculations.)

4.2 Verifying Certainty Consumption Demands Generated

by Ordinal Representation of Time Preferences

In the prior subsection, Theorem 1 provides necessary and sufficient conditions
such that for each c;-value asset demands z are generated by the maximization of
an EU representation where each V., is increasing and strictly concave. In order
to go further and show that the given (¢, z) were generated by the maximization
of KPS utility (3), we have to show that (i) there exists a well behaved represen-
tation U of time preferences and (ii) the collection (U, {V,,}) define a KPS utility
that rationalizes the given unconditional demands. Several obstacles need to be
overcome in order to demonstrate that (i) and (ii) are satisfied.

The main obstacle lies in the fact that the function U(.,.) is defined over first
period consumption and the certainty equivalent of risky second period consump-
tion. Unfortunately, this cannot be observed locally — given the demand function
at a price and a small open neighborhood around that price does not pin down
the certainty equivalent. Theorem 1 allows us to uniquely recover the risk prefer-
ence {V,, } locally for the consumption values demanded - this generally does not
suffice to determine the certainty equivalent since the certainty equivalent may lie
outside the domain of the locally defined {V,, }.
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It remains an open question to derive local conditions on demand. However it
is clear that if we want to recover time preference utility U, we need to assume
that risky asset demand is given on a large enough set of prices so that the cer-
tainty equivalent, ¢; can be uniquely recovered from conditional demand. In the
following we make this assumption.

As in Subsection 4.1 above it turns out to be useful to work with inverse
demand. We assume in the following that the conditions in Lemma 3 hold and we

are given inverse demand functions for prices as a function of choices
pl(clazyjaﬂ-)v q(Cl7Z7I77T>

on some open an connected set DcC R, xR/ x R, x II. We also assume that we

are given
S
/C\Z(Clazla"'vZJvTr) = ‘/czl (Zﬂ-s‘/cl (SS Z)) ) (21)
s=1

for all ¢1,z, 7 with (¢1,2,1,7) € D for some 1.

The main technical problem for a demand test is then that we cannot define
a natural "price" for the certainty equivalent ¢; — if we could, the natural test
would require demand for period one consumption and the certainty equivalent to
satisfy the Slutsky equation.

Instead, similar to above we derive the marginal rate of substitution M RS =
oU/decq
U [5¢;

For asset j = 1 we can define'*

pi(a,z, I, m)  Oc(cr,z,w)/0ci ) Ocz(cr, 2, )
qj (c1,z,1,w)  0cy(cr,2,m)/0z2; 0z; '

from inverse demand and the certainty equivalent.

Flenmm = ( (22)

We show below that if demand is generated by the KPS utility (3), U(cq, ¢2),
then the function f only depends on z through ¢, does not depend on 7 and

one can express it as a continuously differentiable function of (¢;,¢;) denoted by
f (c1,¢2). We then have that

~ ~N . 8U/601
f (61,02) == MRS == 8U/8€2 (23)

and utility can be recovered through integration.
The following theorem states this formally and provides necessary and sufficient

conditions.

!Since p; and q are homogenous of degree 1 in I, the function f does not depend on I.
Furthermore, f could have been defined using any other asset j > 1, as this turns out to be

irrelevant.
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Theorem 2 Suppose J > 2 and S > J and one is given twice continuously
differentiable inverse demand and the certainty equivalent defined on some open
and connected set D. Further assume that Assumption 1 is satisfied.'> Then
there exists a unique twice continuously differentiable, strictly increasing, strictly
quasiconcave, probability independent representation of time preferences U (cq, o) :
Cy x Cy — R rationalizing the certainty demand (cq,¢2) if and only if the function
f defined in (22) satisfies

(i) Foralli,j=1,...,J and all (¢1,2,1,7) €D

df(c1,z,m)/0z  Ocy(c1,2,m)[0%
Of(c1,2,m)/0z  Ocy(cy,z,m)/0z’

(ii) For all (¢1,z,I,7) € 73, fler,z,m) >0 and forall j=1,...,J,

af(c ?Z’Tr)
D alcl _ 352(01,Z,7T) —0
™ 9f(c1,2,m)/0z; 861 )
0ca(c1,2,7)/0z;

(iii) For all (c1,z,1,7) € D and for all j =1,...,J,

df(c1,2,m) 0f(c1,2,m)/0z; dcz(c1,z,m)

8f(cl, z, w)/@zj Ocy ¢z (c1,2,7)/0z; dcy (24)
a/C\Q(Cl,Z,ﬂ')/aZj f<017Z’7T>

Furthermore U can be uniquely recovered up to an increasing transformation.

To implement Theorem 2, first note that on the right hand side of eqn. (22),
p1(c1,2) /g1 (c1,2) can be always calculated when inverse demands exist. Given
{Ve,}, 0ca/0c; and 0¢y/0z; can be also computed. Therefore, one can always
calculate the right hand side of eqn. (22) as a function of (¢;,z). In the above
theorem, Condition (i) guarantees that f (c1, 21, ..., ;) can be expressed as a func-
tion of (c1,¢). Condition (ii) ensures that the corresponding utility function is
strictly increasing and independent of probabilities and Condition (iii) ensures the
strict quasiconcavity of the utility. Moreover, if the function f(cl, Cs) exists, then

as proved in Theorem 2, the following partial differential equation

ou  ~, . o0U
8_01_ (01’62)8_82_0 (25)

always has a unique solution U (c¢1, ¢2), which is defined up to a increasing trans-

formation. Note that eqn. (23) defines an indifference curve. As already noted by

151t should be noted that the constraint ¢ (c1) referred to in Assumption 1 is based on optimal
conditional asset demand z (q, 7, Iz| ¢1). However, the certainty equivalent function ¢; (¢1, z, )
used in Conditions (i) - (iii) below is based on the definition (21) without optimization.

21



Samuelson (1950) in the two dimensional case, existence and uniqueness of a solu-
tion to (25) follows from the fact that f is Lipschitz and that therefore the ordinary
differential equation dcy/dc; = f together with the boundary condition (cf,¢5) has

a unique solution describing the indifference curve U (¢y,¢2) = U (¢4, 65).

