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Abstract

Governments face a trade-off between insuring bondholders and taxpayers. If the govern-
ment decides to fully insure bondholders by manufacturing risk-free debt, then it cannot insure
taxpayers against permanent macro-economic shocks over long horizons. Instead, taxpayers
will pay more in taxes in bad times. Conversely, if the government insures taxpayers against
adverse macro shocks, then the debt becomes at least as risky as un-levered equity. Only when
government debt earns convenience yields, may governments be able to insure both bondhold-

ers and taxpayers, and then only if the convenience yields are sufficiently counter-cyclical.
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The government faces a trade-off between insuring tax payers against adverse macro shocks
and insuring bond holders. If the governments provides more insurance to bond investors, who
then require lower risk premia, then it can provide less insurance to taxpayers. Safer debt requires
more tax revenue relative to GDP when the marginal utility of the stand-in investor is high. The
larger the sovereign debt burden, the steeper this trade-off becomes.

Some countries, especially the U.S., pay a low risk premium on the portfolio of outstanding
Treasurys, even though they seem to offer insurance to taxpayers against macro risk as well. Other
peripheral countries, as well as most emerging market countries, pay large risk premium to its
bond investors. The focus in the literature has been mostly on the country’s willingness and ability
to repay (see, .e.g., Eaton and Gersovitz, 1981; Bulow and Rogoff, 1989; Aguiar and Gopinath,
2006; Arellano, 2008; DeMarzo, He, and Tourre, 2019, for examples), but the trade-off between
bondholder and taxpayer insurance applies regardless of whether a country contemplates default.

Nevertheless, the U.S. insures its taxpayers against output growth risk. Panel A of Figure 1
plots the GDP growth betas of U.S. federal government spending and tax growth over longer
horizons. In the post-war U.S. data, the spending cash flows are safer than the tax revenues at
all horizons, even if we increase the horizon to 10 years. It appears as if the U.S. government can
insure taxpayers at all horizons. The U.S. government seems to insure taxpayers by lowering tax
rates in recessions, and it also insures transfer recipients by increasing its spending/output ratio
in recessions. In asset pricing lingo, a claim to tax revenue, if traded, would have a high beta,
while a claim to spending would have a low beta.

How can the Treasury manufacture debt that is completely risk-free and hence has a zero beta?
That actually requires a non-trivial feat of financial engineering. The Treasury’s bond portfolio is
backed by a long position in a claim to tax revenue and a short position in a claim to government
spending. Both are exposed to output risk. The Treasury’s long position in the tax claim exceeds
the short position by the value of outstanding Treasurys. To render the entire Treasury portfolio
risk-free, the claim to tax revenue has to have a lower beta than the spending claim to ensure
that the net beta of the Treasury portfolio is zero. Recast in Miller-Modigliani language, the tax
revenue claim is the unlevered version of the spending claim. The beta of the tax claim is the
weighted average of the beta of the spending claim and the beta of the debt.

The tax claim has a low beta when the PDV of future taxes increases in bad times, when the in-
vestor’s marginal utility is high. The tax payer is short this claim. From the taxpayer’s perspective,
a low beta tax claim is a risky tax liability. As a result, the government cannot insure taxpayers
when it insures bondholders by keeping the debt risk-free. The larger the debt, the larger the gap
between the betas of the spending and the tax claim needs to be. As the debt grows, the beta of the
tax claim has to go to zero. Conversely, if the governments insists on insuring the tax payers, then
the government debt will be risky for bond holders, because they will be bearing macro-economic

risk.



Figure 1: GDP Growth Betas of U.S. Tax Revenue and Spending

Betas in regression of log U.S. spending growth and log tax revenue growth over horizon j on GDP growth over horizon j. Panel A:
Data. Sample is 1947—2019. Annual data. The plot shows 2 standard error bands. HAC standard errors with bandwidth equal to
horizon. Panel B: Model-simulated data. The debt/output ratio is an AR(2): ¢; is 1.4 and ¢, is -0.49. A = 1.94 x ¢. The unconditional
mean of the debt/output ratio is 0.43. The standard deviation of output growth ¢ is 5%. The growth rate of the economy g is 3%. The

risk-free rate B is 2%. Spending accounts for 10% of output on average: 8 = 1.53 x ¢ and ¢ = 0.88

Panel A: Data
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To characterize this trade-off, we assume that the government commits to a counter-cyclical
debt and spending policy, and we derive the properties of the surplus/output ratio from the gov-
ernment budget constraints implied by the risk-free debt. When the debt/output ratio is persis-
tent, the implied process for the surplus/output ratio features little or no autocorrelation, clearly
at odds with U.S. data. In addition, even at longer horizons, the debt/output ratio has little or no
predictive power for future surpluses in U.S. data; in the model, it is the single best predictor of
future surpluses at longer horizons.

Given the debt and spending policy, we can characterize the trade-off between taxpayer and
investor insurance. When shocks to output are permanent, the government can only escape this

trade-off over short horizons through countercyclical, persistent debt/output ratios. Over short



horizons, the surplus can be risky, meaning tax payers are insured, because this surplus risk is
offset by the counter-cyclical debt issuance which offsets business cycle risk. Over long horizons,
the tax claim has to be sufficiently safe for investors, risky for taxpayers, to offset the long-run
output risk in debt issuance, as along as debt and output are co-integrated, as shown in Panel B of
Figure 1, which plots the risk-free-debt-implied GDP growth betas of U.S. federal government tax
growth over longer horizons, when matching counter-cyclical debt/output and spending/output
ratios. If the debt is to be risk-free, then the tax revenue beta has to drop below the spending beta
at longer horizons, clearly at odds with the actual betas shown.

There are three exceptions to the trade-off. First, the government saves instead of borrowing.
Second, the government imputes a unit root to the debt/output ratio, leading to a violation of the
transversality condition in the case of counter-cyclical debt issuance and large equity risk premia.
Third, the government earns large and counter-cyclical convenience yields. Convenience yields
may alleviate the trade-off faced by the U.S. government. The U.S. government may be able to
insure both taxpayers and bondholders, when the seignorage revenue from issuing Treasurys is
large and counter-cyclical enough.

This may help explain why emerging economies with more sovereign risk typically have more
pro-cyclical fiscal policies (Bianchi, Ottonello, and Presno, 2019). These countries do not benefit
from the convenience yields, and hence cannot escape the trade-off. It may also help to explain
the government debt risk premium puzzle': why is the portfolio of U.S. Treasurys is close to risk-
free, even though the government’s cash flow fundamentals are risky? In international economics,
there is a growing literature that emphasizes the U.S. role as the world’s safe asset supplier (see
Gourinchas and Rey, 2007; Caballero, Farhi, and Gourinchas, 2008; Caballero and Krishnamurthy,
2009; Maggiori, 2017; He, Krishnamurthy, and Milbradt, 2018; Gopinath and Stein, 2018; Krishna-
murthy and Lustig, 2019; Jiang, Krishnamurthy, and Lustig, 2018a, 2019; Liu, Schmid, and Yaron,
2019; Koijen and Yogo, 2019).

1 Related Literature

Our paper brings a state-of-the-art dynamic asset pricing model to bear on the valuation of pub-
lic debt. To do so, we assume that surpluses are cointegrated with GDP in our analysis. If GDP
growth has a permanent component, which modern macro and econometrics recognizes to be
the case, then the surplus process in levels S; inherits that permanent component from Y;. Sur-
pluses have long-run risk. Modern asset pricing has consistently found that permanent cash flow
shocks receive a high price of risk in the market (e.g., Alvarez and Jermann, 2005; Hansen and
Scheinkman, 2009; Bansal and Yaron, 2004; Borovicka, Hansen, and Scheinkman, 2016; Backus, Bo-

IThe U.S. government debt risk premium puzzle is distinct from the government debt valuation puzzle discussed
by Jiang, Lustig, Van Nieuwerburgh, and Xiaolan (2019), but they are obviously related.



yarchenko, and Chernov, 2018). Hence, because of the exposure of the surplus to long-run GDP
risk, the claim to current and future surpluses will typically have a substantial risk premium.
Since the value of the surplus claim equals the market value of outstanding debt, the portfolio of
government debt is a risky asset, except in knife-edge cases. The properties of the stationary sur-
plus/output ratios, which the literature focuses on, are irrelevant for the long-run discount rates
of surpluses.” For long-run discount rates, only long-run risk matters (Backus, Boyarchenko, and
Chernov, 2018). Even when debt is risk-free, the risk-free rate is not the right discount rate in the
presence of permanent output risk.

There is an extensive literature which tests the government’s inter-temporal budget constraint.’
These authors really test the joint hypothesis that the budget constraint is satisfied and that the mea-
surability is also satisfied (to make the debt risk-free). We derive restrictions on the surplus/gdp
process that are compatible with the knife-edge case of risk-free debt. The answer depends cru-
cially on whether GDP has a permanent component or not. In the realistic case where it does, the
surplus/output ratio cannot be autocorrelated if the debt/output ratio is as persistent as it is in the
data. The paper derives closed-form expressions for the auto-covariances of the surplus/output
ratio. This implication for the surplus process, needed to keep the debt risk-free, is not consistent
with U.S. data. We show analytically that the S-shaped impulse responses of the surplus/output
ratio discussed by Bohn (1998); Canzoneri, Cumby, and Diba (2001); Cochrane (2019, 2020) — the
government keeps running deficits for a while to be offset by surpluses in the future— are not con-
sistent with risk-free debt, unless the debt/output ratio has higher-order dynamics not observed
in the data.* U.S. government debt earns returns close to the risk-free rate, but the cash flow dy-
namics do not bear this out: the surpluses are too persistent, not predicted by the debt/GDP ratio
and too risky. We call this the U.S. government risk premium puzzle.

Our paper contributes to the normative literature on optimal government taxation and debt
management, starting with Barro (1979)’s seminal work on tax smoothing. In the literature after
Barro, starting with Lucas and Stokey (1983), the risk-return tradeoff we highlight is present in the
background, but is not explicitly analyzed. However, most of these models do not have plausible
asset pricing implications. When markets are complete, the planner favors shifting the risk from
taxpayers to investors (Lucas and Stokey, 1983). We do not derive the optimal tax rate, but show
that, for any tax policy, the government can only truly insure taxpayers over short horizons, while

keeping the debt risk-free.” Insuring taxpayers at all horizons against adverse macro shocks will

2For example, Cochrane (2020) completely abstracts from output risk.

3Hamilton and Flavin (1986); Trehan and Walsh (1988, 1991); Bohn (1998, 2007) derive time-series restrictions on the
government revenue and spending processes that enforce the government’s inter-temporal budget constraint. They
use the risk-free rate as the discount rate.

“When debt is risk-free, the impulse response of the surplus/output ratio inherits the impulse response of the change
in the debt/output ratio.

5When the government accumulates sufficient assets, it can implement the complete markets Ramsey allocation,
as shown by Aiyagari, Marcet, Sargent, and Seppaild (2002). In models with only transitory shocks to output and



always come at a large cost to the Treasury in a model with plausible asset prices.

By changing the maturity composition of debt, the government may be able to get closer to
the optimal tax policy when when markets are incomplete, essentially by making the debt riskier
(Angeletos, 2002; Buera and Nicolini, 2004; Lustig, Sleet, and Yeltekin, 2008; Arellano and Rama-
narayanan, 2012; Bhandari, Evans, Golosov, and Sargent, 2017; Aguiar, Amador, Hopenhayn, and
Werning, 2019), and shifting risk from taxpayers to bondholders. Our work is not focused on how
the maturity choice of the government informs the riskiness of debt, but instead focuses directly
on the fundamental determinants of the riskiness of the government’s balance sheet.

In recent work, Mian, Straub, and Sufi (2020a,b) have examined the distributional implications
of government debt issuance, pointing out that the wealthy buy a large share of government and
private debt. To the extent that the Gini coefficient of debt holdings exceeds that of taxes, the
government is really trading off insuring the rich vs the middle class.

The paper is organized as follows. Section 2 derives the general trade-off between the in-
surance of bondholders and taxpayers, following standard Miller-Modigliani logic. When the
government commits to plausible spending and tax revenue policies, the debt will generally be
risky. We characterize these risk premia in closed form. Section 3 develops a simple version of
the canonical dynamic asset pricing model with permanent shocks to output and to the investor’s
marginal utility. The governments commits to a spending policy and a debt policy; we back out
the tax policy that keeps the debt risk-free. We start with the case of constant debt/output ratios.
Section 4 and 5 introduce time-varying debt/output ratios. Finally, section 6 introduces conve-
nience yields. Section A of the separate appendix generalizes these results in a continuous time
version of the model that allows for risky debt and convenience yields. Section B provides some
additional risk premium results. Section C develops a version of the model without permanent

shocks. This model produces counterfactual asset pricing implications.

2 The General Trade-off between Insurance of Bondholders and Tax-
payers

We use T; to denote government revenue, and G; to denote government spending. M; denotes the
stochastic discount factor. We assume that debt is fairly priced and does not earn any convenience
yields.

Let B; denote the market value of outstanding government debt at the beginning of period

t, before expiring debt is paid off and new debt is issued. The debt can be long-term or short-

marginal utility, the government may be able to insure taxpayers over longer horizons. However, these models have
counterfactual asset pricing implications (Borovicka, Hansen, and Scheinkman, 2016). The only model in which the
government can insure taxpayers at all horizons is one in which the output shocks are transitory, but they are priced as
if they are permanent.



term, and it can be nominal or real. In fact, it can be any contingent claim. In Jiang, Lustig, Van
Nieuwerburgh, and Xiaolan (2019), we show that the value of the government debt equals the

sum of the expected present values of future tax revenues minus future government spending:

Bt — ]Et 7 (1)
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provided that there is no arbitrage opportunity and a transversality condition holds. This result
does not rely on complete markets, and it still applies even when the government can default on its
debt. See Jiang, Lustig, Van Nieuwerburgh, and Xiaolan (2019) for a proof. This result relies on the
absence of arbitrage in bond markets and the transversality condition limy_,e IE; M 11 (Bi1k = 0.
Let P = E, 2}";0 M 4Tt j| and PtG = [E; [Z}io Mt,tﬂGtﬂ'] denote the present values of the

“cum-dividend” tax claim and spending claim. Value additivity then implies that B; = P} — PC.

2.1 Characterizing the Government Debt Risk Premium

For notational convenience, let D; = B; — S; denote the difference between the market value of
outstanding government debt and the government surplus. By the government budget condition,
Dy is the market value of outstanding government debt at the end of period ¢, after expiring debt
is paid off and new debt is issued.

LetRP,, Rl and RS,
and the spending claim, respectively:

denote the holding period returns on the bond portfolio, the tax claim,

RD . — B RT  _ Pl G _ P
t+1 B;—S;7 “Mt+1 P,T—Tt' t+1 P,C*Gr'

In Jiang, Lustig, Van Nieuwerburgh, and Xiaolan (2019), we also show that the government
debt portfolio return is the return on a portfolio that goes long in the tax claim and short in the
spending claim:

Pr—T,

E; [RBrl - Rﬂ = TIEt [RtTH - R{] -
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This result only relies on Eq. (1) and additivity. The value of a claim to surpluses equals the
value of a claim to taxes minus the value of a claim to spending.

The government bond risk premium varies dramatically across countries. In some countries,
such as the U.S,, this risk premium E; [RBrl — R{ } is small. Hall and Sargent (2011) compute a
real return of 168 basis points on all U.S. Treasurys, while Jiang, Lustig, Van Nieuwerburgh, and

6While there are equilibrium models that generate violations of the TVC (see Samuelson, 1958; Diamond, 1965;
Blanchard and Watson, 1982; Brunnermeier, Merkel, and Sannikov, 2020), these violations typically show up in all
long-lived assets, including stocks, not just government debt, and these models typically do not feature long-lived
investors.



Xiaolan (2019) compute a risk premium of 111 basis points for the U.S. government portfolio. The
returns on debt issued by peripheral or developing countries are estimated to be much higher;
Using EMBI indices on a short sample, Borri and Verdelhan (2011) estimate annual excess returns
between 4 and 15%. On a much longer sample going back to the 19th century, Meyer, Reinhart,
and Trebesch (2019) estimate excess returns of around 4% above U.S. and U.K bond returns, taking

into account defaults.

2.2 Characterizing the Trade-Off with Return Betas

Next, we rearrange Eq. (2) and derive the following expression for the risk premium on the tax

claim:

G
T _ pf] _ Py =G G _ pf

Dy
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Governments typically want a counter-cyclical spending claim, i.e. they want to spend more
in recessions. On the other hand, they also want a risky tax claim, because they want to reduce

the tax burden in recessions. As a result, the tax claim’s risk premium IE; {RtTH — R{ ] is high and

the spending claim’s risk premium E; {RtGH — R{ ] is low. When the debt value D is positive, the

. PG—G
fraction -

P en is between 0 and 1. Then, for Eq. (3) to hold, it requires a high risk premium

t+1
risk premium or insurance premium charged by bondholders, the government’s debt portfolio

E; [RD — R{ ] on the government debt portfolio. As the debt risk premium is a measure of the

has to be very risky.

According to eqn. (3), the tax revenue claim is the unlevered version of the spending claim, or,
equivalently, the spending claim is the levered version of the tax claim. This result is analogous
to the Miller-Modigliani relation between the unlevered return on equity (the return on the tax
claim) and the levered return on equity (the return on the spending claim).

We define the beta of an asset i as

. —covy (MtH,RiH)_
! vary(Miy1) '

by the investor’s Euler equation, B determines the conditional risk premium of this asset
E i Rf — ’Bi A
t 1 t /My

where the price of risk is A; = R{ vary(Mgy1).
Let 8P, BT and B¢ denote the beta of the bond portfolio, the tax claim, and the spending claim,

respectively. We assume B} > 0, so that the output claim has a positive risk premium. The



following proposition characterizes the relationship of their risk exposures.

Proposition 2.1. The beta on the tax claim is a weighted average of the beta of the spending claim
and the beta of the debt:
Pe G,

T G
= +
‘Bt Dt"‘(PtG_Gt)ﬁt
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Governments want to provide insurance to transfer recipients by choosing 8¢ < BY, but they
also want to provide insurance to taxpayers by choosing I > BY¥. However, the following corol-
lary states that this is impossible if the government debt is risk-free.

Our discussion implicitly assumes that taxpayers are long-lived households who value a dollar
in each aggregate state in the same way as the marginal investor in Treasury markets. When
markets are incomplete, agents may have different IMRS. Even when markets are incomplete,
the aggregate component of the household’s IMRS will be common across households, and the
risk premia are identical to those in the equivalent representative agent economy, but the risk-
free rate is lower (see Krueger and Lustig, 2010; Werning, 2015, for a formal derivation of this
equivalence result), as long as the conditional distribution of idiosyncratic risk does not depend

on the aggregate state of the economy.

Corollary 2.2. In order for debt to be risk-free (B° = 0), the beta of the tax claim needs to equal
the unlevered beta of the spending claim:
T Pf —Gi

pi = Dt+(PtG—Gt)ﬁ?'

If the government has a positive amount of risk-free debt (D; > 0), there is no scope to insure
taxpayers. In fact, the taxpayers have to provide insurance to the rest of the economy. We start
our analysis with the case in which the spending claim has a positive beta (8¢ > 0). Then, the
government engineers risk-free debt by lowering the beta of the tax claim relative to that of the
spending claim. When a taxpayer wakes up in the bad state, the news has to be worse, in present
value, for the recipient of transfer payments: f7 < B%. The more debt outstanding, the lower the
beta of the tax claim needs to be relative to that of the spending claim.

These restrictions on the betas hold true regardless of the specific dynamics of the tax and
spending process. In the next section, we will derive restrictions on the underlying cash flows by
committing to a particular process for debt/output and spending.

The only way the government can provide insurance to debt holders, while keeping the debt

risk-free, is by saving—choosing a negative amount of debt (D; < 0). In other words, the gov-



ernment can only insure taxpayers at the expense of bondholders. 7 On the other hand, if the
spending claim has a negative beta (8¢ < 0), then the tax claim also has a negative beta: 8/ < 0.
The taxpayers have large tax payments during recessions.

Thus far, we have only characterized the return betas. Suppose the government commits to
spending a constant fraction of output. And suppose the government commits to an average
tax rate process that is mean-reverting. We impose no restriction on the debt process other than

require that debt be risk-free.

Assumption 1. (a) All output shocks are i.i.d. and permanent:

Yiy1 = &+ Y+ 08,

where €11 denotes the innovation to output growth that is normally distributed and i.i.d.
(b) The government commits to a constant spending/output ratio x = G¢/ Yy, and a mean-reverting process
for the tax/output ratio T with a constant sensitivity to output innovations B*.

(c) The government only issues one-period real risk-free debt.

Given that the spending/output ratio is constant and B} = B¢, the beta of the tax claim needs
to equal the unlevered beta of the output claim:
G
T b7 — G

Pi = Dt+(PtG—Gt)'BtY'

The tax claim has to be less risky than the output claim, as long as the government has positive
levels of debt outstanding.
In section A of the Appendix, we characterize the cash flow betas in closed form in continuous

time, given these assumptions.

Corollary 2.3. Given assumption 1, for the debt to be conditionally risk-free at ¢, the sensitivity of

the average tax rate to the output shock has to satisfy:

g 1 < P¢ — G _1>
1+g: \D; + (PF — Gy) ’

which is negative as long as D; > 0.

The debt can only be risk-free if the average tax rate is counter-cyclical. 6 governs mean re-

version in the tax/output ratio. When 6 = 0, g = 0 and g7 < 0. All else equal, mean reversion

7 Aiyagari, Marcet, Sargent, and Seppilé (2002) show that it is optimal for a government issuing only risk-free one
period debt to accumulate savings D; < 0 in the limit. This makes perfect sense, because that allows the government
to choose B >> B¢ and insure tax payers against macro shocks. In the limit, by accumulating sufficient assets, the
government can implement the Lucas and Stokey (1983) complete markets allocation.

10



renders the tax rate even more counter-cylical, because ﬁ > 1, when 6 > 0. The higher 0,
the larger this ratio. To get the tax rate revert back to its mean faster, the tax rate has to be more
counter-cyclical.

When we specify exogenous processes for the tax/output and spending/output ratios with
constant exposures to output shocks, the debt cannot always be risk-free. The sensitivity of the
tax/output ratio has to change over time to keep the debt risk-free at all times. When this knife-
edge condition fails, the debt is risky. The risk premium is increasing in B, as shown in section A

of the Appendix.

3 Quantifying the Trade-off in a Model Economy

In this section, we take a different approach and we reverse-engineer the revenue process T that
always keeps the debt risk-free, when the government commits to a spending and debt policy (but

not to a tax policy).

3.1 Characterizing the Trade-Off with Cash Flow Betas

When debt is risk-free, the government will only be able to provide insurance to taxpayers by
choosing debt policies that depend on the entire history of shocks. Let ¢, denote the shocks to the

economy. We use elt = (&t,€4-1,...,€_141) to describe its history in the past [ periods.

Proposition 3.1. When the debt is risk-free, (a) the average cash flow beta of discounted surpluses

is always zero:
covy (Mt+l —EtMi11, (Bpyq — ]Et)Z;O:lMt+1,t+k5t+k) =0.

(b) When the government chooses a fiscal policy such that the debt/output ratio d; is only a
function of this history of past shocks and d;_;: dy = dt(elt; dig) = dt(slt), then the average cash

flow beta of discounted surpluses over the next I 4 1 periods is zero:

I+1
covy (Mt+l — EiMis1, (Bpq — Ey) klet+1,t+kSt+k) =0. 4)

Part (a) states that the average discounted cash flow beta for the entire surplus stream is zero.
Part (b) derives tighter restrictions on the surplus cash flow betas when the government commits
to a particular debt issuance policy. Note that d;(e}) implies that the surplus/output ratio s; (¢/*1)
depends on the same history of shocks. When the government surplus is only allowed to depend
on the shocks in the past | periods, the cash flow beta will be zero over shorter periods as shown
in Prop. (4).

The issuance decision is the only source of state-contingency with risk-free debt. If the govern-

ment only responds to the shock today in deciding issuance, then it has to pay it back next period.

11



The issuance decision next period only responds to the shock next period. The government can
issue more and lower the surplus in response to a bad shock, but it has to completely reverse that
in the next period.

As aresult, it follows that, if the government seeks to smooth out the shocks over long periods
of time, that it will have to adopt a debt issuance policy that depends on the entire history of
shocks dt(et). In the limit, if we allow for arbitrary history dependence, then we end with the

standard restriction for risk-free debt:

covt (M1 — EtMiy1, Sp1) = —covy (Mt+1 — EtMy1, (B — )Y, eXP(—T{H/Hk)SHk) :

We have recovered the weakest covariance restriction. However, in this case, the debt and
the s¢(¢°) the surplus/output ratio depends on the entire history. Next, we allow the govern-
ment to choose a debt policy that depends on the entire history of shocks, an AR(p) process for
the debt/output ratio, inside the model that we develop next and we analyze the quantitative

implications of persistent debt/output ratios.

3.2 Environment

To simplify the analysis, we use a stripped down version of the canonical Breeden (2005); Lucas
(1978); Rubinstein (1974) endowment economy. We specifically consider the case in which the
government debt is risk-free. The government commits to a spending policy and a debt issuance
policy that allows for arbitrary history dependence.® To highlight the implications of the general
trade-off between insurance of bondholders and taxpayers, we make the following assumptions

for the entire section. Let Y; and y; = log Y; denote output and its log.

Assumption 2. (a) All output shocks are i.i.d. and permanent:

Yey1 = 8§+ Y+ 0e,

where €41 denotes the innovation to output growth that is normally distributed and i.i.d.

(b) The government commits to a policy for the spending/output ratio x; = G;/Y; given by:

1
log xt = ¢ logx;_1 + @o — pSer — E(ﬁg)z-

(c) The government only issues one-period real risk-free debt. (d) The government commits to a policy
for the debt/output ratio d; = D;/Y; given by:

8The debt policy is a flexible AR(p) process that responds to the output innovation. This rules out other policies
that satisfy the TVC: e.g., the government could simply let debt accumulate until it hits a constraint. However, when
the constraint binds, the implied tax process may have to exceed output.
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l 1
logd; = Y ¢jlogd;_j+ ¢o — Aey — 5)@.
j=1

(e) The log pricing kernel is given by:

1
Mipp1 = —P— 572 — Yeri1-

Given these assumptions, the government’s budget constraint implies the following condition

for the government tax T;:
T, = G — (Dy— R/ D, 1).
In this section, we start with the simplest example.

3.3 Characterizing the Trade-Off with Constant Debt/Output

We start by considering the simplest case with a constant spending/output (3¢ = 0) and debt/output
ratio (A = 0). Then, we substitute for spending and debt to obtain a strongly counter-cyclical tax

revenue process:

T;

Y
Y = x—d(l—R{l;:):x—d<1—R{1exp[—(g+0€t)]>.

That is to say, to perfectly insure the bondholders by keeping the debt risk-free, the government
needs to make sure that the tax revenue claim is strongly counter-cyclical: When the growth rate
of output is low, the government’s revenue needs to increase as a fraction of GDP. Furthermore,
the magnitude of the counter-cyclical exposure is increasing in the debt-to-GDP ratio d.

Similarly, the primary surplus/output ratio is also strongly counter-cyclical:

_St_Tt—Gt

YTy

= —d (1 — R exp[—(g+ U'St)]) . (5)

When the growth rate ¢ exceeds f, the government can run deficits on average, but not in
every state. In fact, whenever there are negative shocks such that ¢ — B < —ce¢, the government
runs a primary surplus. In this scenario, the government does not run persistent deficits. In fact,

the conditional auto-covariance of the surplus/output ratio is zero:
covs(st, 1) = 0.
When we shrink ¢ to zero, then the government always runs deficits, but, in this case, g > B

13



implies a violation of TVC, which we show below. This result is more general. With risk-free debt,
the autocorrelation of the surpluses tends to zero as we increase the persistence of the debt/output

ratio.

Proposition 3.2. (a) If the transversality condition holds and the primary surplus satisfies Eq. (5),

the government debt value is the sum of the values of the outstanding strips:

[e0]

D; = E; exp(mypik)Seik| = dYs.

k=1

(b) Also, the present value of government debt satisfies the measurability constraint:

[ee]

(E¢y1 — Ey)

eXP(mt,t+k)5t+k] =0.
k=1

This proposition shows that the value of outstanding debt at the end of period ¢ is indeed a
constant fraction of output, and it implies that there is no news about the present discounted value
of future surpluses.” To see why we cannot simply discount at the risk-free rate, even when the

debt is risk-free, consider the valuation equation for debt as a function of surplus/output ratios:

Diy7
Yiir

+ E; [Mt,t+TYt+T

T
D; = E; lz Mt,t+th+j5t+j
i=0

The debt/output ratio d is constant. The TVC will hold even if B < g as long as the output
strip price E; [Mt+7Yirr] — 0. This will be the case if there is enough permanent, priced risk
in output: —p+ ¢+ %(72 < 7o. Note that B < g implies a violation of TVC as ¢ — 0. So, it
is not the case that the government can always run deficits when f < g, at least not without
violating the TVC." The output RP matter even when debt is risk-free. The condition < g
is irrelevant for the TVC. The risk-free rate is not the correct discount rate for surpluses even
when the debt is risk-free, in the presence of permanent output shocks. The correct TVC is given
by: limj_,e B¢ [exp(mys4)Dyyj] = limj e exp(j(—p + § + 302 — y0))dY;, which will be satisfied
evenif B < giff —f+ g+ 302 — 0 <0.

Next, we define a k-period output strip as a claim to Y;;;. The price/dividend ratios of the

strips are denoted by &, where &; = exp(—p — 70 + ¢ + 0.502). The expected return on an output

exp(g+0.502)
exp(—B—yo+g+0.502

strip is givenby E; [R),;] = y = exp(p + o). Hence, the log of the multiplicative

9Hansen, Roberds, and Sargent (1991) discuss a version of this condition that uses the risk-free rate when devising
an econometric approach to testing the budget constraint: (E;; — E;) [Z}?’:l exp(fr{ ; +k)5t+k] = 0. However, this

condition is equivalent to the one in the Proposition, only if the risk-free rate exceeds the growth rate of the economy.
If not, this equation may fail even when the condition in Prop. 3.2 holds.

108ee Bohn (1995) for an early reference on why discounting at the risk-free may fail. However, Bohn (1995) refers to
this case as one in which the government runs persistent deficits, while the deficits really are uncorrelated over time.
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equity risk premium is yo.

Corollary 3.3. (a) The value of the spending and the revenue claim is given by:

PC—G =x 1 Yt,PtT—Tt:<d+x1€1€>Yt.
- — 61

(b) The RP on the tax claim and the spending claim satisfy

51
T _ T84 4G
where ' = et B=.
51

The Treasury investor is long in a government revenue claim and short in a spending claim.
To make the debt risk-free, as long as the debt/output ratio d is positive, we need to render the

government revenue process much safer. More precisely, since the government spending is a

&1

xS

constant ratio of the output level, B¢ = BY > 0. Then, a positive d implies the fraction ——
d+x 17

is between 0 and 1, which requires the return on the tax claim to be less risky than the return
on the output claim: 0 < BT < BY. As a result, there is no scope to insure taxpayers at any
positive debt level. As the debt/output ratio d increases, the government needs to make the tax
revenue increasingly safe. The tax claim is really a portfolio of a claim to government spending
and risk-free debt. The larger the debt/output ratio d, the safer the tax claim needs to be. As the
debt/output ratio approaches infinity, the beta of the tax claim tends to 0.

3.4 Quantitative Static Model Implications for Trade-off

Our calibration matches post-war U.S. data. The maximum SR +y is 1. The standard deviation of
output ¢ is 0.05. The growth rate of the economy g is 3.1%. The risk-free rate 8 is 1.8%. Spending
accounts for 10% of output (x = 0.10). We analyze a calibrated economy in which the risk-free rate
is lower than the growth rate of output. However, the TVC is satisfied in this economy, because
log¢; = —0.0145 < 0. The government cannot simply roll over the debt. The surpluses and debt
issuance need to satisfy tight restrictions.

Figure 2 plots the RP on the tax and the spending claim as we vary the debt/output ratio d.
The RP on the spending claim is 5.43% per annum. This is the unlevered equity premium. By

Corollary 3.3, the RP on the tax claim satisfies

E; |:Rz+1 - Rﬂ = Y F {thﬂ - R{} / (6)
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the RP on the tax claim falls to 4% when d = 1, and close to 3% when d = 2. As the government
becomes more levered, the tax claims needs to be safer, and the scope for taxpayer insurance
disappears. This trade-off steepens when we increase the maximum Sharpe ratio. Figure 2 plots
the same risk premia when doubling the maximum Sharpe ratio. The RP on the spending claim
is 10.86% per annum. This is the unlevered equity premium. The RP on the tax claim falls to 6%

when d = 1, and close to 4% when d = 2.

Figure 2: RP of T and G Claims with y = 1,2

The figure plots the implied RP of the T and G claims when the debt/output ratio and spending/output ratio are constant. A and ¢
are set to 0. Benchmark calibration: The maximum SR « is 1 (no marker) and 2 (+ marker). The standard deviation of output ¢ is 0.05.
The growth rate of the economy g is 3%. The risk-free rate f is 2%. Spending accounts for 10% of output (x = 0.10).

RP of T and G Claims % p.a.

0 I I I I
0 02 04 0.6 0.8 1 1.2 1.4 1.6 1.8 2

Debt/Output
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3.5 Dynamics of Spending/Output Ratio: Implications for Trade-off

The U.S. spending/output ratio varies counter-cyclically. Figure 3 plots the U.S. federal govern-
ment’s tax/output ratio and the spending output/ratio. The average ratio of tax revenue to out-
put, or the average tax rate, is strongly pro-cyclical. The spending ratio is strongly counter-cyclical.

In other words, the tax claim is more exposed to output growth risk than the spending claim.

Figure 3: Government Cash Flows

The figure plots the U.S. federal government spending and tax revenue as a fraction of GDP. The sample period is from 1947Q1 to
2017Q4.

Tax/GDP
— — Spending/GDP
T 1

I I I I L L I I I I I
0.06
1947 1952 1957 1962 1967 1972 1977 1982 1987 1992 1997 2002 2007 2012 2017

The U.S. spending/output ratio varies countercyclically. In the 1947-2019 sample, we estimate
the persistence of the spending/output ratio: ¢ = 0.88, and we estimate p8 = 1.53 x ¢. Note
that 1.53 is the slope coefficient in a regression of the spending/output ratio innovations on GDP
growth. Spending/output increases by 1.53 pps. per pp decrease in output growth.

Figure 4 plots the RP (in % per annum) contributions of cumulative discounted cash flows
(top panel) and the strips (middle panel) against the horizon. We plot the RP contribution at each

horizon j given by

—covy <Mt+l/ (Ets1 — IEt)Z;(:lMtH,HkSHk) /Et[Mp+1],
= —dEi[Mpi1,44jYe4j] (exp(—70) — 1).

against the horizon j in the top panel.!

This measure is directly informative about the insurance
provided by the government to taxpayers with a horizon j. This expression is negative at all horizons
in this case: The government cannot insure citizens who pay the primary surplus at any horizon
when the debt/output ratio is constant, because debt issuance has the same exposure to output

risk as a claim to GDP. As a result, the RP contributions are negative at all horizons. For large j,

This is a special case of Proposition 5.1.
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Figure 4: RP on Govt Cash Flows with Constant Debt/Output and Spending/Output

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (middle panel) against the horizon.
The bottom panel plots the RP on the debt strips: —(exp(—y0) — 1). Benchmark calibration: A = 0. The maximum SR 7 is 1. The
debt/output ratio d is 0.9. The standard deviation of output ¢ is 0.05. The growth rate of the economy g is 3.1%. The risk-free rate  is
1.8%. Spending accounts for 10% of output on average: f§ = 1.53 x o and @5 = 0.88.
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this expression converges to zero, because the debt is risk-free.
The taxpayer cares about the following risk measure:
j
—covy (Mt—H/ (Ett1 — ]Et)zklet+1,t+th+k> / Et[Mpy1]. )

When this RP is negative, the taxpayers are instead providing insurance to the government. The
RP contributions are negative until year 15.

As shown in the top panel of Figure 4, the RP on a claim to the discounted future surpluses is
negative everywhere and converges to zero as we increase the horizon j in eqn. (7). This follows
because the debt is risk-free. Risk-free debt is achieved by keeping the contributions of the RP on
the tax claim below those on the spending claim at all horizons. In the bottom panel of Figure 4,

we plot the contribution of each strip:

—covy (Mg, (Brr1 — Er)My,4Si4j) / Et[Miga]

against the horizon j. The 1-year strip on the surplus earns a RP of -3.75% per annum. It is safe

because the surplus decreases in bad times (A = 0), when marginal utility is high.
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4 Dynamics of Debt and Surpluses in a Model Economy with State-
Contingent Debt/Output

Next, we allow the government to introduce state-contingent variation in the debt/output ratio.

This will create limited opportunities for the government to temporarily insure taxpayers.

4.1 Persistence of Debt and Surpluses in U.S. Post-war Data

Figure 5 plots the sample annual autocorrelation of the log government debt/output ratio and
the government surplus/output ratio as functions of lags. In the post-war U.S. sample (1947—
2019), the AR(1) process for the log debt/output ratio fits the data rather well. The estimated
AR(1) coefficient ¢ in annual data is 0.986.'> The unconditional mean of the debt/output ratio is
0.43. The federal government’s primary surplus is also quite persistent, with an AR(1) coefficient
around 0.81. We will show that the risk-free debt model cannot match the high persistence of the
debt/output ratio and the surplus/output ratios.