Remark 5 Theorem 2 differs from the classic Hurwicz and Uzawa (1971) inte-
grability result in several key ways. A different approach is required due in part
to an inability to identify a price for ¢y since the constraint ¢; (¢1) referred to in
Assumption 1 may not be linear in ¢;. However since we only have two goods
(c1,¢2), the existence of U can be always be derived from the MRS analogous to the
conclusion that in the standard linear budget constraint setting Slutsky symmetry
is always satisfied for two goods. Condition (iii) in Theorem 2 plays the role of
negative semidefiniteness of the Slutsky matriz in Hurwicz and Uzawa (1971) in

guaranteeing quasiconcavity of U.

Remark 6 If there is a risk free asset (without loss of generality, asset 1) and
demand is defined globally, then following Polemarchakis and Selden (1984) we
can simplify the test in Theorem 2 to the following condition. In this case, the
certainty equivalent ¢y will have an implicit price py. A well behaved U exists if
and only if the Slutsky matriz associated with the demand function (cq,co) with
respect to (p1,p2) derived by solving

P2 _ @ (c1,21, ey 25, 1) (26)

b1 b1 (CI7Z17 "'7ZJ7-[) 21=cg,z0=...=2;=0

is negative semidefinite and symmetric, and if ps/p1 is probability independent.'s

If Assumption 1 does not hold, then in order to guarantee that the KPS rep-
resentation is well defined, we have to recover both {V,,} and U and then directly
verify that the KPS utility is strictly quasiconcave. Thus we have the following
theorem.

Theorem 3 Suppose J > 2 and S > J and one is given twice continuously
differentiable inverse demand and the certainty equivalent defined on some open
and connected set D. Further assume that Conditions (i), (ii) and (iii) in Theorem
2 are satisfied. Then there exists a unique twice continuously differentiable, strictly
increasing, strictly quasiconcave, probability independent representation of time

preferences U (¢1, ¢2) : C1 X Cy — R rationalizing the certainty demand if and only

16Since continuous differentiability implies local Lipschitz continuity, we obtain uniqueness of

the representation U without having to assume Lipschitz continuity as in Mas-Colell (1977).
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if the KPS wutility (3) constructed from {V., } and the solution U to the following
partial differential equation

ou  ~, . o0U
8—61— (01’62)8_/0\2_0

1§ strictly quasiconcave.

Based on Theorems 1 and 2, we are guaranteed that a well behaved (U, {V,,})
set exists. Moreover, Assumption 1 ensures that the resulting KPS utility (3)

satisfies strict quasiconcavity and the given demands maximize KPS utility.

Remark 7 Polemarchakis and Selden (1984) assume the existence of a strictly
quasiconcave U (c1,¢3) and discuss how to identify it. Although the identification
process of U (c1,¢2) provided by Theorem 2 is similar to that in Polemarchakis
and Selden (1984), Theorem 2 also gives an analytical test for the existence of
a certainty U (c1,¢2). The recovery process for U can be quite complicated or
sometimes not solvable analytically. (See Example B.3 in Supplemental Appendix
B.4). However Theorem 2 provides tests for the existence of U, which can be

readily verified without going through the recovery process.

Although based on Theorems 1 and 2 a unique U exists, in general it is not
possible to determine its analytic form. However in some cases utilizing Theorem
3, it is possible to recover U. To illustrate this, we consider the following exten-
sion of Example 3, where we demonstrated the existence of a rationalizing EU
representation of risk preferences and recovered the specific NM index {V,,}. In
the following extension, we first calculate the right hand side of eqn. (22). Then
f (c1, 21, 22) is shown to satisfy Conditions (i), (ii) and (iii) in Theorem 2 implying
the existence of a U. Finally f (c1,¢) is derived and used following Theorem 3
to solve for the representation of certainty time preferences. Thus, we establish
the existence of a KPS utility and also identify the defining representations {V,, }
and U.

Example 4 Deriving the inverse demand functions from the given demands (17)
- (19) in Example 3, it can be verified that

pi(c1, 21,20,1)  €xp (7r1 Inzy +moInzy + m3ln (%zl + %z2))

= T
@1 (c1, 21, 22, 1) i el

Since V,, (ca) = Incy is independent of c1,'”

1 1
Cy = exp <7r1 Inz +melnzy +m31n (521 + §Zz>) ) (27)

17Tt should be noted that the period two certainty equivalent in eqn. (27) corresponds to the
function (21) and is not based on the first stage portfolio optimization.
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implying that .
Co
— =0 d
B, an

(9/0\2 1 4 1 4 1 1 i 1 T 4 T3
— =exp|(mlnzy +melnz +asln| =2, + =2 — )
071 P 1 1 2 2 3 5¥1 T 572 5 7+ 2
Then it follows from eqn. (22) that
1 1
f(c1,21,22) = exp <2 (7?1 Inz; +malnzy + m3ln <§zl + 5@))) .

Neat we verify Conditions (i), (ii) and (iii) in Theorem 2. First,

mln z; + moln 29+ - .
exp(2( | Ly oLy <2z_11+lzlfl@>
af/azl B 3 H(221—|—222) 2 2

0f/0z2 m In 2z + 7o ln 29+ o s
exp | 2 In (1 1 <;+ 131+;Z2>
73 n(2z1+2zg) S
27?1/21 + 7T3/ (%Zl + %2’2) _ 8/0\2/821
2my /20 + T3/ (%Zri—%zz) J¢y /02,
and hence Condition (1) is satisfied. Second, if j =1 or 2,
D, <8f 0f 0z 8@) _0

8_01 852/(%]- 801
and hence Condition (ii) holds. Third, if j =1 or 2,

Of/0z; 1 1
aé];//az = 2exp (W11n21+7r21n22+7r31n (§zl—l—§zQ))

f 801 8/0\2/82] (901

and hence Condition (iii) is satisfied. Thus one can conclude that there exists a