When the debt is risk-free, returning to the valuation equation for debt, and assuming the TVC

is satisfied, the debt to GDP ratio is the single best predictor of future discounted surpluses:

Dy u Yii
2By | My s,
Y; t L_o Mirsj Y, Tt

To check this, we ran the following regression on annual U.S. data in the post-war sample:

Stk Dy
= by —= .
GDP,,, kT PGpp, T Otk
The results are reported in Table 1. The debt/GDP ratio has not forecasting power for future
surplus/output ratios. If anything, it forecasts at short horizons with wrong sign. There is no

predictability at longer horizons. Lagged surpluses are better predictors.

4.2 Risk-Free Debt: Quantitative Implications for Persistence of Surpluses in Model

We allow the government to vary the debt/output ratio counter-cyclically (A > 0). The govern-
ment will only be able to insure taxpayers over short horizons, when the shocks are permanent.
We also counter-cyclical variation in the spending/output ratio (88 > 0). The results in Section 2

still apply. The value of the spending and the revenue claim is given by:

PS — G = X3 ElglytrPtT T = (dt +xg Elgl) Y;.

12We also estimated an AR(2)-process. This yields estimates of ¢; of 1.04 and ¢, of -.5. This process has complex
roots and produces oscillatory dynamics.
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Figure 5: Autocorrelation of U.S. Government Log Debt/Output and Surplus/Output Ratios

The figure plots the sample autocorrelation of the U.S. log government debt/output ratio, the U.S. government surplus/output ratio,

the tax/output ratio and the spending/output ratio against GDP. Sample is 1947—2019. Annual data.
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Table 1: Forecasting Surplus/Output Ratios

Panel I: We forecast the primary surplus/output ratios in post-war annual U.S. data (1947-2019). In Panel A, we report the results

for Gls)flt[:k = ¢+ hk%tl’, + et4k- In Panel B, we report results for cls)[ﬁik = ¢+ bk%tl’f + dk%’ﬂ + ety Panel II: Model (10,000

sims). Benchmark calibration: A = 1.94 x ¢ . The maximum SR v is 1. The debt/output ratio d starts at its unconditional mean. The
unconditional mean of the debt/output ratio is 0.43. The standard deviation of output ¢ is 0.05. The growth rate of the economy g is
1.8%. The risk-free rate § is 1.8%. Spending accounts for 10% of output on average: 8 = 1.53 x ¢ and ¢; = 0.88.

Horizonk 1 2 3 4 5

Panel I: U.S. Data

Panel A
by -0.031  -0.0099 0.013 0.023 0.028
[s.e] [0.023] [0.025] [0.03] [0.031] [0.03]
R? 0.043 0.0041  0.006 0.018 0.024
Panel B
by 0.0085 0.018 0.036 0.042 0.044
[s.e] [0.01] [0.015] [0.019] [0.02] [0.021]
dg 0.81 0.57 0.47 0.37 0.33
[s.e.] [0.087] [0.13] [0.12] [0.11]  [0.10]
R2 0.64 0.30 0.21 0.15 0.13

Panel II: Model

Panel A
by 0.0629 0.117 0.132 0.127 0.114
R? 0.0781 0.271 0.342 0.316 0.254
Panel B
by 0.0701 0.12 0.132 0.126 0.112
dy 0.695 0.265 0.045 -0.055 -0.11
R? 0.560 0.342 0.345 0.319 0.266

the economy is hit by a permanent, adverse shock, in order to break the restriction on insurance
of taxpayers? To start analysis, we assume that the debt/output ratio evolves according to an
AR(1)-process:

logdy = ¢logd;_1 + ¢o — Aep — %Az.

This assumption encompasses two cases. First, when 0 < ¢ < 1, the debt/output process is
mean-reverting. Second, when ¢ = 1 and ¢ = 0, the debt/output process is a martingale. In both
cases, a positive A means that the debt/output ratio increases when the shock ¢; is negative—

implying a counter-cyclical debt policy. First, we need to make sure the TVC is satisfied. How
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persistent can debt be without violating TVC?

Proposition 4.1. (a) When 0 < ¢ < 1, the TVC is satisfied if

log(§1) = ~f + g+ y0(r —27) <0.

(b) When ¢ = 1 and ¢g = 0, then the transversality condition is satisfied if

log (&) + A(y —0) = —B -+ g+ 20(c —27) + Aly —0) <0

When the government does not pursue counter-cyclical stabilization (A = 0), then the TVC is
(trivially) satisfied as long as the discount rate on an output strip is positive (log(¢1) < 0). When

the government does pursue counter-cyclical stabilization (A > 0) and the RP 1 is large enough:
1,
(A —0)(r—0) > p—g+ 307

the TVC is violated for the case of ¢ = 1 and ¢y = 0. In comparison, the value of A does not
affect if the transversality condition is violated for the case of 0 < ¢ < 1. The counter-cyclical
insurance A > 0 provided by the debt issuance policy is so valuable to risk-averse investors (mea-
sured by (7y — 0)A) that the price of a claim to the debt outstanding in the distant future d;, tYii 1
fails to converge to zero, because this claim is a terrific hedge. This is the first important insight
contributed by asset pricing theory. If we want to rule out arbitrage opportunities and output is
subject to permanent, priced risk, then there have to be limits to the government’s ability to pursue
counter-cyclical debt issuance.

The PACEF for the debt/output process suggests an AR(2) process might be a better fit.'* To

capture these higher-order dynamics, we introduce an AR(2) process for the debt/output ratio.

1
logd; = ¢11logdi—1 + ¢2logds 2+ o — Aer — E/\Z'

When the roots lie outside the unit circle, the debt/output process is mean-reverting. As be-
fore, a positive A means that the debt/output ratio increases when the shock ¢; is negative—
implying a counter-cyclical debt policy. When the roots of the AR(2) lie outside of the unit circle,
the results in (a) of Prop. 4.1 apply. If not, the results in (b) of Prop. 4.1 apply.

13We also estimated an AR(2)-process. This yields estimates of ¢; of 1.04 and ¢, of -.5. This process has complex
roots and produces oscillatory dynamics. However, this suggests that there non-trivial higher-order dynamics in the
debt/output process.
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Quantitative Implications This limits how much counter-cyclical debt issuance is feasible with-
out violating the TVC when the debt/output ratio has a unit root (¢ = 1). In our calibrated
economy, the upper bound for A is 0.30c, thus severly limiting the scope for counter-cyclical pol-
icy. Once we exceed this upper bound, the value of outstanding debt explodes. Hence, RP in
financial markets constrain counter-cyclical fiscal policy. The intuition is simple. When the gov-
ernment exceeds this bound, it has granted itself an arbitrage opportunity. However, as long as
¢ < 1, the TVC is satisfied even though the risk-free of 2% is lower than the growth rate of the

economy (3%).

4.2.1 Persistence of Surpluses

We can compute the autocorrelation (ACF) and impulse response functions (IRF) of the surpluses
in closed form when the government issues only risk-free debt. These moments are particularly
informative because these do not depend on the properties of the pricing kernel. We use (L) to
denote the infinite MA representation of the debt/output process.

We start from the following expressions for the surplus/output ratios in t + 1 and t 4 j respec-

tively.
ijri = diexp(r] — g —oerp1) —disa,
+
Sty
Yiﬂ = dt+j_1 exp(r{_,,_]‘_l - g - a€t+j) - dt+]"
t+j

We use s;11 to denote f,:—ﬂ We assume that the risk-free rate equals the growth rate of the

economy (g = B) to derive a closed-form expression for the IRF of the surplus.

Proposition 4.2. (a) When the debt/output ratio follows an AR(1) process, the debt is risk-free
and the TVC is satisfied, then the IRF of the surplus output ratio is given by:
Sty

Yiyj 5

= (A—o)exp(d), forj=1.
0et41
= A Hp—1)exp(d), forj>1.

(b) When the debt/output ratio follows an AR(2) process, the debt is risk-free and the TVC is
satisfied, then the IRF of the surplus output ratio is given by:

Sty

Yoi (A —o)exp(d), forj=1,
0€r 41

— A1~ 1)exp(d), forj =2,
= Mypj1— l/)j_z) exp(ﬁ), forj > 2.
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where ¥; = ¢1pj1+ P29j-2,] > 2,92 = ¢2+ ¢191; 91 = ¢1. (c) When the debt/output ratio
follows an AR(3) process, the debt is risk-free and the TVC is satisfied, then the IRF of the surplus

output ratio is given by:

St4j
o - '

— = (A—o)exp(d), forj=1,
derqq

= A1 —1)exp(d), forj=2,

= A2 — 1) exp(d), forj=3,

= /\(gbj,l — lpj,z) exp(d), forj > 3.

where ¥; = ¢19; 1 + p2Pj 2 + P3Pj3,] > 3,93 = ¢z + P21 + P12 P2 = P2 + P11 Y1 = Pa.

For an AR(1), when A > o, the initial response is positive, but is negative starting in the 2nd
year. As the persistence increases, the IRF converges to zero after year 1. In the case of an AR(2),
by choosing ¢ > 1, the government can run a deficit for 2 years in response to a negative output
shock, but after that it reverts to running surpluses, as the ACFs decline: forj > 2: ;1 < ¢ ».

With higher-order, highly persistent AR(p) models, the government may be able to larger
hump-shaped IRFs. However, there is no evidence of higher-order AR(p) dynamics (i.e., p > 2)
in the US debt process (see Figure 5).

The auto-covariance of the surplus/output ratio is defined as follows:

covt(St+1, St+j) = Ei[sea8e+j] — Ei[sea|Er[sr4]

The closed-form expressions for the autocovariances of the surplus/output ratio are given in sec-
tion D of the Appendix. In the case of an AR(1), we show that the conditional autocovariance de-
clines to zero as we increase the persistence of the debt/output process. limg 1 cov;(s;11,514) = 0.
This is not surprising. In the case of a constant debt/output ratio, the surplus/output ratios are

uncorrelated.

4.3 Quantitative Model Implications for Surplus Dynamics

AR(1) We report the persistence of the surplus in the calibrated version of the model. We set A =
1.953 x ¢ equal to match the slope coefficient in a regression of the debt/output ratio innovations
on GDP growth in the post-war U.S. sample (1947-2019). A one pp. increase in GDP growth
lowers the debt/output ratio by 1.95 pps.

Panel A in Figure 6 plots the IRF to a one standard deviation negative innovation to output
growth for a range of values of ¢. We vary ¢ from 0.25 to 0.99. Upon impact, the debt/output ratio
increases from its mean by about 8.9%. After that, the rate of mean-reversion is governed by ¢. In

the least persistent case (¢ = 0.25), the government immediately runs large surpluses after period
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1. In the most persistent case, the (¢ = 0.99), the government runs a balanced budget starting in

period 2. In all case, the long run surplus converges to a small deficit given by:

Y= = - ep(p-g),

because B < g. Nevertheless, the TVC is satisfied. When the debt/output ratio follows an AR(1),
and the debt is risk-free, there can be no S-shaped responses to shocks.

Panel A in Figure 7 plots the ACF of the debt/output ratio and the surplus/output ratio against
the horizon for different values of ¢. We evaluate these by simulating a path of T = 1000 observa-
tion. As explained, the autocorrelations are mostly non-positive.

These predictions do not depend on the properties of the SDF. But they are at odds with the
data. As discussed, increasing the persistence of the debt process pushes the conditional auto-
correlations of the surplus/output ratio to zero. When the government issues risk-free debt, the
surpluses cannot feature significant autocorrelation if the surplus/output ratio is persistent. The
only way around is to choose a sensitivity A that is much larger than ¢, which is empirically im-

plausible.

AR(2) We also consider an AR(2) -process. Panel B in Figure 6 plots the IRF to a one standard
deviation negative innovation to output growth for a range of values of ¢;. We vary ¢; from 1 to
1.5. We choose ¢, to match the first-order autocorrelation of 0.94. Upon impact, the debt/output
ratio increases from its mean by about 8.9%. With ¢; = 1.1, the IRF looks essentially like the one
obtained with an AR(1) with ¢ close to 1. However, with ¢; = 1.4, and ¢, = —0.48, the IRF for
the debt/output ratio displays a hump-shaped pattern.'* Consistent with the results in Proposi-
tion 4.2, This hump-shaped pattern in the IRF of debt essentially delays the fiscal adjustment in
surpluses by one year. The government runs an even larger deficit in the 2nd period. However,
starting in year 3, the government runs surpluses. There is no significant S-shaped pattern; the
government cannot run large deficits for more than 2 periods. Similarly, the model produces an
AR(3) of 0, compared to 0.6 in the data. The model with risk-free debt cannot match the persistence
in surpluses and taxes we see in the data.

Panel B in Figure 7 plots the ACF for S/Y and D/Y for ¢; = 1.4 and ¢» = —0.48. While
this AR(2) model produces more persistence in the surplus/output ratio, the ACF declines much
faster than in the data. In the model, the AC(3) is essentially zero. Furthermore, the model pro-
duces a large, negative PACF(2) coefficient of -0.5, inconsistent with the estimated PACF for the
surplus/output ratio.

The surplus forecasting results are reported in Panel II of Table 1, to be compared to the results
in the data, listed in Panel I of Table 1. In the model, the debt/GDP ratio has strong forecasting

14We stop here because ¢; of 1.5 produces complex roots.
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Figure 6: IRF of Surplus/Output Ratios and Debt/Output Ratios (AR(1))

The figure plots the IRF of S/Y and D/Y for an AR(1) (top panel) and an AR(2) (bottom panel). Benchmark calibration: A = 1.94 x ¢
. The maximum SR 1 is 1. The debt/output ratio d starts at its unconditional mean. The unconditional mean of the debt/output ratio
is 0.43. The standard deviation of output ¢ is 0.05. The growth rate of the economy g is 1.8%The risk-free rate f is 1.8%. Spending
accounts for 10% of output (x = 0.10).
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Figure 7: Autocorrelation of Surplus/Output Ratios and Debt/Output Ratios

The top panel (bottom panel) of figure plots the ACF and PACF of S/Y and D/Y for an AR(1) (AR(2)) with parameters ¢ = 0.985
and ¢ = 0 (¢; = 1.4 and ¢, = —0.48). Benchmark calibration: A = 1.94 x ¢ . The maximum SR v is 1. The debt/output ratio d starts
at its unconditional mean. The unconditional mean of the debt/output ratio is 0.43. The standard deviation of output ¢ is 0.05. The
growth rate of the economy g is 3%. The risk-free rate 8 is 2%. Spending accounts for 10% of output on average: 8 = 1.53 x ¢ and
@3 =0.88.
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power for future surplus/output ratios, with a positive sign, even when we control for lagged
surplus/out ratios. At horizons up to 2 years, the lagged surplus/output ratio also forecasts future
surpluses with a positive sign. After 2 years, the sign flips, and the surplus/output ratios have
no incremental forecasting power. Given our results for the persistence of the surplus, this is not
surprising. The model with risk-free debt generates a much faster decay in the slope coefficients
on the lagged surplus than we see in the data.

Bohn (1998); Canzoneri, Cumby, and Diba (2001); Cochrane (2019, 2020) find evidence of S-
shaped dynamics in the U.S. surplus/GDP ratios: Surplus initially declines after a negative shock,
but then subsequently the government runs larger surpluses. The authors argue that these dy-
namics are consistent with budget balance. However, the S-shaped surplus dynamics in the data
violate the risk-free debt conditions. Governments cannot defer the increase in the tax rate when
output declines for more than 1 or 2 years, if they want to keep the debt risk-free. That would
require AR(p) dynamics with p > 3.

Finally, we consider the implied tax revenue betas inside the model. These are generated from
10,000 simulations from the AR(2)-model for the debt/output ratio. The results are plotted in
Panel B of Figure 1. In the model, even in the AR(2) case, the tax betas drop below the spending
betas at longer horizons, to ensure that the debt is risk-free. This is counterfactual. In post-war
U.S. data, the cash flow betas of the tax revenue claim converge to 1 at horizons between 5 and 10
years, as shown in Panel A of Figure 1. The cash flows are too risky even at longer horizons for
the debt to be risk-free.

5 Quantifying The Trade-off in a Model Economy with State-Contingent
Debt/Output

How much smoothing can the government achieve by issuing more debt in response to bad
shocks? In the presence of permanent shocks, the government can only insure taxpayers over a
limited period of time. This period can be extended by increasing the persistence of the debt/output
process.

5.1 Cash Flow Betas and Risk Premia on Tax and Spending Claims

Next, we examine what the government can achieve at different horizons when it commits to
keeping it the debt risk-free.

AR(1) We address this question by computing the cash flow betas.

Proposition 5.1. When debt is risk-free and debt/output follows an AR(1), the cash flow beta of
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the surpluses over j periods is given by minus the beta of future debt issuance:

covy (Mt+1/ (Epp1 — ]Et)Z;<:1Mt+l,t+kSt+k>
= —covs (Mg, (Big1 — Ey) M1 ,44;Dpy )
= —Ei[M1]E; [Mt+1,t+jdt+jyt+j] (exp(—(c — 4’]‘71)‘)) —-1).

The sign of the cash flow covariance is sign (y(c — ¢/~1A)).

The sign of this covariance determines the horizon over which the government can provide
insurance to taxpayers. Hence, the sign of the cash flow covariance is determined by the sign of
v(0 — ¢''A), which has a natural economic interpretation: It is the RP of a debt strip that pays
Y;ikdi k. Hence, the discounted surplus earn the negative of the risk premia on the weighted
baskets of debt strips. The surplus can be risky over horizon j only if this offset by safety of future
debt issuance.

If A <0, all cash flow covariances for the discounted surpluses are positive. In other words,
the government cannot insure taxpayers at any horizon. In figure 4, we discuss the case of A = 0.
The intuition is simple. Because debt and output are co-integrated, debt strips are as risky as
claims to output at all horizons. Surpluses have to be safe enough to offset this risk, so that the
total debt is risk-free.

However, if A > 0, the initial covariance is negative. In the short run, debt strips are less risky
than output. The government is insuring taxpayers who pay the next surpluses. As j increases
the covariance declines and switches signs. If the rate of mean-reversion is high and ¢ is small,
this switch occurs sooner. If the debt/output ratio is more persistent, the switch occurs later. As
j increases, this expression (o — ¢/~1A) converges to yo, the RP on the output strip, because
debt is co-integrated with output. In the long run, the entire cash flow covariance is positive but
converges towards 0. Note that the covariance inherits the dynamics of the AR(1)-process for the
debt/output ratio and starts to decline right away. The shocks are i.i.d. and permanent. Hence, in
the long run, an adverse shock to output has to lead to permanently higher surpluses.

In the case of permanent output shocks, this covariance always approaches 0 from above as
j — 00, as E{[M11,4jds4;Yeyj] approaches 0. This means at some finite horizon, the surplus pro-
cess is risky from the perspective of the taxpayer, who is providing these cash flows, and hence is
short this claim. The only way to escape this is to impute a unit root to the debt/output ratio by
pushing ¢ to 1, but that would violate the TVC, unless we are close enough to risk neutrality.

Similarly, we can look at the tax liability itself. Taxpayers with a horizon j care about the

riskiness of the tax process over horizon j.

Corollary 5.2. When debt is risk-free and debt/output follows an AR(1), the cash flow beta of
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discounted taxes have to satisfy the following restriction.

covy <Mt+l/ (Ett1 — IEt)Z;(:1Mt+1,t+th+k>
= —Et[Mi1)Et[Miy1p4jdisYesl (exp(—y (o — ¢A) - 1)
+ cov; (MH—L (E¢y1 — IEt)Z;(:lMt—i-l,t—}—th—i-k) :

When this covariance is negative over horizon j, the government provides insurance to tax-
payers over horizon j. Note that the government is fighting the accumulation of output strip RP

0o because of the G-claim exposure to output.

AR(2) How much smoothing can the government achieve by issuing more debt in response
to bad shocks? In the presence of permanent shocks, the government can only insure taxpayers
over a limited period of time. This period can be extended by increasing the persistence of the

debt/output process. We address this question by computing the cash flow betas.

Proposition 5.3. When debt is risk-free and debt/output follows an AR(2), the cash flow beta of

the discounted surpluses over j periods is given by:

covt (Mt+1, (Bt — ]Et)ZLlMtH,HkSHk)
—covy (Mis1, (Erp1 — Ef)Miga,14iDiy )
= —E[Mia]Ei[Myi1eqjdig Vel (exp(—=7 (o — j1A)) — 1).

The sign of the cash flow covariance is sign (’)/(0’ — i1 )\)), where §; denotes the ACF: ¢; =
P11 + ¢2pj 2, and where P = 1.

The sign of this covariance determines the horizon over which the government can provide
insurance to taxpayers. Hence, the sign of the cash flow covariance is determined by the sign of
(o —¢j_1A). If A > 0, the initial covariance is negative. The government is insuring taxpayers
who pay the next surpluses by issuing more debt in response to adverse shocks. As j increases,
the covariance declines and switches signs. If the rate of mean-reversion is high and ¢; declines
quickly, this switch occurs sooner. If the debt/output ratio is more persistent, the switch occurs
later. (¢ — 1;_1A) has a natural economic interpretation: It is the RP of a debt strip that pays
Yeikdt ik

As j increases, this expression y(c — 1;_1A) converges to o, the RP on the output strip. In
the long run, the entire cash flow covariance is positive but converges towards 0. Note that the
covariance inherits the dynamics of the AR(1)-process for the debt/output ratio and starts to

decline right away.
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Similarly, we can look at the tax liability itself. Taxpayers with a horizon j care about the

riskiness of the tax process over horizon j.

Corollary 5.4. When debt is risk-free and debt/output follows an AR(1), the cash flow beta of

taxes have to satisfy the following restriction.

covy <Mt+1/ (Er41 — Et)Zilet—i-l,t—&-th—i-k)
= —E[Mpa|Et[Mii1eq iy jYeyg] (exp(—=v (o — pj1A)) — 1)
+ covy (Mt+1/ (Bt — lEt)Z;cletJrl,tJrthJrk) :

When this covariance is negative over horizon j, the government provides insurance to tax-
payers over horizon j. Note that the government is fighting the accumulation of output strip RP
o because of the G-claim exposure to output.

Section C of the appendix develops a version of the model without permanent shocks. This

model produces radically different implications, but has counterfactual asset pricing implications.
5.2 Quantitative Model Implications for Trade-off

To quantify the trade-off, we need to calibrate the process for government spending.

AR(1) Figure 9 plots the RP (in % per annum) on cumulative discounted cash flows (top panel)

and the strips (bottom panel) against the horizon. Instead of plotting cash flow betas, we plot the
RP computed by

—Covt (Mt+1, (Epy1 — ]Et)ZLlMtH,HkSHk) / Et[Mp41] (8)
= E[MiapijdirYerjl(exp(—r(c — ¢/ 1A)) = 1). )

against the horizon j in the top panel. This measure is directly informative about the insurance
provided by the government to taxpayers with a horizon j. In particular, this taxpayer cares about

the following risk measure:

—covy (Mt—H/ (Efy1 — lEt)Zilet+1,t+th+k) /Et[Mp41]. (10)

When this RP is positive, this means that the government is insuring taxpayers. When it is nega-
tive, the taxpayers are instead providing insurance to the government.

We start by considering moderately persistent debt/output process: ¢ is 0.75. A is set to 0.0894
to match the volatility of innovations to the debt/output ratio. When the growth rate drops 1pps
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below the mean, the debt/output ratio increases by 8.94%. As shown in the top panel of Figure 9,
the RP on a claim to the discounted future surpluses converges to zero as we increase the horizon
jin eqn. (12). This follows because the debt is risk-free. Risk-free debt is achieved by keeping the
contributions of the RP on the tax claim below those on the spending claim, as we increase the
horizon beyond 2 years. The RP on the cumulative surpluses crosses zero when o > ¢/~1A.

In the middle panel of Figure 9, we plot the contribution of each strip:
—covy (Mg, (Bre1 — Er)Mi1,4iSe4j) / Et[Miga]

against the horizon j. The 1-year strip on the surplus earns a RP of 3% per annum. It is risky
because the surplus decreases in bad times (A > 0), when marginal utility is high. In order to
make the debt risk-free, the RP on the 2-year strip is close to -2%. And these strips earn negative
RP until they revert to zero after 15 years. Hence, the government has to commit to increasing the
surplus 1 year after the negative shock. This applies to all the surpluses that follow.

This result illustrates the limits to smoothing shocks with risk-free debt. If the debt/output ra-
tio follows an AR(1) process, then you can really not smooth across multiple periods. The cumu-
lative RP on the surplus start to decline right away. They inherit the dynamics of the debt/output

ratio.
Figure 8: RP on Govt Cash Flows

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (middle panel) against the horizon.
The bottom panel plots the RP on the debt strips: —(exp(—y(c — ¢/~!1)) — 1). Benchmark calibration: ¢ is 0.75. A = 1.94 x ¢ . The
maximum SR 7 is 1. The debt/output ratio d is 0.9. The unconditional mean of the debt/output ratio is 0.43. The standard deviation of
output ¢ is 0.05. The growth rate of the economy g is 3%. The risk-free rate § is 2%. Spending accounts for 10% of output on average:

BS =153 x o and ¢ = 0.88.
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The bottom panel of Figure 9 plots the RP on the debt strips, which pay off d;, Y}, given by

(o= ¢ 1A) & —(exp(—r(c — ¢ 1A)) — 1).

As we have shown, when debt is risk-free, the RP for the cumulative surplus claim inherits the
negative of the sign of this debt strip RP. As j — oo, this RP converges to the RP on the output
strips, given by yo ~ —(exp(—0) — 1) of 5%, because the output innovations are permanent. It
is common in the literature to assume that this RP is zero at long horizons, because this allows
discounting at the risk-free rate. Of course, in the presence of permanent shocks, this is wrong.
This positive RP on the debt strip explains why the surplus claim in the top panel approaches
0 zero from below. Permanent output risk rules out insurance provided to taxpayers over long

horizons.

AR(2) Figure 9 plots the RP (in % per annum) on cumulative discounted cash flows (top panel)
and the strips (bottom panel) against the horizon. Instead of plotting cash flow betas, we plot the
RP computed by

—Cov; (Mt+1, (Epy1 — ]Et)ZLlMtH,HkSHk) / Et[Mp41] (11)
= E[Mii,4jderYer ] (exp(=7(0 = ¢j14)) = 1). (12)

against the horizon j in the top panel. This measure is directly informative about the insurance
provided by the government to taxpayers with a horizon j. In particular, this taxpayer cares about

the following risk measure:

—covy (Mt—H/ (Efy1 — lEt)Zilet+1,t+th+k) /Et[Mp41]. (13)

When this RP is positive, this means that the government is insuring taxpayers. When it is nega-
tive, the taxpayers are instead providing insurance to the government.

We start by considering moderately persistent debt/output process: ¢; is 1.4, and ¢, is -0.49. ¢
was chosen to match the first order autocorrelation of 0.94. As shown in the top panel of Figure 9,
the RP on a claim to the discounted future surpluses converges to zero as we increase the horizon
jin eqn. (12). The RP on the cumulative surpluses crosses zero when o > 1;_1A.

In the middle panel of Figure 9, we plot the contribution of each strip:
—covs (Mit1, (Bryy — Bt)Mii1,64Se+) / Et[Mii4]

against the horizon j. The 1-year strip on the surplus earns a RP of 3% per annum. It is risky

because the surplus decreases in bad times (A > 0), when marginal utility is high. In order to
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make the debt risk-free, the RP on the 2-year strip is close to -1.5%. And these strips earn negative
RP until they revert to zero after 15 years. Hence, the government has to commit to increasing the
surplus 1 year after the negative shock. This applies to all the surpluses that follow.

This result illustrates the limits to smoothing shocks with risk-free debt. If the debt/output ra-
tio follows an AR(1) process, then you can really not smooth across multiple periods. The cumu-

lative RP on the surplus start to decline right away. They inherit the dynamics of the debt/output
ratio.
Figure 9: RP on Govt Cash Flows

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (middle panel) against the horizon.
The bottom panel plots the RP on the debt strips: —(exp(—y(¢ — ¢j_1A)) — 1). Benchmark calibration: ¢ is 1.4 and ¢, is -0.49.
A =194 x ¢ . The maximum SR v is 1. The debt/output ratio d is 0.9. The unconditional mean of the debt/output ratio is 0.43. The
standard deviation of output ¢ is 0.05. The growth rate of the economy g is 3%. The risk-free rate f is 2%. Spending accounts for 10%

of output on average: ¢ = 1.53 x ¢ and ¢ = 0.88.
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The bottom panel of Figure 9 plots the RP on the debt strips, which pay off d;, Y}, given by
70 = rad) = —(exp(=7(0 = $r1A)) —1).

As we have shown, when debt is risk-free, the RP for the cumulative surplus claim inherits the
negative of the sign of this debt strip RP. As j — oo, this RP converges to the RP on the output
strips, given by yo ~ —(exp(—0) — 1) of 5%, because the output innovations are permanent. It
is common in the literature to assume that this RP is zero at long horizons, because this allows
discounting at the risk-free rate. Of course, in the presence of permanent shocks, this is wrong.
This positive RP on the debt strip explains why the surplus claim in the top panel approaches

0 zero from below. Permanent output risk rules out insurance provided to taxpayers over long

horizons.
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5.3 Counter-cyclical Spending

The government insures transfer recipients by spending a larger fraction of GDP in recession. This
further constraints the government in navigating the trade-off between insurance of bondholders
and taxpayers. We consider the implications of varying B¢ which governs the response to GDP
growth shocks. In the post-war sample, when regressing the log change in spending on the log
change in output, we get a a slope coefficient of 0.28. By contrast, when we run the same regression
for tax revenue, we get a slope coefficient of 1.86.

Taxpayers with a horizon j care about the riskiness of the tax process over horizon j.

Corollary 5.5. The cash flow beta of taxes have to satisfy the following restriction.

covy (Mt+1/ (Bt — IEt)Zilem,HkTHk)
= —Et[Miy1)Et[My1p4jdisYesl (exp(—y (o — ¢ A)) — 1)

] .
+ Y EMia]E (Mg s %14 Yig ) (exp(—y (0 — (P]G_lﬁg)) —1).
k=1

Figure 10: RP on Govt Cash Flows and Counter-cyclical Spending

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (bottom panel) against the horizon.
We vary B8 between 0 and 2 x 0. Benchmark calibration: ¢ is 0.75. A = 1.94 x ¢ . The maximum SR v is 1. The debt/output ratio
d is 0.9. The unconditional mean of the debt/output ratio is 0.43. The standard deviation of output ¢ is 0.05. The growth rate of the

economy g is 3%. The risk-free rate  is 2%. Spending accounts for 10% of output on average: ¢ = 0.88.
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In particular, this taxpayer with horizon j cares about the following risk measure:

—Cov; (Mt+1/ (Ety1 — lEt)Zi:1Mt+1,t+th+k) /Et[Mp11]. (14)
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When this RP is positive, this means that the government is insuring taxpayers. When it is nega-
tive, the taxpayers are instead providing insurance to the government. Figure 10 plots the implied
spending (top panel) and tax claim risk (bottom panel) RP contributions. As government spend-
ing becomes more counter-cyclical, the RP on the tax claim has to decline as well, in order to keep
the government debt risk-free. The empirically relevant line is the case of 8 = 0.031%. In that
case, the one-period vol of spending is only 25% of the output vol (¢). As the tax claim becomes
safer, taxpayers face a riskier tax liability proposition. When spending is risk-free (blue line), the

tax claim inherits the risk properties of the surplus claim:

—E; [Mt+1,t+jdt+jyt+j](eXP(_’Y(‘T - (Pjil)‘)) —1)

As the governments provides more insurance to transfer recipients, this reduces the scope for

insurance of taxpayers one-for-one.

5.4 Debt Persistence

To provide more intertemporal smoothing, the government can increase the persistence of the
debt/output process. This allows the government to spread out the adjustment further over time.
When ¢ = 0.90 (dash-dotted line) , we have to increase the horizon beyond 40 years to see the RP
on the total surplus go to zero, as shown in the top panel of 11. This allows for a riskier surplus
in the first year, and a smaller downward adjustment in the RP in the following years (see bottom
panel). However, even in the case of ¢ = 0.90, the RP flips signs in year 2.

As the government increases the persistence of the debt/output process to 0.99, The govern-
ment almost imputes a unit root to the debt/output ratios and seems to escape the trade-off be-
tween insuring taxpayers and bondholders. As a result of the near-unit-root, the TVC is quasi
violated in our calibration, given that the market price of risk v is large. To visualize this, we plot
the following fraction: E;[M; xD; k]/D;, the tail value of debt as a percentage of the debt out-
standing today. For j = 50, the fraction is 150%. Under the risk-neutral measure, investors expect
the debt to increase faster than the risk-free rate; the government increases the debt/output ratio
along paths characterized by adverse aggregate histories, because A > 0. For j = 100, the fraction
is 100%. This means that the expected value of debt 100 years from now accounts for the entire

value of the debt (and the value of the first 100 years of surpluses for 0%).

36



Figure 11: RP on Govt Surpluses and Debt Persistence

The figure plots the RP contribution of cumulative discounted surpluses (top panel) and the surplus strips (middle panel) against the
horizon. The bottom panel plots the tail value at ¢ of the debt expected at ¢ 4 j as a fraction of debt today. ¢ is varied between 0.5 and
0.99. Benchmark calibration: A = 1.94 x ¢ . The maximum SR v is 1. The debt/output ratio d is 0.9. The unconditional mean of the
debt/output ratio is 0.43. The standard deviation of output ¢ is 0.05. The growth rate of the economy g is 3%. The risk-free rate f is
2%. Spending accounts for 10% of output on average: 8 = 1.53 x ¢ and q)if = 0.88.
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6 Revisiting the Trade-off when Debt Earns Convenience Yields

When the transversality conditions holds, and there are no arbitrage opportunities in debt mar-
kets, there is only one way to relax this trade-off between insurance of bondholders and taxpayers.
Some governments are endowed with the ability to see Treasurys at prices that exceed their fair
market value. In other words, investors earn convenience yields on their debt holdings. Typically,
the debt then serves the role of a special, safe assets for domestic or foreign investors.

Our analysis begins with a reduced-form characterization of the convenience yield."> In dis-

crete time, the convenience yield A; is defined as a wedge in the investors’ Euler equation:
IEt [Mt,t—‘rlRt] = exp(—/\t). (15)

The following proposition shows that the convenience yield can be interpreted as an additional

seigniorage revenue to the government.

Proposition 6.1. In the absence of arbitrage opportunities, the value of the government debt

equals:
Z Qh+1 = [, ZMt,t+j<Tt+j +(1— ef)‘H-j)DHj — Gt+j) = PtT + PtA — PtG;
h=0 j=0

provided that a transversality condition holds.

The seigniorage revenue is (1 — e~ /) D, j» which is exactly the amount of interest the govern-
ment does not need to pay due to the convenience yield. The value of government debt reflects
the value of all future convenience yields earned on future debt. We refer to this value as the

Treasury’s seignorage revenue:

[e0]
Pl = E lz Miyj(1—e M) Dy
=0

The government debt portfolio return is the return on a portfolio that goes long in the tax claim

and short in the spending claim:

E; [Rt—H R{] = l;t STtIEt {Rtﬂ Rﬂ"’l;t gtlEt {Rt—&-l Rf]
PG Gy

BthEt [Rt+l Rﬂ /

where RP;, Rl ,R},; and R, ., are the holding period returns on the bond portfolio, the tax

t+17 P10
claim, the seignorage claim, and the spending claim, respectively. We take government spending

15Gee Liu, Schmid, and Yaron (2019) for a structural model of convenience yields and fiscal policy.
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process, and the debt return process as exogenously given, and we explore the implications for

the properties of the tax claim.

Constant Spending/Output Ratio Let’s take a simple benchmark. If we assume that the spend-

ing /output ratio is constant and f = B%. We define K; = (1 — e~™)D; to be seignorage revenue.

Suppose that the (convenience yield) seignorage process has a zero beta. If the government wants

risk-free debt, then the implied beta of the tax revenue process
PS¢ — G,

T
= >
P B (-G (7K

PE — G
Di+ (P — G)’

which exceeds the beta of the tax revenue without seignorage. If the seignorage revenue is suf-
ficiently counter-cyclical, then the government can insure both taxpayers and bondholders at the
same time.

Krishnamurthy and Vissing-Jorgensen (2012) estimate convenience yields on U.S. Treasurys of
around 75 bps. These convenience yields are counter-cylical. Using the deviations from CIP in
Treasury markets, Jiang, Krishnamurthy, and Lustig (2018a,b); Koijen and Yogo (2019) estimate
convenience yields that foreign investors derive from their holdings of dollar safe assets; these
estimates exceed 200 bps.

We can characterize the sensitivity of the average tax rate to aggregate output growth in closed

form.