1 <af of |0z a_@) _

unique twice continuously differentiable, strictly increasing, strictly quasiconcave
representation of time preferences U (c1,¢3) rationalizing the certainty demand.
Next we solve for U directly to verify our conclusion. Actually, it is easy to see
that f (c1,¢;) = @ and hence the partial differential equation (25) becomes

ou  _,oU

- — = =0.
861 “ 802
Solving this partial differential equation yields
N 1
U (61,02) =C — =, (28)
Co

which is twice continuously differentiable, strictly increasing, strictly quasiconcave
and probability independent. Thus the reason why the unconditional asset demands
(18) - (19) that we started with in Example 8 are independent of income is the
quasilinearity of the certainty utility, (28). Finally, since V., (c2) = Incy, which
is a member of HARA class, (U, V,,) represents a KPS representation.
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5 Revealed Preference Tests

Theorems 1 - 3 are fully consistent with the integrability analysis of Hurwicz and
Uzawa (1971) and Mas-Colell (1978) and give a theoretical answer to the question
of observable restrictions imposed by the maximization of KPS utility. But what if
in an applied setting one only has finite data rather than full demand functions, can
revealed preference analysis be applied to address the weaker question of whether
a finite number of observations on prices, demands, and possibly probabilities,
are consistent with the maximization of KPS preferences? Along the lines of
Mas-Colell (1978), one can extend the analysis by considering the case where
the observations become dense (in an appropriate sense as defined in Mas-Colell
(1978)) and can recover the KPS utility function. However, the purpose of section
is to consider the case where the data is finite.

For our non-parametric analysis we need to derive Afriat inequalities (Afriat
1967). These non-linear inequalities completely characterize choices which are
consistent with utility maximization. Varian (1983) showed that in revealed prefer-
ence analyses, the Afriat inequalities for asset demand can be used to test whether
demand and price observations are consistent with the maximization of an EU
representation in an incomplete market setting. Kubler (2004) derives the Afriat
inequalities for asset demand under Kreps and Porteus (1978) utility for the case
of risk preference independence. Unfortunately from a practical point of view his
results are useless since the inequalities are nonlinear and he does not provide an
efficient algorithm to solve them.

The Afriat inequalities can be efficiently solved if one can find equivalent,
quantifier free conditions as in Kubler, Selden and Wei (2014), or if they can
be reduced to a system of linear inequalities. In the latter case, interior-point
methods or the simplex methods can be used to solve systems even with a very
large number of observations.

In Lemma 1 below, we propose a traditional revealed preference test based on a
system of nonlinear inequalities. To make the computational process efficient, one
solution would be to design a lab experiment such that one can directly observe
period two certainty equivalent consumption based on the subjects’ responses.
Then the utility maximizing choices would be characterized by the computation-
ally simpler linear system of inequalities if one assumes that the overall utility
function is quasiconcave.

We start our analysis with a general characterization of rationalizable obser-
vations. It is helpful to use the budget constraint to transform asset demands

directly into contingent claim demands as the latter are the objects that impose
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restrictions on our data set. We consider the general RPD case and assume that

the NM index V., (cy,) is jointly concave in ¢; and cg;.'8

We assume throughout
that consumption choices are interior. Moreover, the certainty equivalent is not
observable in the lab experiment and needs to fulfill certain conditions. Consider
the case where there are N observations of prices and demands with i € {1, ..., N}.
For the following lemma and theorem below, we simplify notation by defining Vj,
Vi and ¢y, respectively to be the period two EU-value based on the i observation
of contingent claim demands, the utility-value Vi (ch,), the certainty equivalent as-
sociated with the vector (cy, ..., chs) and probabilities, . U® denotes the two
period certainty utility-value associated with the i* observation of period one con-
sumption ¢} and period two certainty equivalent ch,. Also, we use the following
definitions

Ve (chy) . OVialchy)

i 1 i e~ i 1 T X
up = Ui(cl, &), uy = Us(c1,6y), vhy = ———— vy, = —————, Vi=Vile,).
ocy 0ch,

We have the following lemma.

Lemma 1 The data set (¢}, ch, p!, q’, ﬂi)ﬁil 1s consistent with maximization of the
two period KPS wutility (3) defined by a concave time preference utility U and the
NM index {V.,}, that is jointly concave in first and second period consumption,
if and only if for each i = 1,..., N there exist V},vi v, > 0, s = 0,...,5,
Ubul > 0,ul > 0,chg>0,i=1,..., N, such that

(i) Foralli=1,...,N,

, s ; s
q’ i i 1 i i V10 ;1 i i
= | w tuy i E :7757]13 + = = Up—— E To& Vo5
b1 V20 4 V20 Y20 54
(ii) Foralli,j=1,...,N, and all s,t =0,...,5,
J i j
) ) v c c)
‘/'87, - ‘/tj S ;t . il o 1 :
Vot Cos C%t

18Tn principle, when making the two stage identification, one does not require V., (cas) to
be concave in ¢;. But for the revealed preference tests, it is standard for the Afriat concavity
inequality to impose concavity restrictions for both arguments. One interesting example of KPS
preferences that satisfies the joint concavity assumption is where the NM index V., (ca5) takes
the following internal habit formation form analogous to the EU representation of Constantinides
(1990)

Ve, (c2s) = V (cas — Ber)

where V” < 0 and 8 > 0. In this case, if the Arrow-Pratt measure of absolute risk aversion
V" (cas — Be1) /V! (cas — Ber) is decreasing in ¢os then it will be increasing in ¢;. In other
words, the more consumed in period one, the more risk averse the consumer becomes.
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Foralli=1,...,N

(iv) Foralli,j=1,...,N

i (LSS iy 4 Yo » '
uy + Uy < 21 TV i cl
V20 7 i V20
Jj1.,7 i j
; A U5~ U3 Cop C%l
U -0’ < 20 . _

j1 ., cl cl

u2v%0v25 28 25

The revealed preference Conditions (i)—(iv) in the lemma roughly parallel the
conditions in the infinitesimal Theorems 1, 2 and 3. Since we do not assume
that conditional asset demand is observable (this would correspond to the special
case where the ¢! are identical across observations i), the conditions ensure both
the existence of a risk averse conditional second period conditional NM index (in
Condition (ii)) and the existence of a concave time preference utility (Condition
(iii)). In addition since there is no simple analogue to Assumption 1 in this
setting, we need to impose separately that overall utility is concave in first and
second period consumption — Condition (iv) is therefore similar to the requirement
in Theorem 3.