Corollary 6.2. Given assumption 1, for the debt to be conditionally risk-free, the sensitivity of the

average tax rate needs to satisfy:

o~ 1 (PE—Gt— (1+ (14 q0)Be) (P = K1) _1>
i 1+q- D+ (Pf — Gy) — (P} — Ky) '
If B << —ﬁ, then the counter-cyclical convenience yields increase the sensitivity of tax

rates to output innovations. For example, we can have a constant average tax rate and risk-free
debt if:

1 Dy
:BK = - 1
1 ‘|‘ [’]K Pt - Kt
Consider the case in which the government runs zero primary surpluses in all future states of the
world: D; = Pt)L — K;. In this case, the average tax rate is constant if f, = _ﬁ' This is —1 in the

random walk case with 6 = 0. Please see section A of the Appendix for details.
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7 Conclusion

The government engineers risk-free debt by choosing the beta of the tax claim judiciously. The
more debt outstanding, the lower the beta of the tax claim needs to be. There is no scope for
insurance of taxpayers over long horizons in the presence of permanent shocks. The only way the
government can provide insurance to tax payers, while keeping the debt risk-free, is by saving
and choosing debt D; < 0.

Aiyagari, Marcet, Sargent, and Seppala (2002) show that it is optimal for a government issuing
only risk-free one period debt to accumulate savings D; << 0 in the limit. This makes perfect
sense, because that allows the government to choose B} >> B¢, and insure tax payers against
macro shocks. In the limit, by accumulating sufficient assets, the government can implement the

Lucas and Stokey (1983) complete markets allocation.
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A Risky Debt

In general, when we specify exogenous processes for taxes and spending, the implied debt is risky. This section derives
more general characterizations of the risk-return trade-off, by specifying exogenous processes for taxes and spend-
ing, and allowing for arbitrary mean-reversion in the tax rate, and risky debt. This approach is more common in the
literature. We will do this in a continuous time version of our model.

Let y; denote log of real GDP. Let 1; denote the log tax-to-gdp ratio and let g; denote the log spending-to-gdp ratio.
We specify exogenous processes for both spending and taxes:

dyy = pdt+odZ,
9(1_' - Tt)dt + ,BT(TdZt,
G(g — gt)dt + ﬁgtfdzt,

d T

dgt

where 6 governs the degree of persistence in T and g. Importantly, this specification does not allow the government to
choose a tax process that is more risky in the short run, but less risky at intermediate horizons (See for example Figure
9.)

Then T; = exp(1: +y¢) and Gt = exp(g¢ + y¢). Let B; denote the real value of debt. Let P} denote the present value
of the claim on tax and P)'ig denote the present value of the claim on spending. Let M; denote the SDF. The asset pricing

equations are

0 = A[M;Tidt +d(MP)],
0 = A[MGdt+d(MP)],
0 = A[M(T; — G)dt +d(M;By)].

Note: The last equation can be thought of as the continuous-time version of the government budget condition.
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Proposition A.1. When the TVC holds, the value of the debt equals the price of a claim to tax revenue minus the price

of a claim to spending:

By = Pf-P}.

Let M; denote the cumulative SDF, and let m; denote its log. We assume

1
7(7‘ -+ E’)/z)dt — ’det,
th = —Mﬂ’di’ — deZt.

dmt

We conjecture that the tax claim and the spending claim are priced according to:

pf fr(w)Te

fe(8t)Gt.

P

The debt/GDP ratio is given by: % = fo(w)T — f4(gt)8t- Then, we conjecture fr(7;) = exp(pr + 4:7:) and
fa(gt) = exp(pg + 4g8t).

Proposition A.2. When 6 > 0, the risk exposure of the debt return is

M;yo
M) = =T (Tefe (14 (L4 g)Be) = Guf (14 (1 +4)6g)
where L
I = K10+ (1—«)’
A
Is = K0+ (1—«f)

Random Walk Cash Flows We start with the simplest case in which spending and tax revenue follow a random
walk (6 = 0). In this case gr = q¢ = 0, and the debt/output ratio is non-stationary. The risk exposure of the debt claim

1S

rhAM] = ~Miyg (eTi(1+ Bo) — feGell + By,
where  fr = (Y—]/I—%(14'[37)20'2‘4"7(1"'[3‘[)0')71/
fo = (r—p— (14 BPr + (14 f)o) ™

Risk-free debt is a knife-edge case. The debt is risk-free if and only if
(B +P)(1+ o) = PF(1+B2) = Pi(1+By).

Even when allowing for a non-stationary debt/output ratio, the government has to implement a counter-cyclical tax
policy if it wants to keep the debt risk-free. For example, when B¢ = 0, i.e. spending is a constant fraction of GDP, this
equation requires that the loading of the average tax rate on the output shock satisfy:

fe8t

= — 1,
B It fog

which is negative as long as d; = fr7; — fegt > 0. So, risk-free debt implies countercyclical taxation. This result

confirms Barro (1979)’s conjecture that tax rates inherit the random walk property of output and spending if the debt
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is to be risk-free. As the debt/output ratio increases, the f; converges to -1. When the government insures transfer

recipients by spending more in recessions, and hence choosing B¢ < 0, then B will have to be even more negative.
Even when debt is risky, there may still be a random walk component in the tax rates. The only way to eliminate

this random walk component is to set S = 0, which would imply that the instantaneous covariance equals that of the

output claim:

- M];rw (Tefe (14 (1+q0)Be) — Gefg (1+ (1+45)Bg)) = —Miyo
Hence, if we want to completely eliminate the random walk component in taxes, then the debt becomes an unlevered
equity claim.

More generally, [rP,dM;] is decreasing in B-. This formula highlights the trade-off between insuring the taxpayers
and insuring the debtholders. If the government wants to smooth the tax burden by increasing B, the debt will be

riskier because the instantaneous covariance [r?, dM;| decreases.

Mean-Reverting Cash Flows We consider the case in which § > 0. Since 1+ g > 0 and 1+ g > 0, the same
intuition applies: ["F ,dM;] is decreasing in B, implying a trade-off between insuring the taxpayers and insuring the

debtholders. The debt is risk-free if and only if the following condition is satisfied:

(fege+dr) 1+ (1+g0)Br) = 8ifs (1+(1+44)By) -

For example, when B, = 0, i.e. spending is a constant fraction of GDP, the sensitivity of the average tax rate to the

output shock is given by:

‘B = 1 (&_1)
! T4+ gc \de + fog ’

which is negative as long as d; = fr1; — fgg+ > 0. All else equal, mean reversion renders the tax rate even more
countercylical, because ﬁ > 1, when 6 > 0. The higher 0, the larger this ratio. To get the tax rate revert back to its
mean faster, the tax rate has to be more counter-cylical. So, the government can eliminate the random walk in taxes
but only by forcing tax payers to insure the rest of the economy even more against aggregate shocks. So, risk-free debt

implies countercyclical taxation.

General Model Now, move on to a general model in continuous time. The Euler equation is
0 = A[MBiAdt + M (Tt — Gy)dt + d(M;By)],

We define Ky = BA; as the flow benefit of convenience yield generated by the government debt, define x; = K;/Y;
as the conv yield-to-gdp ratio, and assume

dey = 0(k —x¢)dt + BrydZs.
Then the debt value can be solved from
0 = A[M(Ti+ K¢ — Gy)dt + d(M;By)].
Similarly, we let P denote the present value of the claim on convenience yield. Then
Y= fe(r)Ky,

where fic (1) = exp(px + Jickt)-
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Proposition A.3. When 6 > 0, the risk exposure of the debt return is
wBamy) = MY rnata K(1+(1 Gi(1+(1
re, dMy] = ~ B (feTr(1+ (14 g2)Be) + fKe(1+ (14 gx) Bx) — fGe(1+ (14 q4)Bg)) -
To produce risk-free debt (i.e. [rf ,dM;] = 0), we need

frTe(L+ (1 +q7)B7) + fiKe(UL+ (1 +q¢)Bx) = feGe(1+ (1+495)Bg)

A countercyclical convenience yield stream (negative ) helps generate a countercyclical spending stream (nega-

tive ), thereby partially alleviating the pressure for tax to be countercyclical.

B Return Betas and Cash Flows

What is the relation between the return betas and the cash flow betas? Well, in this simple case, with constant

debt/output and constant spending/output ratios, there is a one-to-one mapping:

Corollary B.1. The expected returns can be expressed as a function of the cash flow betas:

T ofl _ x —covr (M1, Yeqr1/Yr)
Ee [Rtﬂ Rt} o d(1 &) + x5 E¢t(Miy1) ’
_ X 1, B B
= A=) +xa exp(g—l—EU )(1 —exp(—70))

1 —covt (M1, Yer1/Ye)
&1 Et(Mi11)

= = explg+ 50)(1 —exp(=70)),

E; [RtGJrl - Rﬂ

where & = exp(—B — 70 + g + 0.502).

C Quantifying the Trade-off in Model with Transitory Output Shocks

Next, we consider the impact of transitory shocks to the level of output, but we, in a first pass, we keep our original
pricing kernel with permanent shocks to the level of marginal utility. We call this the goldilocks economy. In this

setting, the government can insure taxpayers at all horizons while keeping the debt risk-free.

C.1 Permanent Shocks to Marginal Utility

Assumption 3. (a) The shocks to output are transitory:

Yir1 = Go+ Gyt tog

where €1 still denotes the innovation to output growth that is normally distributed and i.i.d.
(b) The log pricing kernel is

1
Mipgy1 = —p— E’Yz — YE€ty1-

This asset pricing model is fundamentally misspecified. This pricing kernel does not reflect the mean-reversion in

output and hence cannot be micro-founded. However, we use this model as an expositional device. In this setting, the
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government faces no trade-off between insuring taxpayers and bondholders. When there are no permanent shocks to

output, but the pricing kernel does not reflect this, then the government can insure taxpayers over all horizons.

Proposition C.1. The cash flow beta of the surpluses over j periods is given by:

covy (Mt+1/ (Et1 — IEt)ZiletH,HkSHk)
= —EMpa]E My jdis Vi) (exp(—y (@ to — ¢/ 710)) — 1)

when j > 2. The sign of the cash flow covariance is sign <7(g’;’j*10 - ffl/\).

Hence, the sign of the cash flow covariance is determined by the sign of (¢! — ¢¥~1A). As before, this is
the RP on a debt strip, and compensates investors for output risk. Because the innovations are temporary, the output
component of this RP converges to zero. The transitory nature of output risk broadens the scope for insurance of
taxpayers. As we consider ¢ — 1, we revert back to the expression derived in the benchmark model: (o — ¢¥~1A). If
A > o, the initial covariance is negative. If the rate of mean-reversion in output is higher than in the debt/output ratio,
¢ > ¢, the covariance stays negative for all j. As a result, the government can now insure taxpayers at all horizons. This

was not feasible in the case of permanent innovations.

Corollary C.2. The cash flow beta of taxes have to satisfy the following restriction.

Covy (Mt+1/ (Bt — IEt)ZiletH,tJrthJrk)
= —E[Mip) Bt My pqjdi Vi (exp(—y (@ o — ¢/ 7TA) = 1)
+  covy (Mt+1/ (Epy1 — Et)2£:1Mt+1,t+th+k> :

Quantitative Implications We return to our calibrated economy. Figure 12 plots the RP contributions of the

surpluses over different horizons for the benchmark calibration:

—covy (Mt+1, (Epy1 — IEt)ZiletH,HkSHk) /Et[Mp1]
= Ei[Mpyrpajdig Vil (exp(—y (& o — ¢/ 1)) — 1)

However, the output process no longer has a unit root. We start by considering the case in which ¢ = ¢. At all horizons,
the tax claim is risky, contributing positive RP across all horizons, because A exceeds ¢. The tax claim is also risky
across all horizons. In this goldilocks scenario, the government can insure taxpayers at all horizons. v (c&~1 — pk=11)
is positive across all horizons.

Figure 12 plots the RP on the debt strips, which pay off d; Y}, given by

(08— ¢FIA) & —(exp(—r (0" —¢5A)) —1).

Given that A exceeds o, the RP on the debt strips are uniformly negative. These are the mirror image of the surplus RP in
the top panel of Figure 12. As j — oo, this debt strip RP converges to the RP on the output strips, 0%, because the output
innovations are transitory, and the pricing kernel does not have a transitory component which contributes interest rate
risk. Why can the government insure taxpayers over long horizons (by delivering a risky tax claim)? Because the debt
strip RP are negative at all horizons.

Of course, insurance of taxpayers only works if the governments commits to a debt policy that is at least as per-
sistent as the output process (¢ > &). Figure 13 plots the risk premia contributions when the output shocks are close
to a unit root, but the debt/output ratio reverts back to the mean at a faster rate. In this case, the government has to

produce safer surplus claims over longer horizons.
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Figure 12: RP on Govt Cash Flows with Transitory Shocks

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (middle panel) against the horizon.

The bottom panel plots the RP on the debt strips: —(exp(—y(¢&~ — ¢/~11)) — 1). Benchmark calibration: ¢ is 0.75 and ¢ is 0.75.
A =194 x ¢ . The maximum SR + is 1. The debt/output ratio d is 0.9. The unconditional mean of the debt/output ratio is 0.43. The
standard deviation of output ¢ is 0.05. The growth rate of the economy g is 3%. The risk-free rate g is 2%. Spending accounts for 10%

of output on average: 8 = 1.53 x 0 and cpélg = 0.88.
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Figure 13: RP on Govt Cash Flows with Transitory Shocks

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (bottom panel) against the horizon.
Benchmark calibration: ¢ is 0.75 and ¢ is 0.98. A = 1.94 x ¢ . The maximum SR 7y is 1. The debt/output ratio d is 0.9. The unconditional
mean of the debt/output ratio is 0.43. The standard deviation of output o is 0.05. The growth rate of the economy g is 3%. The risk-free

rate f3 is 2%. Spending accounts for 10% of output on average: f8 = 1.53 x ¢ and ¢7 = 0.88.
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C.2 Transitory Shocks to Marginal Utility

Next, we consider an internally consistent model: we shut down permanent shocks to the level of output, as well as to

marginal utility.
Assumption 4. (a) The shocks to output are transitory:

Yir1 = Go+ 8yt +oep

where g1 still denotes the innovation to output growth that is normally distributed and i.i.d.
(b) The log pricing kernel is
_ 1o, oe+ (@D
Myl = B 2T e .
When shocks to output are transitory, most asset pricing models predict that there are no permanent shocks to the
marginal utility of wealth. This specific modification of the pricing kernel is motivated by the fact that if the agent’s
consumption is equal to the output and has CRRA preference with a relative risk aversion of y /¢, the marginal utility

growthis m; ;11 = —B — /(& + (€ — 1)ys + o€, 1). In this case, the marginal utility of wealth can be written as:

Appr = exp(—p(t+1) — (v/0)ys1).

There are no permanent shocks to the marginal utility of wealth. Given this pricing kernel, the log of the risk-free rate
is given by:
o= B+ Ww.

Note that this model has counterfactual asset pricing implications. In the model, the interest rate risk will make
the long bond the riskiest asset in the economy. Modern asset pricing has consistently found that permanent cash flow
shocks receive a high price of risk in the market (e.g., Alvarez and Jermann, 2005; Hansen and Scheinkman, 2009;
Bansal and Yaron, 2004; Borovi¢ka, Hansen, and Scheinkman, 2016; Backus, Boyarchenko, and Chernov, 2018). This
model has no permanent priced risk, except when ¢ = 1. In that case, we recover the pricing kernel in our benchmark
model.

When there are no permanent shocks to output and the pricing kernel, then the government can insure taxpayers

over longer horizons.

Proposition C.3. The cash flow beta of the surpluses over j periods is given by:

covy (Mt+1r (Epy1 — IEt)Zilet+1,t+kSt+k>

= —E My )Ef[Myg e jdis Vo) (exp(—y (& o — ¢/ TA + g(l —g ) -1
when j > 2. The sign of the cash flow covariance is sign (’y(@'j_lo' — ¢ IA+ L(1— Cf_l))>.

Hence, the sign of the cash flow covariance is determined by the sign of y(cg"~1 — ¢¥=1A + Z(1 — gk=1)). As
before, this is the RP on a debt strip. The first component, (&~ 1o — ¢/~11), compensates for output risk. The sec-
ond component, %(1 — @1, compensates for interest rate risk. Because the innovations are temporary, the output
component of this RP converges to zero. The interest rate risk does not converge to zero; the long bond is the riskiest
asset in an economy with only transitory risk. The transitory nature of output risk broadens the scope for insurance of
taxpayers, but this is counteracted by interest rate risk. As we consider ¢ — 1, we revert back to the expression derived

in the benchmark model: (o — ¢¥~11). The interest rate risk term disappears.
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Corollary C.4. The cash flow beta of taxes have to satisfy the following restriction.

covy (MH-L (Bt — IEt)Z,f(:l1VIt+1,H-th+k>
= —E[Mpa]Ee[Mpsnpjdy jYer ) (exp(—y (& o — ¢/ TA + g(l —J ) -1

+  covy (Mt+1/ (Epy1 — ]Et)Zi=1Mt+1,t+th+k> -

which can be restated as:

j
covy <Mt+1/ (B —Ey) ) Mt+1,t+th+k>
k=1

1— ¢/

1 =
= —E{M1] B 1[Mpia,e4 Y] exp(li((po - 5/\2) + ) ((r— o)A+ %(‘Pkil)\)z)
k=1

—¢

£ gllogdi— ¢ A(e = DT+ 9) + 200 W) exp(—1 (@ To— ¢ A+ L - 1) - 1)

+  covy (Mt+1/ (Etp1 — ]Et)zg(:1Mt+l,t+th+k) .

Quantitative Model Implications We return to our calibrated economy. Figure 14 plots the RP contributions

of the surpluses over different horizons j for the benchmark calibration:

—covy (Mm, (Et11 — ]Et)Z;(:lMHl,HkSHk) /E[Mt44]

= Et[Mi4jdis Vs jl (exp(—y (& o — ¢/ 1A + g(l —g ) -1

However, the output process no longer has a unit root. At short horizons, the tax claim is safe, contributing negative

RP, but the tax claim turns risky over horizons that exceed 10 years.

D Autocovariances

D.1 Permanent Shocks

Corollary D.1. The conditional autocovariances of the surplus/output ratios are

€Ot (St41, St4)

po— 5A%.  _go— 512 1 ,1—¢*iD
_ )+2 = +2/\ g2

= exp(2ﬁ72g+0’2)exp ((1+4>j1)(logdt 1

X (exp(oApi~?) — 1)

Po — 5A2 Lot 52 N 1o1- 201 1

¢ ¢ 2V 1-g T2

— exp(p—g+ .5(72) exp <(¢ 4 (pf*l)(logdt - )

X (exp(A%¢/2) ~ 1)

. _ 2 _ 2 _ 42f
— exp(B—g+ 507 exp ((1 + /) (logd, — ) 2202 1 22 _ﬁ;)

X (exp(oAg/~!) = 1)

_ 2 _ 2 _ 2j 1
¢01 SASMPY RS PEE S +1A2> (exp(A%¢/71) = 1),

+ exp (((P_'_(P])(logdt_ _¢ 1_4) 2 1_¢2 2
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Figure 14: RP on Govt Cash Flows with Transitory Shocks

The figure plots the RP contribution of cumulative discounted cash flows (top panel) and the strips (middle panel) against the horizon.
Benchmark calibration: ¢ is 0.75. A = 1.94 X ¢ . The maximum SR v is 1. The debt/output ratio 4 is 0.9. The unconditional mean of
the debt/output ratio is 0.43. The standard deviation of output ¢ is 0.05. The growth rate of the economy g is 3%. The risk-free rate

is 2%. Spending accounts for 10% of output on average: f§ = 1.53 x o and ¢f = 0.88.
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and the conditional variance of the surplus/output ratio is

vare(s;+1) = exp(2B—2g+ (72) exp(2log dt)(exp(az) -1)
— 5A2 —5A%2 1
— 2exp(B—g+.50%) exp ((1 + ¢)(logd; — 4’01 — ) +2¢01 o + 5/\2>
x (exp(Ac) —1)

2 2
+ exp <2¢(logdt - ¢011'ZA )+ 24)011'3)/\ + Az) (exp(A%) —1)

D.2 Transitory Shocks

Corollary D.2. In the presence of transitory shocks, (a) the conditional autocovariances of the surplus/output ratios

are

covr(se11,514j) = exp(2B — 2o + 0%)dsexp(— (1 — 1)y Ee[dyyj1 exp(— (¥ — )ysyj—1)]
X (exp(0p/ 2 (A+ (p — 1)) — 1)
—  exp(B— o+ 507 )Es[dyi1|Et[dpy 1 exp(—( — )ypyj1)]
X (exp(AP2(A+ (p —1)o)) — 1)
— exp(B— o+ 507)dr exp(—(§ — D)y ) Be[dyy ) (exp(oAg/ ) — 1)
+ Eildpa]Eeldyy ) (exp(A2) ) — 1)
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where the conditional forecasts are

Po — 5A?

- — 5A2 1—¢%
]Et[dtﬂ-] = exp <<p7(logd¢— 1 $o 2 ¢

1
—(p) T—¢ 27 1—¢2

and

E¢lexp(logd;ij1 — (¥ = Dyiyj1)]

= exp (¢7_1(logdt - 4’01__'?2) + 4’01__'3:‘2 — (-1 (e - %) —(p- 1)1&)
+ o3 éw +yh - 1)0)2)
(b) The conditional variance of the surplus/output ratio is
vare(ser1) = exp(2p — 24 + o) exp(2logds — 2(p — 1)ys) (exp(0?) — 1)
— 2exp(B— o + .50%) exp ((1 + ¢)(logd; — 4’011‘3;\2) + 2"’011'3?2 + %/\2 —(p— l)yt)

X

(exp(Ao) — 1)
2 2
exp (2<p(log dy — ‘P01__-~Z;\ )+ Z(Pol_—f(;b/\

+

+/\2) (exp(A?) —1)

E Proofs

E.1 Proof of Eq. (1) in Jiang, Lustig, Van Nieuwerburgh, and Xiaolan (2019)

Proof. All objects in this appendix are in nominal terms but we drop the superscript ® for ease of notation. The govern-

ment faces the following one-period budget constraint:

H
Gi—Ti+Qf = Z(Q? —Q?jll)Pth,
h=1

where G; is total nominal government spending, T; is total nominal government revenue, Qi’ is the number of nominal
zero-coupon bonds of maturity & outstanding in period t each promising to pay back $1 at time t + , and P/ is today’s
price for a h-period zero-coupon bond with $1 face value. A unit of /1 4+ 1-period bonds issued at f — 1 becomes a unit of
h-period bonds in period t. That is, the stock of bonds evolves of each maturity evolves according to Qi’ = Q’Zfll + AQ?.
Note that this notation can easily handle coupon-bearing bonds. For any bond with deterministic cash-flow sequence,
we can write the price (present value) of the bond as the sum of the present values of each of its coupons.

The left-hand side of the budget constraint denotes new financing needs in the current period, due to primary
deficit G — T and one-period debt from last period that is now maturing. The right hand side shows that the money is
raised by issuing new bonds of various maturities. Alternatively, we can write the budget constraint as total expenses

equalling total income:
1 d h+1ph a hph
Gt+Qt71 + Z Qtjlpt =T+ Z Qtpt/
h=1 h=1
We can now iterate the budget constraint forward. The period t constraint is given by:

.-G = Qf,—0QiP+Q} P — QP +Q} P} — Q}P}
+---—Qff P+ Q1 PH.
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Consider the period-t 4 1 constraint,

T — G = Qf — Qi Pl + QP — QF Phy + QIPA, — Q11 Py
—Qf PHL + Q' IPf .

multiply both sides by M; 1, and take expectations conditional on time ¢:

Ef [Mi1(Trsn — Gipa)] = QP! —Ei[Qf 1 Mi1 Pl + QFPF — B [QF My PRy + Q217
—E{[QF 1 Mia PP ) + -+ QF P
—E:[Qf} 1My 1 P ] + QT P,

where we use the asset pricing equations E;[M;11] = P}, E([M; 1P} ;] = P?, - E¢[M, 1 PH i) 1 = pH, and
E¢[M; 1 PH,] = PR
Consider the period t + 2 constraint, multiplied by M;.1M; > and take time-t expectations:

Ef [MiyaMii2(Tip2 — Grya)l = Ei[Qf i Miaa Py — Bi[Qf o Misa My 2Pl o] + i [QF i Myia PPy
E¢[QF o Mps1 Myso PP o] + B [QF 1 My 1 PPy ] —
+E QL My P ] — B [QF )My 1 My o Pl

H+1 H+1
'HEf[Qtﬁ Mt+1Pt+T I

where we used the law of iterated expectations and E; 1 [M;42] = Pt1+l' Eiiq [MH_ZP}H} = Pt+1' etc.
Note how identical terms with opposite signs appear on the right-hand side of the last two equations. Adding up
the expected discounted surpluses at ¢, t + 1, and t + 2 we get:

— Gt + E¢ [My41(Tig1 — Gig1)] + Ef My 1Mo (Tiin — Grao)] = LiL o QM1 P +
E+[Q} o Mit1Mpyo Pl ] — B [QF s M1 Myio PR ] — -+ — =B [QF2 ;M1 My P, ).

Similarly consider the one-period government budget constraints at times ¢ + 3, t + 4, etc. Then add up all one-
period budget constraints. Again, the identical terms appear with opposite signs in adjacent budget constraints. These
terms cancel out upon adding up the budget constraints. Adding up all the one-period budget constraints until horizon
t+ ], we get:

J
Z QMlpl = E Y My i(Tiyj — Giyj) | + B
h=0 i=0

H
I ph
Mttty Z Qt+lpt+l}
h=1

where we used the cumulate SDF notation M;;,; = H{:O M;; and by convention M;; = M; = 1 and Pt0 = 1. The
market value of the outstanding government bond portfolio equals the expected present discount value of the surpluses
over the next | years plus the present value of the government bond portfolio that will be outstanding at time ¢ + J.
The latter is the cost the government will face at time ¢ + ] to finance its debt, seen from today’s vantage point.

We can now take the limit as ] — oo:

(o]
Z Qrlpl = E |} My j(Tsj — Gigj) | + lim Ey
h=0 j=0 J=reo

H
h h
Mty ), Qt+]pt+]] :
h=1
We obtain that the market value of the outstanding debt inherited from the previous period equals the expected present-

discounted value of the primary surplus stream {T;, ; — Gy j} plus the discounted market value of the debt outstanding

in the infinite future.
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Consider the TVC:

H
lim E; |Miig Y Q?Hpt’;]] =0.
J=e0 =1

which says that while the market value of the outstanding debt may be growing as time goes on, it cannot be growing
faster than the stochastic discount factor. Otherwise there is a government debt bubble.
If the TVC is satisfied, the outstanding debt today, D;, reflects the expected present-discounted value of the current
and all future primary surpluses:
H o
Dy = hzb P = E Z;,) My t4j(Terj — Geyj)
= =

This is Eq. (1) in the main text.

O
E.2 Proof of Proposition 2.1
Proof. From the investor’s Euler equation, we know that the expected excess return on the tax claim is given by
E [RT B Rf} _ —cov (Myy1, R ) _ —cov (Myy1, R, ) variMy 44 6T,
Bl EtM; 1 vareMgyq EiMiiq L
and we know that the expected excess return on the spending claim is given by:
G G
E [RG B Rf} B —cov (Mt-H/ Rt+1> B —Cov (Mt+1r Rt+1) variMe ﬁGA
Pl T EM;iq varMi 1 EtMi 1 Lo
Finally, the expected excess return on the debt is also given by:
E, [RD B Rf] _ —cov (Mt+1, RPH) _ —cov (Mt+1, RPH) variM;q _ ,BD/\t
bl EiMiq varyM;q EtM; 11 L
O
E.3 Proof of Proposition 3.1
Proof. Consider a government that only issues risk-free debt. Note that the surplus at t + 1 is given by:
St = diYiexp(r]) —dpy1Yin (16)
and the surplus at t + 2 is given by:
Stt2 = diaYin exp(r{H) —di2Ye42 (17)

We assume that {S;} satisfies the government budget constraint. Next, suppose the government commits to an

arbitrary perturbation of d; . by A; x(¢;1x). Then we know that the new surplus at £ + 1 is:

St = eXP(V{)tht — (diy1 + Draerin)) Ve

and the new surplus at t + 2 is given by:

Sty = eXP(V{H)(dtH + A1 (er1))Yepr — (deg2 + Dria(er42)) Yega,
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Hence, the sum of the discounted perturbed surpluses S + Et+1[Mt+1lt+QS~t+2} = S41 + Erp1[Mig1442Se42) =
—Ep1[Mig1 p42di0 + Apa(€r42)) Yo is unchanged, because A;y; only depends on € 5.

We also know that the future surpluses cannot respond to the shock &;1:

Sty2 = eXP(thH)(dtﬂ + A1 (er1))Yepr — (deg2 + Apia(e42)) Yes,

and the surplus at t + 3 is given by:

Sty3 = eXP(T{+z)(dt+z + Ao (e142) ) Vi) — di3Yiys.

So, this rule only allows for a state-contingent shock to the surplus in one period, but it zeros out over two periods.

Sii1+ exp(—r{+1)5~t+2 =S+ exp(—r{H)StH does not depend on ¢, 1). Hence:

(Efy1 —Et)(St41 + Erg1[Mig1,0425t42]) =0

Next, suppose the government commits to an arbitrary perturbation of d; , by A, (&5 +k) Then we know that the

new surplus at f + 1 is:
St = exp(r))diY — (drn + iy (€2,)) Vi,
and the new surplus at t + 2 is given by:
Sty = eXP(thH)(dtﬂ + A1 (e8,9)) Vi1 — (desa + Apia(ed ) Yiso,

The surplus at t + 3 is given by:

Sip3 = exp(r{+2)(dt+2 + Aria(e819)) Yir2) — (digs + Dras(ef3)) Vius

So, this rule only allows for a state-contingent shock to the surplus in one period, but it zeros out over three

periods. S;y1 + Eyy1[Mii1,642(Seq2 + Bt [Miyo 1435643])] = Seq1 + Eega [Miga,042(St42 + Erg2[Mig2,4435143])] does
not depend on &;1.

Hence:
(Efy1 —Ep) (St41 + Erp1[Miga,e42 (St2 + Ery2[Mig2,4435143])]) =0

E.4 Proof of Proposition 3.2

Proof. From
=Gt — (Dy — R{,lthl)/
With TVC,

R/ D,

Rl Diy = Si+D=5+

RS
i’

= St+]Et[ (th )R Dt]
)

= St 4 Elexp(my 1 (St+1+9XP(mt+1t+z)R{+1Dt+1)}

= IEt[Z exp (1M syk)Siik]
k=0
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So

R{Dt = Epal) exp(miirpi16)Ser14k] = Brial Z exp (M y1,t4k) Stk

k=0 k=1

[ee)
Dy = Elexp(mpi1)Eria[) exp(impsq i) Sesk]

k=1

Note Dy is t-measurable,

Dy = ]Et[zexp(mt,tJrk)StJrk]

k=1

and

(Erp1 — Eo)[) exp(my i) Sik] =0
k=1

Conjecture the pricing of the surplus strip is
Et [exp(my ) Y] = &Y (18)
for k > 0. Then the pricing of the first spending strip is
E¢ [exp(mye1)Yepa]l = Br[exp(mei){Yia]
= Ey[exp(myi1)Yiia]
1 1
= exp(—p— E’Yz +8+ E('Y -1,
1 1
aYe = exp(—p— 57 +g+5(r—0))V

Similarly the pricing of the second spending strip is

¢ [exp (11411) Epq1 [exp(myp1,042) Yiq2]]
E¢ [exp(mt 1)1 Yri1]
&Y = Gl [exp(mtt+1 +g+€t+1)]yt

= Giexp(—p— v +8+5 (7 7))V

E; [exp(myp2)Yii2]

The price of the output strips is given by

E; [exp(mysif)Yipk] = CkYi, where
1 1
&k = &k eXp(—ﬁ - *72 +g+ 57 —0)?),k>1
¢ = exp(—p— 7 +8+ 5 (7 7)?).

We define a k-period surplus strip as a claim to S, .

The price of the surplus strips is given by

E; [exp(mysik)Siik] = XkYi, where
1 1
Xk = Xkaexp(—B— 772+g+—(7—o)2),
x1 = d|l—exp(—Bp-— 7 +g+= (7 o).
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To replicate safe debt, we short dY; risky strips to output next period, and we take a similarly sized long position in the
risk-free. We implement the same strategy for all future output strips. Note that we cannot simply price these strips off

the risk-free yield curve, even though the entire debt is risk-free. The pricing of the first surplus strip is

E; [exp(my441)St41] Iy [exp(mt,tJrl){_dYHl (1 - R{ exp[—(g+ €t+1)]> }]
= —dE; [exp(mys1)Yisa] + dYiREy [exp(mys 1))
= —dE; [exp(my41)Yi] +dY:

1 1
= —dexp(—f— 377 +g+ 5 (v =)V +aYi

1 1
[1 —exp(—p — E’yz +8+ E(’y - U)z)} dy;.

1 1
xir = [1 —exp(—pB— E’YZ +8+ 5(7 - 0)2)} ay;.

Similarly the pricing of the second surplus strip is

E; [exp (1 442)St42] E; [exp(my411)E¢y1[exp(mii142)Siy2l]
E; [exp(mt,tﬂ)xl Yiq1]

XYy = xiEilexp(mppp1 +g+0ei)] Ve

1 1
= xep(-p— 57 +g+5(r -0

We short a risky strip to output 2 periods from now, and go long in the risk-free. The problem then becomes solving

the fixed-point problem for the sequence zj:
12 1 2
X2 = xexp(=p-57 +g+5(r—0)7)
1 1
Xe = Xe1exp(—p— 5778+ 5(r—0)?)

This fixed-point problem has a unique solution:

0

1
Z)(k = X1(1+K+K2+...): Xlzd,
= 1-K

where K = exp(—B — $7? + g + 3 (7 — ¢)?). We also have the following TVC:

lim [, [mt,HjDH}} = lim d; [mt,tﬂ-ytﬂ-} —0.

j—ro0

E.5 Proof of Corollary 3.3

Proof. From R{ 41 = exp(p) and

Ty f Yi1
Y, x—d (1 Ry_4 Y, )’
we have
1§ _ _pf Y
RT, = PL, _ (@d+xr2g) Y+ (x—d (1 Ry m'l))ytﬂ
PI—T, (d+x18)Y,
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| de(p

@+x8)Y (d+xplh)
Similarly
R P&, B X%Ytﬂ +xYi
1= pC_g oy
t t Xpza 1t
_ X -& Y1
Xlgl(’;l Yt
So
xlé'lg
cov(R}, 1, Ms41) = 15 cov(RE, 1, My 1)
(d+xr2g)
which also translates to
f_ T f
E; R, —R/| = —=% _E,; |[RY,, - R]|.
[ t+1 t} d+x1€1§1 [ 1 t}

E.6 Proof of Proposition 4.1: Case of AR(1)

Proof. From
T = Gt — (Dt — R{,lthl)/

This implies that:

T; f Yi
?t = X — (dt — Rt—ldt_liyt

= Xx-— (dt - R{_ldt—l exp[f(ng (7€t)]> .

Assume that the debt/output ratio evolves according to a martingale process: d; = d;_1exp(—Ae; — (1/2)A?). To

guarantee risk-free debt, the tax process has to satisfy

T
Yy

_ Y
x—d, (d‘f_f exp (o — Aer — (1/2)A2) — R{_lthl)

x—dj4 (d;”_*f exp(do — Aer — (1/2)A%) — R, exp[—(g + Ust)]> .

The surplus process is

5t

1
Yy, = di-1R]_ exp[—(g +oer)] —df_; exp(go — Aes — 54)

Conjecture the price of the surplus strips is given by

Et [exp(mypi)Sik] = (Xt — Prt) Ve
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The pricing of the first surplus strip is

E; [exp(my441)St41)

(X1, — P1,0) Yt

so, we define

(x1,6) Y

(Pr)Yy =

E; [exp(mt,tﬂ){*ytﬂ (dt+1 - R{dt exp[—(g+ U€t+1)]> }]
1
IE; |:* exp((p lOg di + M1+ ¢o — A&yl — EAZ)YL‘+1] + diY:
1 1
—exp(¢plogdi + o — p — 5(72 +A%) +g+ 5(7+/\—U)2)Yt +di Yy

4 explgu -+ glogd: — p— (02 +42) +g-+ 31+ 2 - 0| ¥

aiYs,

1 1
exp(go +¢logd: —— S (V' +A%) +g+ 5 (v +A—0))Yi

Similarly the pricing of the k-th surplus strip is

Et [exp(mypi)Sik] = Bt [exp(mysy1)Bepr[exp (k) Seskl]
(Xt — W) Ye = By [exp(mp 1) (Xe—1,641 — Pr—1,0401) Vet ]
So
XotYr = IEplexp(my 1) X141 Y41
1 1
X2t = IEi|exp(— fE’yzf'yetﬂ)exp(f/\stﬂfiz\z)exp(ngUst_H) exp(¢logd; + ¢o)
= logds — B— ~(y2 4+ A2 1 A—0)?
= exp(po+logd: —p— (" +A7) +g+5(r+2A-0)7)
and

oYr = Eglexp(mypp1)Pr41Yes1]
¥or = Ei|exp(—p— %’Y‘Z — Y€1+ o+ plogdi — f— %('Yz +A%) +g+ %(7‘*'/\ —0)?
+ gt oer)]
Yo = exp(-2B-+ o+ oo+ P logds — 2 (7 +9A%)

1 1 1
= SN HRES(rHA=0) S (v + AP - o))

= priesp(—B+ 990+ (97— 9)logd — 5(7+9A2) + g+ 2 (7 +Ap — 0)?)