In the lemma we assume observations on demand, prices and probabilities.
However unlike in our analysis in the infinitesimal case, it is irrelevant whether
probabilities vary or not. If we consider the case where observations become dense,
we clearly need to assume that probabilities vary in order to be able to recover
preferences uniquely.

Clearly the inequalities in Lemma 1 are nonlinear and it seems unlikely that
there is a tractable algorithm to solve them. One obstacle to the solution of
the full system in Lemma 1 lies in the fact that the certainty equivalents (cby)Y
are unknown. It would seem possible, however, that in a lab experiment one
might be able to solicit the certainty equivalents directly from the subjects. One
way of doing this would be to assume that only a risk free asset is available for
trade. Then each subject could be asked to specify the risk free asset price

such that the subject is indifferent between purchasing the risky asset portfolio
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and the risk free asset.!” Then, observations would consist of consumption, asset
demands, prices, certainty equivalents cb, and supporting risk free asset prices g
foralli =1,..., N. Building on the two stage identification process employed in
Theorems 1-3, we derive Theorem 4 (and Lemma 1 above). Condition (ii) of the
theorem is associated with the first stage optimization with respect to V., (cas)-
Condition (iii) is associated with the second stage optimization with respect to
U (¢1,¢q), where q; /p1 can be viewed as a pseudo price ratio corresponding to the
first order condition in eqn. (A.9) in Appendix A.4. Conditions (i) and (iv) are

associated with overall utility properties.

Theorem 4 The data set (¢}, ch, chy, pt, d', ﬁi)ij\il is consistent with mazimiza-
tion of the two period KPS utility (3) defined by a concave time preference utility U
and the NM index {V,, }, that is jointly concave in first and second period consump-
tion, if and only if for each i = 1,..., N there exist VI v, vs, >0,5s=0,...,85,
Utu, >0,i=1,...,N, such that

(i) Foralli=1,...,N,

a (. =, A
1 2,0 7 _ 1 1.
i ?1)20 + Z TsU1s + Vi | = Z 7Ts€sv2s)
P q s=1 s=1

1

(ii) Foralli,j=1,...,N, and all s,t =0,...,S,

. ) J i cj
vievi<[ ) ()= D)),

Forallt=1,...,N
5

Vo= mVi
s=1

(iii) Foralli,j=1,...,N,

U'-U’ < ] R ! ;
(“ﬁ‘) ((Czo) (C%o»

1Suppose one is given the observation (cf,ch,pi,q’,7%) for a subject, then the individual

could be asked to give the risk free asset price ¢ such that she is indifferent between purchasing
the period 1 consumption and risky asset pair (ci,c;pihqi, 7Ti) and the period 1 consumption

and risk free asset pair (c’i, cho, Pl ?ﬁ), where

2 —
Co0 =
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(iv) Foralli,j=1,...,N,

, - o j
J 4 1 S Gy Vio .
uy + U5 (— _q TV, + 5 i
P UQOAJ_ZH T c ‘
Jja 1 .7 i ]
i » uy T Va1 €21 o
U—-U’ < Py Vg . .
o . ) j
ujq—l—l vl Cas C;S
1.7, Y28
P1 V20

The proof of Theorem 4 follows from the observation that for the certainty
equivalents to be supported, we must have for all i = 1,..., N, ¢iU;/p} = U..

Theorem 4 Conditions (i), (ii) and (iii) can be written as a linear system of
inequalities that can be solved efficiently using methods from numerical linear
algebra. The additional system in Condition (iv) that ensures overall concavity
unfortunately is nonlinear and it remains an open question as to how to verify
it efficiently. Clearly Conditions (i)-(iii) are necessary conditions and they are

sufficient if one assumes that overall utility is quasiconcave.

6 Conclusion

In this paper, we give the necessary and sufficient integrability conditions such
that asset demand functions can be rationalized by a KPS utility function in
an incomplete market setting without requiring the existence of a risk free asset
but assuming probabilities can be varied. Moreover, a means for recovering the
corresponding KPS utility function is proposed if the above conditions hold. In
order to implement tests of whether in a lab setting the demands of individual
subjects are consistent with KPS preferences when markets are incomplete, the
results cannot be applied directly. One can either resort to a revealed preference
analysis (as is suggested in Section 5), or one can use our theoretical results to
obtain asset demand systems. Unlike in the case of demand for commodities under
certainty, no convenient functional forms are known for asset demand. Theorems
1-3 can be used in principle to develop such demand systems which then can be
estimated from experimental data. This is a subject for further research.

A good deal of the existing lab results questioning EU maximization, at least of
which we are aware, is based on lotteries. However in the evolving experimental
research based on contingent claim (asset demand) non-parametric tests (e.g.,
Polisson, Quah, and Renou 2019), the case against EU seems less clear than the
tests based on lotteries. Implementing our non-parametric tests based on asset
demands rather than lotteries in an experimental setting such as Choi, et al. (2007)

would seem to provide a useful addition to the existing literature. Finally, it would
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also seem quite interesting and potentially feasible to test whether consumers are
less likely to exhibit conditional asset demand behavior which is consistent with
EU maximizing behavior in incomplete versus complete markets perhaps due to

the extra complexity of more states than assets.

Appendix

A Proofs

A.1 Proof of Proposition 1

The optimal demand satisfies dU (¢, ¢z (¢1)) /dey = 0, which implies that

AU (c1,¢2)

Ocy _ d/C\Z
oU (c1,c2) dC]_ :
d¢ca

Moreover, we have

d2U (Cl,/C\Q (Cl)) d <8U (Cl,/C\Q (C1>) 4 oU (Cl,/C\Q (Cl)) d/C\Q)

dc% - d_Cl 801 6/0\2 d_Cl
_ 82U (Cl,/c\Q> 4 aQU(Cl,/C\Q)d_/C\Q
80% 8018/0\2 dC1
02U (c1,6) [dey\” LU (e, &) d%¢,
85% dCl 052 dC%
_ *U (c1,¢2) . 282(](01,52) 6U£’)cc11762)
N aC% 801862 %
c1,C 2 ~ ~
32U (Cl,/c\2> %01172) oUu (Cl, CQ) d262
08\ Wad) 9 A&
Cc2

Since U is strictly increasing and strictly quasiconcave, we have

0*U QU QU <8U)2 0°U <6U)2 ’U_,

0c100,0c, 00,  \0ci) 9 \0en) 0

implying that

2
PU_, U Gq  PU (50 _
Gcf 8618/0\2 g—g 8/63 g_EUQ .

Since d*¢y/dc? < 0, we have

d2U (C]_,/C\Q (Cl))

< 0.
dc?
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Thus the second order condition is satisfied and the optimal demand maximizes the
utility function U. Next we want to argue that if this solution always exists, then
the KPS representation must be strictly quasiconcave. For the KPS representation
U (¢, ¢2), the local maximum/minimum can be always derived from the two stage
optimization (6) - (7), where the first order conditions are satisfied. If U (¢, ¢2)
is not strictly quasiconcave, then there exists at least one local extremum which
is not a local maximum and hence will violate the second order condition. This
contradicts our argument above that the second order condition is always satisfied

and hence U (¢, ¢2) must be strictly quasiconcave.

A.2 Existence of Conditional Demands and Inverse De-

mands

The following lemma provides a sufficient condition for the existence of unique
twice continuously differentiable conditional asset demand functions. It will prove
useful to denote the Jacobian matrix of derivatives of the function (c;, I3) with

respect to (p1, ) as
. 8 (Cl, ]2)

c a(phj)

Since (c1, I3) can be viewed as a function of (py, I, q, 7), the nonsingularity of the

(A.1)

Jacobian matrix (A.1) ensures that the inverse function exists, i.e., (p1,/) can
be uniquely expressed as functions of (c;, Iy, q, ).2° Substituting these functions

into the unconditional demand (z1, ..., z;), one obtains the conditional demand.

Lemma 2 For given twice continuously differentiable demands ¢y (p1,q,m, 1) and
z(p1,q,m, 1), if (i) V(q,7) € Q X II, ¢; (p1,q, 7, I) and I5 (p1,q, 7, I) are proper
maps with respect to (py,1)*' and (ii) V(p1,q,w, 1) € P x Q x 11 x Z, det J. #
0, then Y(p1,q,m, 1) € Px Q x Il x I, there ezists unique twice continuously

differentiable conditional asset demand
Zi (q7777[2| Cl):'z’i <p17q7777[) (22177J) (AQ)
Proof. Consider the following equations

1 =C <p17q77r7]> and -[2 =1 — D1 (p17q7ﬂ-7]) . (AS)

20The reason for including q and 7 as arguments in the inverse demand functions is to ensure

that q and 7 will enter into the unconditional demand for assets (21, ..., z;) as parameters.
2L A map between topological spaces is called proper if inverse images of compact subsets are

compact. A special case which is more economically intuitive is desirability, i.e., when some

price goes to zero, the corresponding demand goes to infinity.
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IfY(p,qm ) e Px QxIIxT,

(9 (Cl, .[2)
det 22012
(i d) 7
and the map (¢ (p1,1), 2 (p1,1)) is proper, then following Gordon (1972, Theo-
rem B) and Wagstaff (1975, p. 524), (p1,]) can be solved for as a unique twice
continuously differentiable function of (¢1, q, 7, I3) from the set of equations (A.3).
Substituting

pi(ci,q,m ) and  [I(cy,q,m, 1)
into the unconditional asset demand z; (p1,q,w, 1) (i =1,....,J), ¥Y(p1,q,m, ) €

P x Q x II x Z, one obtains the unique continuously differentiable conditional
demand z; (q, 7, 2| ¢1) (1 =1,...,J). m
Condition (ii) ensures the local existence of conditional demand and Condition

(i) guarantees that conditional demand exists globally.??

Remark 8 Under the assumptions made in Section 2, namely that the U and
{V.,} defining KPS utility being, respectively, strictly increasing and strictly qua-
siconcave and strictly increasing and strictly concave, and overall KPS utility
being quasi-concave in ci,Coq,...,Cos then it 1s always possible to express the
consumption-portfolio optimization in two stages and there will always be a unique

conditional asset demand. Also, see the last paragraph in Appendiz A.1.

Next we consider the existence of the inverse demand function which maps
asset demand, probabilities and income into a supporting price vector. Denote

the Jacobian matrix of derivatives of the vector function (c¢;,z) with respect to

(ph q) as

d(c1, 21,y 27)

0 (p17 q1; -+ QJ)

Then the following ensures the global existence of unique inverse demand.

Ju =

Lemma 3 Assume ¢y (p1,q,m, 1) and z (p1,q, ™, ) are twice continuously differ-
entiable over prices, probabilities and income. If (i)¥(w,I) € IIXZ, ¢1 (p1,q, 7, )
and z (p1,q,m, 1) are proper maps with respect to (p1,q) and (ii) ¥Y(p1,q, 7, I) €
P x QxIIXZ,detJ, #0, then¥(p1,q,m,1) € P x QxIIXZ, there exists unique
twice continuously differentiable inverse demands py (¢1,z,7,1) and q; (c1,z, 7, 1)

(i=1,..,.J).