We note that xy11; = P, S0

Forsome 0 < ¢ <1

(o)

E¢ [exp(myix)Siek] = X1tYe = Dy
=1

1
dy = exp(¢plogd;_1 + o — Aer — EAZ).
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t+1 Bond

Et[exp(my,41)Dpy1] = Ee[exp(mp 1) Yeprdia]
= d;p]Et[eXP(mt,tH — g1 — %/\Z)YH—I]
= dl exp(go — p— 5 (P + ) + g+ 5 (1 + A~ )Y,
= exp(x1) exp(¢logd:)Y;
Define k1 = ¢g — B — 3 (V> +A2) + g+ 3 (Y + A —0)2
t+2 Bond
E¢[exp(my+2)Diyo] = Etlexp(m 1) Eri1[exp(mii,412) Dyl
= Ei[exp(my;11) exp(x1) exp(¢logdii1)Yii1]
= Ey[exp(mys11) exp(x1) exp(¢® log di + ¢ — pAey 1 — %‘P/\Z) exp(g + oeri1)] Vi

= exp(k1 + ko) exp(¢? log d;)Y;

Define k; = ¢po — B — 5 (12 + PA2) + g+ 5 (7 + pA — o).

So
j
}g&]Edexp(mt t+j)Diyjl = hm n exp Z ) exp(¢/ logd;)Y;

lim exp( fo —1( +1 A )+ -l-il( + AP — )2y,
A A g 7 —p) Tt L ¢ '
— i ﬂ_;lz'i ity — o)
= limexp(7=5 =i = 3 (Vi 7)) e+ iz (v =)+ OY:

which is 0 if and only if

1
fﬁ+g+§a(072y) <0

Note this equality does not depend on ¢ and A. So this case is similar to the i.i.d. debt case ¢ = 0. More extremely,

when A = 0, dy = exp(¢p) is a constant.

Now, assume ¢ = 1. Then

= o B (P +A) gt oy A—0)

j
lim Ey[exp(m15+)Dyj] = lim exp( ). x5) exp(log de) Vs
]—0o ] k=1

which is 0 if and only if

1 1
go—B—5(1P+A) +g+5(r+A-0)? <0
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E.7 Proof of Proposition 4.1: Case of AR(2)

Proof. From
Ty = Gy — (Dt — R} ;D 1),
This implies that:
St = - (tht - R{,ldtletA)
= dt_lR{_lYt_l —exp(¢o + ¢1logd;_1 + ¢pologd;_o — Aep — %Az)Yt
Conjecture the price of the surplus strips is given by
E¢ [exp(mpsik)Sisk] = (Xit — Yr) Ve
The pricing of the first surplus strip is
E¢ [exp(me1)Sit1] = Ey [exp(mt,tﬂ){*ytﬂ (dz+1 — R dexp[—(g + <7€t+1)]) }]
= E {* exp(¢1logds 4 ¢ologds_q + my s + o — Aepyq — %/\Z)Yt-&-l} +4diY;
= —exp(¢rlogd; +¢rlogd; 1 +do— p— %(72 +A%) +g+ %(7 +A—0)))Yi +dY;
(xue—)Ye = {dt —exp(¢o + ¢1logd; + pologd; 1 — B — %('yz +A%) + g+ %('}f +A- 0)2)} Y;
so, we define

(x1,6) Yt

(Y1,0)Ys

aiYy,

1 1
exp(¢o + ¢1 logd; + o logd; 1 — p — 5(72 +AT) +g+ Sr+A- 0)?)Y;

Similarly the pricing of the k-th surplus strip is

E; [exp(mysii)Sevk] = Er [exp(my 1) Eeplexp (i pi)Serl]
Xkt —Pe)Ye = Ep [exp(mpiin) (Xe—1,041 — Yk—1,041) Vet
So
XoYr = Eplexp(mysi1)x1,6+1Ye41]
1 1
Xor = Ei|exp(—p— 57" —yeri1) exp(— A1 — 5A%) exp(g +oerr1) | exp(prlogds + ¢2logdi—1 + o)
1 1
= exp(go+rlogdi +palogdi s — p— 5 (v + A7) +g+ 5 (v +A—0)?)
and
PoYr = TEilexp(mpri1)P141Yer1]
1 1 1
Por = B |exp(—B— 572 —Yetr1+ @0+ ¢1logd1 + ¢ logd — B — 5(72 +AY) +g+ 5(74')\ —0)?
+  g+oer)]
1
Por = exp(=2B+¢o+ P10+ (97 + ) logd: + prgplogdi1 — 5 (7* + ¢14%)
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1 1 1
57+ A +28+ 5 (Y + A =0 + 3 (y +A¢1 — 0)?)

We note that xj1¢ = Pk, 50

Y B [exp(mypi)Sik] = xi4Ye =Dy
=1

1
dy = exp(¢y logd; 1 + pologdi_o + o — Aer — E/\Z)'

t+1 Bond

Et[exp(my,41)Dyy1] = Ee[exp(mp 1) Yeprdia]
= dlEy[exp(mys 1 — Aery1 — %Az)YtH]
= df explgo—p— 3 (P + 1)+ g+ 2 (v +A— 0P
= exp(xy) exp(¢1 logds + ¢ logd;_1)Y:

Define k1 = ¢g — p+ —2 (P2 +A2) + g+ (v + A — o)
t+2 Bond

E¢[exp (mt,142) Diyo] = E[exp(mypi1)Epp1exp(mg,p12) Disol]
= Etlexp(m 1) exp(ir) exp(¢r logdiy1 + o logds) V1]
= E¢[exp(mys11) exp(x1) exp(($] + ¢12 + §2) logds + g1 — prAes 11 — %4’1/\2) exp(g +oery1)] Ve
= exp(k1 + x2) exp((¢7 + ¢192 + ¢2) exp(log dy) Y
Define iy = g1 — B — 3 (v* + ¢1A%) + g+ 3 (v + P14 — 0)2.
So

i
Jim Erfexp () D] = lim exp( Y xi) exp(ypylogdr)Y;

k=1
: (PO . 1 2. /\2 X j 1 P
= limexp(-—"—— —Bj— = +— " Vaoi+ VY Z(v+ A — )Y
Jim exp(q— g " B 5 (Vi g ) 8 k;z(v Pr-1—0))Ye
T (P() _ ._1 2. /\2 . 1 _ 2
f}ggexp(il,%f@ Bi 2(’7]+717¢17¢2)+g]+]2(7 )"+ C)Yi

which is 0 if and only if
1
*,B‘f‘g‘i’EU(U*Z’)/) <0

Note this equality does not depend on ¢ and A. So this case is similar to the i.i.d. debt case ¢ = 0. More extremely,
when A = 0, dy = exp(¢y) is a constant.

Now, assume ¢ = 1. Then

1 1
Kj:4’0—5—5(72‘1'/\2)‘*'84'5(’)’4')\—‘7)2
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and

j
lim [E¢[exp(m; s j)Dyyj] = hm n exp () xx) exp(logdy) Yy

jreo k=1

which is 0 if and only if

%—ﬁ—gkY+Aﬂ+g+ S(r+A—0)? <0

E.8 Proof of Proposition 4.2 : Case of AR(1)

Proof. When the log of the debt/output process follows an AR(1), the surplus/output ratio is given by:

St+1 f j <p0—— © Po — 1A2 1.,
T = exp(r; —g—oe Aegp_i+1—~2 ) —exp(+¢(— e, i+ 1—— 2 )4 Aeiq — =A7).
Y p(r; —8 b1 — ]Z¢ t—j _ ) p(+¢( ];)4’ t—j T—¢ )+ o — Aer > )

We assume that r; = g. This expression for the surplus/output ratio can be restated as:

S [eS) 1/\2 [e9) 0 — 7)\2
thﬂ = exp(—oe1 — Y PAg it (P T2 ) —exp(— ) ¢lAe it qbi).
t+1 j=0 4’ j=0 1 4’
Next, we compute the derivative of the surplus/output ratio at t + 1:
Str1 1 1)2
7 —1)2 0— 1A
—=(A )eXP(g‘*‘UStH—Z(P]AStH ]+¢ 2 ) —rexp(— 05t+1—z4’]/\€t ]‘FL)-
det 11 j=0 —¢ j=0 1-9¢

We evaluate this derivative at ¢;; = 0 to obtain:

aim (PO 1
— = 4+ (A-0)ex .
o - ent )

Next, we compute the derivative of the surplus/output ratio at t + 2. The surplus/output ratio at ¢ + 2 is given by:

Tt“‘z = —Aexp(— Z A+ 27 ) 4 Apexp(oerpg — Z P Aerin i+ Po = 2N )
t+2 j=0 1-¢ j=0 I—¢
We evaluate this derivative at ¢;; = 0 to obtain:
oSt _1)2 _1)2
Yiro (P 2 4 2
—= = —Aexp(———=—)+Apexp(———=—).
o P25 s apep(P 2T

This generalizes to the following expression. For j > 2, we obtain:

# qb 1,2 Po — 112
Y= —A¢ilex 2 + AP exp(L—27
Bt P exp(H ) AP e ()

Assume rf = g. Then we obtain the IRF:

h
= Ag (g —1)exp(d),j > 1,
det 11
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St+1
oY

911

S

= (-0 epd),j=1

E.9 Proof of Proposition 4.2: Case of AR(2)

Proof. We use (L) to denote the infinite MA representation of the debt/output process. We assume that r;, = g. When
the log of the debt/output process follows an AR(2), the surplus/output ratio is given by:

(o)

S » _ _ o o 1
Tii = exp(—0oey1— Y Ae_j+d) —exp(+d+ (= Y PiAe_j) + Pa(— Y pider_1_j) — Agpy1 — 5)\2)-
j=0 j=0 j=0

Next, we compute the derivative of the surplus/output ratio at f + 1, and we evaluate this derivative ate;; = 0:

LS,

2)1/41= + (A —0)exp(d)).
€t+1

The surplus/output ratio at ¢t + 2 is given by:

S ; - - 1
ﬁ = exp(—0oen— Y P Aey1-j+d) —exp(+d + 1 (— Z Pideri1j) + pa(— Z Pider ) — Aepo — EAZ).
j=0

We evaluate this derivative at ¢;; = 0 to obtain:

d5H2 Sti2

S = Aexp(d) + M) exp(d)).
t+1

The surplus/output ratio at ¢t + 3 is given by:

= 1
= exp(—0ep3 — Z Yjrerio—j+d) —exp(d + ¢ (— Z Aerra—j) T d2(= Y PiAeri1-j) — Aerys — 59\2)-
] : ]:O

St+3
Yii3

We evaluate this derivative at ¢;;; = 0 to obtain:

Sti3

T el A + g expl+ ).
t+1

This generalizes to the following expression. For j > 2, we obtain:

St+j
Yiyj

9111

= =AY exp(+d)) + AP exp(d)).

Assume r/ = g. Then we obtain the IRF:

o3
Y= (A—o)exp(d), forj=1,

— AMgr— 1) exp(d), forj =2,
= Ay — $j2) exp(d), forj > 2.

9111
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E.10 Proof of Proposition 4.2: Case of AR(3)

Proof. We use (L) to denote the infinite MA representation of the debt/output process. We assume that the risk-free
rate equals the growth rate of the economy. When the log of the debt/output process follows an AR(3), the sur-
plus/output ratio is given by:

S © -
Yt—H = exp(—0oep1 — Yy, pAe;_j+d)
t+1 j=0

_ (o] o0 (o] 1
— exp(+d + 1= ) pirer ) +pa(— ) pjher 1+ a(— ) pjAer o)) — Aeppr — 57\2)-
=0 i=0 j=0

Next, we compute the derivative of the surplus/output ratio at f + 1, and we evaluate this derivative at &;; = 0:

St1

BYAZ + (A —0)exp(d)).
€t+1

The surplus/output ratio at ¢t + 2 is given by:

Siy2

= - — i) 4d
Yo exp(—oera — ), P/ Aerp1j +d)

j=0

_ 0 1
— exp(d+¢1(— Z YiAeri1—j) + da(— Z Pirer_j) + ¢3(— Y wiAep_1_j) — Aepo — E/\2).
j=0 j=0

We evaluate this derivative at ¢;4; = 0 to obtain:

b Sti2

agYi = —Aexp(d)) + A1) exp(d)).
t+1

The surplus/output ratio at ¢t + 3 is given by:

Si+3
Yii3

exp(—0oers — 2 Yirerp j+d)

— s 1
EXp(d + ¢1 Z lp]/\€t+2 —j + ¢2 Z ll)]/\€t+1 j + 473 Z 1,0]’)\811,]') - /\€t+3 — E/\Z)
j= = j=0

We evaluate this derivative at ¢;4; = 0 to obtain:

Stis

NS pdesp(d) + A + ga)expls + 7).
t+1

We evaluate this derivative at ¢;; = 0 to obtain:

oStk Stia

agiif:: = _pZ/\eXP(H) + )\((plpz + oty + (PS) exp(g +H)

This generalizes to the following expression. For j > 2, we obtain:

S .
0y-L - =
asiﬂ = —Aypj_1exp(d) + Apjexp(g +4d).
t1
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Assume 1/ = g. Then we obtain the IRF:

Stsj
Yt >l

= (A—o)exp(d), forj=1,
= A¢r—1)exp(d), forj=2,
= M¢ryn +¢2— 1) exp(d), forj =3,

= AYj-1—¢j2)exp(d), forj>3.

0€r i1

E.11 Proof of Proposition 5.1

) 14,2

. ~ 1A

logdt = — E (P]/\St,]' + %
=0

Consider a government that only issues risk-free debt. Note that the surplus at t 4 1 is given by:
1
Sti1 = diYy exp(r{) —exp(¢logd; + g — Aeppq — i/\z)YtH-

This expression for the surplus can be restated as:

St+1 foN g o — 3
— = exp(r; — Agp_j+ ———=—
) 142
, o — 1A 1
— exp(+g+oe +o(— ) PAej+ %) + o — Aepyp1 — EAZ)
j=0
This expression for the surplus can be restated as:
Stt1 foe Po — 5A°
S exp(r; — ;cp])\st_]- + ﬁ)
7=0
) 142
, 0 — 2A
— exp(gtoe— ) PAey i+ %)
=0 ¢
By the same token, we can express the surplus for the next period as follows:
0 _ lAZ
E _ f ] 0 2
41 [Mry1442St02] = YiEppa[Migaepaexp(ry g +8+0er1 — ) ¢Aerqj+ ¢
j=0
Y.E = Po —
= ViEa[Miypapexp(+28 + 081 +0ern — ) ¢ Agoj + q1_0

j=0

As a result, we get the following expression for the covariance:

covr(Miy1,St41) = covp(Mpg1, —di1 Y1)
= —Et[Miy1dip1 Y] + E[Mpiq]Ee[diy1Yi41]

1,1 1
= —exp(—p— 7V +5(r+A—0)? + g+ +logdi + o — 5A?)
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Proof. As a result, we can solve for an expression of the log debt/output ratio as a function of the past shocks:

)]

152
ZA

o)



+ eXP(*ﬁ)eXp( (A 0)? +g+yt+¢10gdt+¢07%2)

= *(GXP(**W +5 (7+)\ 0)? *5(/\*0) ) = DE¢[Mp11]Ee[dp1Yi41]
= _Et[Mt+1]Et[dt+1Yt+ﬂ(eXP(_ (c—=A))—1).

By the same token, we get the following expression for the covariance of the discounted surpluses over two periods:

covs(My1, St41 + Er1 [Mig1,4425¢42]
= covt(Mpy1, —Epp1[Miy1,p42di12Yi42])

= —Et[Myp1]Erq [Meg12de2 Y] (exp(—=y (0 — pA)) — 1)

By the same token, we get the following expression for the covariance of the discounted surpluses over j periods:

j
covs (M1, ) E1 [Myy1,04Se4j])
k=1

= c0vt(Mpy1, —Ep1 [Mig1 b4 014 Ye4j])
= —EMp]Era[Mis 4 jdiq Vsl (exp(—y (0 — ¢/ TA)) = 1).

E.12 Proof of Corollary 5.2

Proof. Start from the restriction:

covy (MH—l/ (Epy1 — IEt)Z{cletle,t+th+k>
—Et[Mp 1] E[My 1,1l Yer ) (exp(—y (o — ¢/ TA)) — 1)
+  xcovg (Mt+1/ (Epy1 — IEt)Z;(:lMtH,HkYHk)
—Et[My 1] E[My s Yer ) (exp(—y (0 — ¢/ 'A)) = 1)

j
+ %) E[My)E (Mg ik Yes) (exp(—y0) — 1)
k=1

We substitute for the price of debt strips:

Et[My 4t Ye)]

] .
exp( Z i) exp(¢’ log dy) Yy
k=1

- 21 — ¢ j ,
‘Po( ¢/) B 1(72j+ M) +gi+ )] 1(7 + A¢F 1 — 0)2) exp(¢/ log dy) Y
—¢ 2 I-¢ K=t 2

= exp(——"
For j > 1, we obtain the following expression:

Ep i1 [Mia, e jdpy Ve ]
1—¢/1 1 A2(1 — i1 . -1 B
= eXP((PO(le) BG—1) =5 (1—1)+(1f4;))+g(]—1)+ Y 5(7+A¢k 1_5)?)
k=1
exp(¢/ " logdi 1) Yy,
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and, for j = 1, we get that:

Er1[Meyp4jdesYer] = exp(g 41045) exp(logdiy1) Yt
For j > 1, this simplifies to the following expression:
By [Mp 1,4 jde4 Y4 ]
= er(t=P - 3 -BG-1 - 11 4y +ié S+ = 0)?)

exp(¢/ logd; + = ( oA+ )Y
Note that by a similar logic, the price of the output strips is given by:

Et[Myy164Ye4]]

= exp(—pl— 1)~ 3P~ 1) +gi+ (- Dylr =P+ 5@

N —

To summarize, for j > 1, this implies that we have the following expression:

Et[Mpi1,04jdp4 Ve ]

,(P]
A

exp(¢/logd; + - ((<p1 A2 =209/ 10)).

= EMipYisjlexp(3— 4>o~ +Z (A2 +2(y — )AgF 1))

and for j = 1, we get that:

o

Ep 11 [Mpi1p4 a4 Yey)] = exp( ¢)exp(¢108dt)exp(8+ 02)

E.13 Proof of Proposition 5.3

Proof. We use (L) to denote the infinite MA representation of the debt/output process. As a result, we can solve for

an expression of the log debt/output ratio as a function of the past shocks:

¢o — 372

logd; = — iAep_i + .
B ];:)% g1 ¢

where ¢; = ¢19;_1 + ¢2¢;_o. Consider a government that only issues risk-free debt. Note that the surplus at t + 1 is
given by:

1
Stp1 = diYy eXP(V{) —exp(+¢1 logd: + ¢plogd; 1 + ¢o — Aep1 — E)‘Z)Yt-&-l-

This expression for the surplus can be restated as:

Si11 ¢o — 372
—— = €X e Y 24
Yi Pl le} =N —4’1—4?2)
_ l/\Z 1
- opltg o +o(- Z Pirera-j+ %> + 90 — Aepy1 — 54%)
j=
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This expression for the surplus can be restated as:

St+1 fov GI’O_%/\2
—— = exp(r; — iNep_i + ———
7 PO Lyt o )

S 9o — 31?