22Without condition (i), we cannot ensure that the conditional demands exist in the full
domain of all (no arbitrage) prices and probabilities. Then our result becomes local and we
cannot guarantee the uniqueness of conditional demand functions. A similar argument applies

to the discussion for Lemma 3.
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Proof. Consider the following set of equations
¢ =c (pr,q,7, 1) and z=12z(p,q,m,1). (A.4)

IfV(p1,q,m 1) € Px QxIIxTZ,

d(c1, 21,y 27)

det
a(p17QI7 "'7QJ)

40,

and V(m, ) € [IXZ, ¢; (p1,q, 7, 1) and z (p1,q, 7, ) are proper maps with respect
to (p1,q), then following Gordon (1972, Theorem B) and Wagstaff (1975, p. 524),
(p1,q) can be solved for as a unique twice continuously differentiable function of
(¢1,2z, 7, I) from the set of equations (A.4). m

Although Lemma 3 is stated in terms of the unconditional demands, one can
prove that conditional asset demand, if it exists, inherits the properties (i) and (ii)
as well as being twice continuous differentiability.?> Therefore, if the conditions
in Lemma 3 are satisfied, the conditional demand is also globally invertible. If
the preferences are represented by a twice continuously differentiable KPS utility
function, then Lemmas 2 and 3 are automatically satisfied. First, the maps
are clearly proper. Second, the conditional asset demand exists and is twice
continuously differentiable. This implies that det J. # 0 as in Lemma 2. Finally,
it follows from the first order condition that inverse conditional asset demand also

exists. Therefore, det J, # 0 as in Lemma 3.

A.3 Proof of Theorem 1

. . S—1 . .
To prove necessity observe that, using 7¢ = 1 — > 7" 7y and given the inverse

demand function q(z, ,l3), differentiating

S
Zﬂ-sfjs‘/cll (C2s> = Mgy,
s=1

with respect to 75 (s € {1,...,5 — 1}), one obtains

/ ) ou Jg;
Vi (e2) = &sV0 (cas) = 5 a5+ 5

Differentiating the budget constraint with respect to 75 (s € {1,...,S —1}), it

follows that
Z dq;
87'[‘5 Zj = 0 (A6)

23The inheritance of twice continuous differentiability is obvious. For a formal proof for the

(A.5)

inheritance of properties (i) and (ii), refer to Kannai, Selden and Wei (2017, Claims 2 and 3 in
the proof of Theorem 3).
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Combining eqn. (A.5) with (A.6) yields

V! (cas) cos — VI (cog) Cos =

S

Substituting the above equation into (A.5) one obtains

1 0q;
£V (cas) = €55 V2 (cas) = (V) (cas) cos — V| (cas) cas)— + 9
qj 67Ts
Defining
ﬂ-s‘/cll (025)
Pos = ——
L
we obtain
dq; Pas p
asz = (&5 — C25)) ﬁ—2 — (&5 — c250;) 7%5 (s=1,..,5—1). (A.7)

Using ), py.cos = 1 and ) £, po, = ¢; and summing over all s =1,...,5 —1, it
follows that

S—1
dq; “
Z Tog = i = &jspas = 651 = paseas) = (1= 7s) (&5 — casty) wiss

S

or pyg as defined in equation (12). Substituting the above equation into (A.7)
yields

implying that

9 S-1_ 8
(aii 2 17”6?:1) (

s=1,...,8-1),
gjs _CQSQJ

P2s =
as defined in equation (13).
Hence M, s denotes the marginal rate of substitution between consumption in
s and consumption in s’ and necessity of the three conditions in the theorem now
follows directly. Condition (i) follows from the first order condition for optimality.
Condition (ii) follows because utility is assumed to be separable across states and
the NM index does not depend on probabilities. Condition (iii) follows from state
independence and concavity of utility.
To prove sufficiency we prove that each p,, as defined in equation (12) and
in equation (13) can be written as the fraction of a continuous, positive valued
and decreasing function that only depends on cs, (call that function 74V, ) and a

continuous function that is the same for all s = 1,....5. This proves the result
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since Condition (i) in the theorem ensures that the first order conditions hold and

Condition (iii) ensures that the utility is state independent. This also proves that

the second part of the theorem, namely that utility can be uniquely recovered.
Since we assume that D is topologically connected, it follows that for each

s =2,...,5 the set of consumptions
Cs = {(ca1,c5) € RY : I(z,m) € D with cpy = &, - 2,095 = &, - 2}

is an open and connected set in R%. Therefore it suffices to normalize V] (¢31) = 1
for some value of ¢3; = &; - Z that is in the projection of the set onto c¢y;. From
this, with the assumption of openness we can recover V,, (ca5) locally by integrating
M1 (Z+¢5) with respect to § € R for any ¢ € R” that satisfies ¢-&, = 0,¢ &, > 0.
Since Cs is connected one can find a path of these integrals to obtain V,, (cgs) for
all ¢y, that are observed.

Condition (ii) in the theorem ensures that this function only depends on cy

and Condition (iii) ensures that it is concave and continuous.

A.4 Proof of Theorem 2

First prove necessity. If U exists, then it follows from the first order condition
that

oU | oUdE o oU 95
pl (C]-?Z].?"'?ZJ) . 801 8/0\2 Bcl _ 801 361 (A 8)
o oU 9dcy T 9a U dey ! ’
qi(c1, 21,5 2) 902 021 9z 062 Oz
implying that
ou o0, (5}
dc1 Ca b1 (Clvzla---sz) _ Oa (A 9)
ou oz \ ¢ (01 2 ZJ) 9% |’ '
862 ’ 7 621

which is a continuously differentiable positive function of (c¢1,¢2). Define this
function as f (c1,¢s). First,

Of )02 OF )06y 06202 9er)Dz
8f/azj 8?/852 : 8/0\2/62j 8/6\2/823 7

which is Condition (i). Second, f(cl,@) is independent of probabilities, which is
p, (2L afl — 0. (A.10)
df]0c,

To convert the above condition to a condition based on f, notice that

equivalent to

of _ of o
8zj N 8/0\2 8zj

o5 _of _ ofom

d = :
an 801 861 + 882 861

(A.11)
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Therefore, eqn. (A.10) can be rewritten as

D, <8f/8f/8zj aez> o

8_01 8/0\2 / (izj B 8_01

which is Condition (ii). Finally, it follows from Arrow and Enthoven (1961, p.
797 Theorem 5) that the strict quasiconcavity of U is equivalent to det By > 0,
where By is the bordered Hessian matrix

0 U U,
Bp=| U Un Up
Uy Upg Uz

It can be verified that
det BH == 2U1U2U12 — U22U11 — U12U22.
Moreover,

8f(01,02) _ Ui2Uy — UyUyg
802 U22

and -
(9lnf(cl,02) . 8(an1 _anQ) . U11 Ulg

oy N 0cq U Uy

Since Uy, Us > 0, B B
Of (c1,¢2) - Oln f (c1, o)
862 aCl

(A.12)
is equivalent to
det By = 2U,UyUsy — UZUy; — UUy, > 0.

Using eqn. (A.11), condition (A.12) can be transformed into

8/6\2/(92]‘ - ? 8_01 B 8/0\2/8% 801

which is Condition (iii). Next prove sufficiency. Since ¢, is a twice continuously
differentiable function of (z1, ..., z;) and

00,02, 20 (j=1,....J),

it follows from Mas-Colell (1977) that ¢, is a Lipschitzian and regular function.

Consider the following set of partial differential equations

8/0\2/821 o o
9620z gi (21,0 27) (1=2,...,J), (A.13)
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which define the shape of ¢, = const curves on the full (21, ..., 2;) space. Com-
bining Theorems 1 and 2 in Mas-Colell (1977), one can conclude that the solution
to the set of partial differential equations (A.13) is T o ¢z, where T" is a monotone

transformation.?* Since f (cy, 21, ..., z7) also satisfies (A.13), we have

Fct 21, 2g) = fo (@) = f(c1,5).

Since f(cl , C2) exists and is continuously differentiable, implying that the Lipschitz
condition is satisfied, it follows from Schaeffer and Cain (2016, Theorems 3.2.2 and
3.3.4) that the ordinary differential equation

@ -
Qo = —f(c1,¢2) (A.14)

has a unique solution, which can be denoted by U (¢;,¢) = 0. Since eqn. (A.14)
can be viewed as the characteristic equation of the following first order homoge-
neous linear partial differential equation
o~ . oU
dey (e1,&) 5 ¢y
and the ordinary differential equation (A.14) has a unique solution, it follows
from Polyanin and Nazaikinskii (2016, pp. 1123-1124) that the partial differential

equation (A.15) has a unique solution T o U (¢1,¢s), where T is an increasing

—0, (A.15)

transformation. Since f(cl,’c\g) is a continuously differentiable positive function
satisfying condition (A.12), U (¢, ¢2) is twice continuously differentiable, strictly
increasing and strictly quasiconcave. Since condition (A.10) holds, f (c1,c) is
independent of probabilities and hence U is also independent of probabilities.
Moreover, it can be seen that the first order condition (A.8) is satisfied for this
U (c1,¢3). Thus there exists a unique twice continuously differentiable, strictly
increasing and strictly quasiconcave time preference representation U (cq, ¢o) @ C X

C5 — R rationalizing the certainty demand.

A.5 Proof of Lemma 1

For necessity, suppose demand is rationalized by a KPS utility function. The nec-
essary and sufficient first order conditions can be written as follows (for simplicity

the superscript 7 is not included)

802

(U1(01,62) + U2(C1,C2)86 ) UQ(Cl,Cg (Z Ve, (Cos > Zﬂ'sfs o (cas),
1

24Mas-Colell does not argue directly that the partial differential equation (A.13) has a unique

a
P

solution.  Instead, he proves that the preference relation is unique when the preference is
Lipschitzian. We apply his conclusion by viewing (A.13) as the marginal rate of substitution of
the time preference utility. Then combining his Theorems 1 and 2 gives us the desired result.
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where

o6, Vit (Thimalen)

s 5. o1 (c22)
N D PP
acl B 801 - (‘/cl ) ( 775‘/;1 (CQS)> Ts 8C1 '

Since

and

— S
Ve (ShamVelen)) oVt (V@) _ SV ) ) 2l
861 - 801 - c1 p— TsVer\Cas 861 y

the equations in Lemma 1 Condition (i) follow from the definitions of u¢, ub, vi,

and vy, where vy = —9V,;(¢4)/0¢}. Conditions (ii) and (iii) follow from concavity
of {V., } and the concavity of U. Condition (iv) follows from the overall concavity
of the KPS utility function.

For sufficiency, as in Afriat (1967), Conditions (ii) and (iii) allow us to con-
struct piecewise linear and concave function U (cy, ) and V,, (). This implies a
piecewise linear \N/C;l, so overall utility is piecewise linear. It is concave if for all
¢1 and ¢y, the gradient inequalities in Condition (iv) are satisfied. However, since
it is piecewise linear they must be satisfied everywhere if they are satisfied at all

i el i
cj,chy, i =1,...,N.
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B For Online Publication: Supplemental Appen-
dix

B.1 Properties of KPS Utility and (U, {V,,})

Example B.1 Assume that

Uler,ea) =3 —0.001l¢;  and V., (c2) = Veg + 0.5¢4.

Clearly U (c1,c) always decreases with ¢; and hence it is not well behaved in

the full consumption space. Consider the simple case of two states with equal
probabilities. Then we have

Therefore, the KPS representation is

U (c1,6) = & — 0.001¢; = (0.5v/car + 0.5¢1 + 0.5/¢35 + 0.5¢1)" — 0.501¢y.
It can be verified that

3U (017/0\2) . 0125\/ Co1 + 0.561 i 0125\/ Coo + O.5C1 _ 0951
801 v/ Co9 + 0.561 \VCa1 + 0.561 ' .

This value is positive if

co1 + 0.5¢
2Tl
Co92 + 0.501
It can be also verified that
2 ~ 2
0°U (c1,¢2) (€21 — c22)
o2 - é p <0
1 4 (Cl + 021)2 (Cl + 622)2
U (c1,62) 22+ <0
2 - 3 )
8021 4 (Cl + 021) 2
U (cr,62) V21 +a <0
2 - 3 )
Iz 4(c1 + c2)?
B 82U(61,52) 82U(61762) T
oc? Oc10c21 _
Det 02U(erea)  U(erds) | — 0,
L 8018021 6c§1 _
B 82U(C1,62) 82U(61,E2) T
oc2 Oc10c22 _
Det | ez 020(m) | =0
L Oc10ca2 8052
62U(c1,82) 82U(61 782)
Oc2 Ocz10c22 _
Det [ O2U(erea)  02U(cr,6o) ] =0
0co10c22 86%2

42



and
62U(c1 ,C2) BQU(cl,Eg) 82U(cl,52)

80? Ocy10ca1 Oc10ca0
BQU(Cl ,/0\2) B2U(Cl ,52) 82U(c1,82) _
Det Oc10c21 80%1 Oco10c22 - 0
BQU(Cl ,62) 62U(c1 ,62) 62U(Cl,82)
Oc10ca2 Oca10c22 80%2

Therefore, U (c1, C2) is concave and is strictly increasing if

Co1 + 0.501

> 1.1. B.1
Co9 +0.5Cl ( )

In other words, although U (c1,ca) is not well defined over the full consumption

space, U (c1,¢s) is well defined in the region where the inequality (B.1) holds.
Example B.2 Assume that
V (c2) = —exp(—cg) —exp (—2¢3) .

It can be easily verified that V' > 0 and V" < 0. Assume two states of nature,

period two certainty equivalent is given by

\/1 + 4 (myexp (—ca1) + mrexp (—2ca1) + maexp (—caa) + Mo exp (—2c22)) + 1
2 (myexp (—co1) + T exp (—2c21) + maexp (—ca2) + mo €xp (—2¢22))
B.2

2)

~

62:111

Assuming

U (Cl, 62) = 0(1)'99 + Co,

then the KPS utility is given by
U (Cl,/C\Q) = C(i)‘gg + /C\Q,

where ¢y is defined by eqn. (B.2), Although U is strictly increasing and strictly
quasiconcave in Ri and V' is strictly increasing and strictly concave in R, nu-
merically it can be verified that the KPS utility is not strictly quasiconcave in
(€1, 091, 022) € {5} x {1} x [0,0.4].

B.2 A Revealed Preference Test for the General Case

Following the methods from Afriat (1967) and Lemma 1, it is easy to derive Afriat
inequalities for the general utility over ¢, ¢o1, ..., 2S5 that is increasing and con-
cave. In particular a data set (ci,ch, pi, q’, Tl'i)l-]il is consistent with maximization
of the two period increasing and concave utility if and only if for each i =1,..., N
there exist U, ul > 0,ub, >0,s=1,...,5,i=1,..., N, such that

(i) Foralli=1,...,N,

q S
I3 U’l - 55”237
Py s=1
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(ii) Foralli,j=1,...,N

J i j
Uy €1 U{
J i j
; Uy Co1 6;1
U -0’ < . —
J i j
Uyg Cas C;s

B.3 Supporting Calculations for Example 3

Based on the unconditional demand functions, it is possible to next derive the
corresponding unique conditional asset demand functions. First, solve for the

period 2 income

1 <7r1(1—1/B)>7” <7r2(B—1)>”2 -3
7 _ P a1—q2 q1—g2
L=1-pic = " <W3(1_1/3)>7r3 )
2(q2—q1/B)

from which we obtain

n=1 (7” 1= 1/3))“ (7@ (B - 1))” <(1 —m—m) (1— 1/3))#3'

q1 — 42 q1 — 42 2(@2—611/3)

Substituting the above equation into the unconditional asset demand yields

1—-1/B) I B—-1)I
Z1:7T1( /B) > and z@zu.

q1 — 42 q1 — q2

(B.3)

Deriving the inverse conditional asset demand functions from eqn. (B.3) yields

(1 —7'('2)2’1 —|—7T122

(21 + 29) 21

(1 — 7T1) 29 +7T22’1

(21 + 29) 22

[2 and Q2 =

q1 = Is.

B.4 Example: Difficulties to Recover U

Example B.3 Suppose one is given (c1,z) and recovers based on Theorem 1 that

Ve, (c2) = Inco, implying that

~ 1 1
co=exp|mInz +malnzy +m3ln 521—1—522 )

Then suppose that the following is derived based on (22) prior to Theorem 2

1 1
flc1,21,20) =In (3 + 1+ exp <7T1 Inz; +molnzy + m31n <§zl + 5@))) )
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We verify Conditions (i), (ii) and (iii) in Theorem 2. First,

In 2z + o In 20+
3+Cl+eXp A T2 ie (%“’_ llez>
of /0 m3ln (321 + 322) 2A T

Of |0z 1 1
<3+cl+exp<7r1 nz + molnzo+ <2z_22+1 s )

T3 ln( 21+ ,22) PRAE

27T1/21+7T3/( Z21 + 22) - 802/8z1
27T2/2’2+7T3/( 21+ 2'2) 8/6\2/822

and hence Condition (i) is satisfied. Second, if j =1 or 2,

af 0f)0z 9%\ .
Dﬂ- <801/8/C\2/82j 801 N Dﬂ-l =0

and hence Condition (ii) holds. Third, if j =1 or 2,

0f/0z; 1
852/6zj 3—|—Cl+€Xp(7T111121+7T21D22+7T31H( 21+ ZQ))

and

-1
In|3+c +exp Wllnzll—{_mhllzﬁ_
1(0f  0f)0z 06\ m31n (321 + 322)
7 At et} _

dcy 6/0\2/82] ey < mlnzy + moln 29+ ) ’
3+ c1 +exp

T3 ln( 21 + 22)

implying that

f 0z 1 <8f f )0z 802)
0¢y/0z; dcy 0630z 0y

and hence Condition (iii) is satisfied. Thus there exists a unique twice continu-

ously differentiable, strictly increasing, strictly quasiconcave representation of time

preferences U (¢1,¢3) rationalizing the certainty demand. Next we arque that U

cannot be derived analytically. Actually, it is easy to see that

f(Cl,/C\g) =1In (3 + —|—/C\2) .

But no analytical solution is known for the following partial differential equation®

o  ~ (1, 3) ou 0
5. — J\C,C) 7= = U.
801 ’ 802
25 To see the problem, note first that one only needs to solve the following ordinary differential
equation
dc: .
de = —1n(3+01 —|—CQ).
Defining z = ¢; + ¢, the above equation becomes dz/dc; = —In (3 4 z). However, — [ 1n(3+1)

is not integratable analytically.
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