— ex +o0¢ — iAe it

p(g t+1 ]E)% 1] 1_¢1_¢2)

By the same token, we can express the surplus for the next period as follows:

a ¢o — 372
Etp1[Mig1,0425t42) = YiErp1[Miga,i42 eXP(V{H +g+oe— ) YiAe_j+ m)]
j=0
S g0 — A%
— YiEr1[Mig 0 exp(428 + 01 +0era — ) Yikerpj + o —3)
j=0 - 4’1 - 4’2
As a result, we get the following expression for the covariance:
covr(Myy1,S441) = covr(Mpir, —dp1Yie1)
= —EfMppadiga Yea] + E[Mpsa ] Eelde 1 Y44
1 1 1
= —exp(—p— 572 + E(’y +A—0)2+g+y+¢rlogd + pologds 1 + o — 5)&2)

1 1
+ exp(—B) eXP(E()\ —0)? 4+ g+y + ¢1logds + pplogds_1 + o — E)\Z)
1 1 1
= —(exp(—E'yz + E(’Y +A—0) - 5(/\ = 0)?) = D) E{[My 1] E¢[dp 1 Ypia]
= —Et[Miy1]Et[di1Yia](exp(=7(c = A)) = 1).

By the same token, we get the following expression for the covariance of the discounted surpluses over two periods:

covt (M1, St41 + Epp1[Mpy1,6425¢42]
= covt(Miy1, —Epp1[Miy1pr2dii2Yir2])

=  —Ei[Mip1]E1 M1 2812 Ye0) (exp(—y (0 — 1 A)) — 1)

By the same token, we get the following expression for the covariance of the discounted surpluses over j periods:

j
covr(Myy1, Y Erp1[Mig1,04St44))
k=1

= c0vt(M1, —Epp1[Miy1p4jdreYeyjl)

—Et[Mp1]Erp1 [Miya,04jde4 jYer ] (exp(—y(0 — ¢j11)) = 1).

E.14 Proof of Corollary 5.4

Proof. We use ¢(L) to denote the infinite MA representation of the debt/output process. Start from the restriction:

covy (Mt+1/ (Et1 — ]Et)Z;(let-&-l,t-&-th-&-k)
= —Ef[Mi1]Et[MpiqpqjdiyjYigjl(exp(—=y(o — ¢j1A)) — 1)
+  xcovt (Mt+1/ (B — ]Et)ZiletH,tJrkYtJrk)
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= —E M) Et My jdigYegjl(exp(—=y(o = ¢j1A)) = 1)

]
x Z Et[M; 1] Et[Myq1, ¢4k Yesk] (exp(=y0) — 1)
k=1

We substitute for the price of debt strips:
E[M e iy jYes]

j
= exp( Z k) exp(i;logd:)Y;

J 1, ., A |
= exp Z P10 — B — 5 (Vi + 1 $e1A?) + 87+ ) 5 (v + AP — 0)%) exp(ylog i) i
k=1 k=1 k=1
For j > 1, we obtain the following expression:

Ep 1 [Mey1q iy jYey ]

j-1 =1
= ep(X g ao B~ 1 57 ) +Z¢k W) 5=+ T+ M~
=1 =1

exp(j—1logdii1)Yii1,
and, for j = 1, we get that:
Ep 1 [Mig, 4 Vit j] = eXP(H?ﬁ) exp(logdii1)Yii1.

For j > 1, this simplifies to the following expression:

Et[Mpi1,0+dp+ Vet ]

] 1., , 1, Ly 5

= (Y Pra(9o—5A) =BG =57 (=) +gi+ ) 5(1+ A1 —0)%)
k=1 k=1

1
exp(pjlogd + 5 (—¢j1A + 7)*)Yr.
Note that by a similar logic, the price of the output strips is given by:

Et[Mp 11,04 Ye 4]

= ep(—pl - 1)~ P~ 1) +gi+(~ Dy(r =P+ 50D

N =

To summarize, for j > 1, this implies that we have the following expression:

Et[Mp 1,64 e+ Vi)

1
= E¢[Mpy14Yiyj]exp Zl/’k 1 <PO**)\2 Z 5 (A1) 24 2(y — o) A1)

exp(y;logd; + - ((% 1A)? = 2091 ).
and for j = 1, we get that:

1
Ep1[Mip1,p4jdesYer ] = eXP((H;,Pﬁ) exp(¢1 logd: + ¢palogd; 1) exp(g + 502)Yt~
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E.15 Proof of Proposition A.2

Proof. Notice

dTy = dexp(y:) exp(n) + exp(yi)d exp() + [dexp(y:), d exp(T)]dt
1 1
Ty ((udt + Evzdt +dZ;) + (0(T — w)dt + E(ﬁmzdt + BrydZs) + Boydt)

1
= T((n+0(t—m)+5(1+p)*y*)dt + (1+ Br)rdZs)
Conjecture

Pl = fr(w)T:
Ptg = fg(gt)ct
then
dPtT = df-[Tt +f1—th + [df-[,th]dt
1
= T(fedu + 5 f7B7°dt) + fperTi(1+ Br) vt
1
+ ST+ 8T =) + 5 (14 Bo)Po )t + (1+ pr)ydZ)
_ Tai= 1o 2 o 2 _ 1 2,2
= T; fTG(T Tt) + 2,fT Y +f-[ﬁ’r(1+ﬁ’r)')/ +fT(,u+9(T Tf) + 2(1+ﬁ’f) Y ) dat
+ Ti (fr(1+ Be) + frBr) vdZ:
Substitute into the Euler equation,
0 = .A[MtTtdt+thPtT +MthtT + [th, dptr]dt]

~rfe 10T =)+ D fLBRP + FiBe(L+ Br)7 + Fele+ 00T — 1) + (14 B r?)
V(L +Be)y = vfiBey

|
[ay
I

We take a continuous time version of Campbell-Shiller approximation (Eraker Shaliastovich (2008)):

log Deedt T Treat

drf = pr
~  xidt +xjdlog fr — (1 —«{)log frdt + dlog T;
The Euler equation is
t
0 = A[dexp(mt+/() drf)]

= Aldm; +drT + %[dmt +drf, dmg + drfdt]
Then, we conjecture fr(7;) = exp(pr + 4 t),
0 = Aldm;+drf + %[dmt +drf,dmy + drf]dt]
= Al-(r+ %72)dt — ydZ; + xjdt + x{d1og fr — (1 — «7) log frdt + dlog T
(942, + drf, ~4dZ; + drfa]

51
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1
= —(r+57) +5 x0T — 1) — (1= ) (pr+qv) + i+ 0(T— )
1
+ E((lJF,BTJFKMTﬁT)'Y*’Y)Z

which implies

1 1

ro= M—E“rzﬂéﬂquef—(1—KI)PT+9T+5((1+ﬁr+1<fqrﬁf)v—v)2
- 0

I© = s (-«

Since KlT is a constant close to but lower than 1,and 0 < 6 < 1, —1 < g < 0. To see this, note

(1—-x{)(1—-6)

—(=1) = > 0.
gr = (1) K70+ (1—«f)
Similarly, f(gt) = exp(pg + q¢8t), Where
1 _ _ 1
ro= g 37 g rqg08 — (11— K)pg + 08+ S (1+ B +11q95Bg)7 — 1)
L
Is K50+ (1—«f)
Then,
dBy = dPf—dp?

= T3 (F8(7 =)+ IR FBe(14 )T + S+ (T ) + (14 o)) )
+ T (fe(1+ Bo) + frPe) vdZs
— G (f40(8 =)+ G IR el B+ Syl 05 —g0) + 51+ By )
— G (fs(1+Bg) + fiBg) 1Z:

The risk exposure of the debt return is

[rf,dM;] = _M];i?'y (Tt (fr(1+B2) + fepr) — Gt (fg(l + Bg) +f§ﬁg)>

_ 7M};?,Y (Tefr 1+ (1+qc)Br) — Gefe (1+ (1+q4)Bg))

E.16 Proof of Proposition A.3

In this case,

dB; dPf +dpf — dP$
= (.)dt

+ (T + (14 g0)Be) + fiKe(L+ (1+q0)Bre) — fGr(1+ (1 +q5)Bg) ) vdZs
and the return on the government debt is

B _ (Tt—i-Kt—Gt)dt-i—dBt
B;
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The risk exposure of the debt return is

B amy) = —Méi;w (frTe(1 4 (14 q7)Br) + fiKe(1+ (1+qx)Bx) — fgGr(1+ (14 q5)Bg))

E.17 Proof of Proposition A.1

Proof. Iterate the debt valuation equation,

U
lim EoMuB, = MoBo+ lim Eol [ d(MB)] (19)
If the following TVC,
lim EgM,B, = 0 (20)
U—00
is satisfied, then
o 00
MoBy = — lim Eol [ d(MiB)] = Eol [~ M(Ty — Go)a] 1)
or
B = Pf-Pf (22)
O

E.18 Proof of Corollary B.1

Proof. From R{ 41 = exp(p) and % =x—d (1 — R{_l Y‘Tf) , we have that the return on the tax claim can be stated as:

1§ fy
k. _ P B+ = d (1R )Y
+ PT—T; (d+x1§1§1)Yt

X Ve N dexp(B)

@+xf5)% (@ xrty)

Similarly, we have an expression for the return on the spending claim:

1
PE — G x1E1§1 Y xl?gl Y
As a result, we can state the RP as follows:
E, [RT B Rf} __‘tov (Mi1, R ) _ x —cov (M1, Yes1/Yr)
b E¢(Miy1) d(1—¢1) +x61 Et(Miy1) ’
G
IEt |:RG _ Rf} - _ cov (Mt+1’ Rt+1> — l —cov (Mt-‘rl/YH-l/Yt)
an Et(Myy1) & E¢(Mjy1) ’

where we have used that & = exp(—f — 17?2 + g+ 1(y — 0)2) = exp(—B — vo + g+ 10?).
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Then plug in

—COovt (Mt—‘rerH—l/Yt) _ —Covt (exp(—ﬁ - %’}’2 - 75t+1)/exp(3 + 08t+1)>
E¢(Mt11) Et(exp(—B — 572 — 7€141))
_ —covy (exp(—et41), exp(oeri1)) a1,
= oxp(—B) exp(—f— 57" +¢)
1 1
= —(exp(5(1* + %) (exp(—10) — 1)) exp(—57* +3)

= explg + 307)(1 - exp(—10))

E.19 Proof of Proposition C.3

Proof. Since

Ste1 = diYiexp(r]) —d1 Y,
we get the following expression for the covariance:

covs(Myy1,S141) = cov(Myy1, —diy1Yes1)

= —E[Mpdi1Yiga] + Ei[Miga] Er[diq Yiga]

= —exp(—p— Ly -1y — 37+ 3 (v A= P+ G+ Gy +glogd
+ do- %7\2)

+exp(—p— L(E =y exp(3 (A — )2 + &+ i+ plogd + 90 — 317)

1 1 1
= _(eXP(_E’YZ + E(’Y +A—0)?— E()\ —0)%) = 1) E¢[M;11]Et[dp11Yi11]

= —E[Mi1]Et[di Y] (exp(=7(0 — A)) — 1).

By the same token, we get the following expression for the covariance of the discounted surpluses over j > 2

periods:

j
oo (Mi11, Ep1[ Y Myt ,4kSek])
k=1

= covt(Mpy1, —Epp1[Miy1 ey ey Yeejl)
= —EMpaMiga 481 Yer ] + B Mepa|Ef My 44 Ye ]

= Efew(-p- L@y - 22— reepl - Wt gy

exp(¢/ logds — ¢/ " Aepiq +...) exp(&ys + & oein + .. )] + Ee[Mia ] E[Mys g4 jdii Vi ]

E-1n1-g-!
Tﬁ)) -1)

= —Et[Mpq]E[ My jdis Yeg i) (exp(—y (& o — ¢/ TA + g(l —gh)) -1

= —E[My1)Ei[Myy1, 4 Yer i) (exp(—y (& o — ¢/ 1A —
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E.20 Proof of Corollary C.4

Proof. Start from the restriction:

j
cov; <Mt+1/ (Ep1 —E) ) Mt+1,t+th+k)
k=1

= —EMa] B[ My iy Yer l(exp(—7 (8o — ¢/ A+ %(1 —g ) -1
j
+  xcovy (Mt-H/ (B —Ee) ) Mt+1,f+kYt+k)
k=1
where

covs (Myy1, (Bry1 — Br) My gk Yegk)
= E[MpaMip1 ik Yesk) — Ef[Mia] B [My i ek Yer]
= Eexp(—p— %(@ =Dy — %72 — yer1) Mg exp(§ye + 8 Toepg +.)]
= Et[Mya]Ef[Mpyq ek Yeid
= —Ei[My 1] Ee[My o i Yig (exp (= (8 1o + g(l - ) -1).

Next, we conjecture

j )
E[Mysyjde Vi) = exp() &) exp(¢/ logds + fiyi)
k=1
Note
j—1 )
Ee[Mpsyjdi Vi) = EeMpaexp( ) x) exp(¢l " logdi + fi-1ye1)]
k=1
v 1 =
= Eifexp(—p— ;(é =Dy — E’Yz — Yeri1) exp(z &x)
k=1

exp(¢/ (¢ logd + po — Aerp1 — %/\2) + fi—1(8o + 8yt +0e111))]

So we confirm the conjecture,

N 1 - 1
exp(k;)) = Eilexp(—p— g(C =Dy — 572 — v+ (Po — Aeryr — EAZ) + fi-1(8o +oery1))]
- 1 i 1 1 i
ki = —p— 572 +¢/ o — 57\2) +fiabo+ 5 (=1 —¢/ A+ fja0)?
and
_ Y
fi = *;(éfl)JrfjflC
— dae Y _ay =T e, Y
¢+ 2(1=¢) =
So, forj > 1,
Et[Mei1, 4 e+ Ve
j71 . o — .
= Eilexp( L R exp(¢l logdis + (T 4 D))
k=1
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+

_ i1 _x-1
exp((—p— 30101+ 2 <¢0§A2>+(115’§ "UHZ(M)) %

D R R (e
=1

- plogd: + 4o — 500 + (T V)@ + oy + 5 (97 A+ (0 - NF )P

By a similar logic,

So

Et 1 [M1,45 V4]

_F1y_
exp((~ —§72><j—1>+<115’5 "U”+Z<f—1>>co

2t (= E )2+ (T D@ i) + 5 (@ -1 )P

B 1 [Miga,e4 811 Ye]
. -
— E M Y. 1=¢h 1y ! e lgk1a 4 Lipk1a)2
= Epp1[Mig14 Y] exp( 1—¢ (o 3 )+ Y (y—0)F ¢ + 2(4’ )7)
k=1

+ pllogd— PN (0= 1E T+ 1) + S

E.21 Proof of Corollary D.1

Proof. We plug in the expressions for the respective surpluses:

S
Ttﬂ = drexp(r] — g — 0ere1) —dip,
1
St+ f
—/ = di . o — ) —d :
Yoy t+] 1eXP(rt+]_1 8 ‘TSH—]) t4j

into the expression for the conditional covariances:

f

cov(siy1,814j) = Ei[drexp(ry —g—oep1)dij1 exp(r{ﬂf1 — g —0eryj)]

— Eifdiexp(r] — g~ oer1)[Eildyijq explr],;y — g — oer))]

+  Et[—diiadiyja exp(r] — g — oeryj)] — E[—di1]Eeldiy exp(r] —g - oery))]
+ Eildrexp(r] — g — 0er1) x —dyj] — Ex[drexp(r] — g — oep41) By [—dps)

+ Ei[—dpq X —dpyj] = By [—dpq JEe[—dy ]

This expression can be restated as:

covr(st+1,504j) = diEd[exp(r] — g — o 1) |Ed[dpsj 1 eXP(f{H,l — 8§~ 0¢1yj)]
X (exp(cAg/~?) —1)
— Edldi Edldiy oy exp(r] — g — oepy)] (exp(A22) — 1)
—  diEfexp(r] — g — oer1) [ Exldy ) (exp(oAgi ) — 1)

78



+  Et[di1]Ee[d; ] (exp(A%¢/71) — 1)
which implies

covy(sis1,5e4j) =  exp(2B —2¢ +07)diE[d;yj 1] (exp(cAgi?) —1)
— exp(B— g+ 50%)Et[ds1 Bt [dryj_1] (exp(A2p/ %) — 1)
—  exp(B— g+ 507)diE[dy ) (exp(cAg/ 1) — 1)
+ Eildp]Ee[dpy ) (exp(A2¢/ 1) — 1)

We have the following expressions for the conditional forecasts:

; —.5A2 —.5A2
E¢[logd;j] = exp ((p](logdt - ‘POl )+ $o )

—¢ 1-9¢
and
) _ 5)2 _ B2 .
Eildij] = exp (¢](10gdf _ <P01 _.?PA )+ <I>01 _.?P/\ n %AZ(l FP ... +¢2(171>))
- — 5A2 —5A2 1 ,1—¢¥
= exp <4)](10gdt¢01_¢ )+¢01_¢ +2A21_(§,2>

We plug these conditional forecasts into the conditional covariances: For j > 1,

C‘wt(sleStﬂ’)
2 i—1 ¢ — 5A? Po— 572 1 ,1—¢* "V i—2
= exp(2B—29+c°)exp | (1+ ¢/ )(logd; — = )+2 = +5 e (exp(cA¢/ ™) — 1)
— exp(B—g+ 50 exp | (¢ + ¢ ") (logd; — $0 — '5)\2) —|—2(P0 - 51 + 1/\2 1—¢?0D 1)\2

X (exp(A%¢/2) ~ 1)

, _5)2 _5)2 2 ,
— (B g+ 507 exp ((1 + ¢/)(logds — P2 _'f;f )+28 _'3? +375 _‘f;z]) (exp(oApi ) ~ 1)

¢o — 5A? po— 5N 1 ,1—¢% 1, 2,1
1-¢ )+2 ¢ +§A 1_¢2+§A (exp(A°¢/™1) —1)

+ exp ((¢+¢f)<logdt—

Also, whenj =1,

/g —oer)diexp(r] — g —0eri1)]
— Eildrexp(r] — g — oer 1) Eeldrexp(r] — g — oer 1))

Et[—d;y1d; eXP(V{ — 8§ —0epq1)] — Ei[—di 1] Es[d eXP(V{r — 8§ —0eq1)]

vare(spr1) = E¢ldrexp(r

Eyldiexp(r] — g — e 1) X —dy1] — Eeldrexp(r] — g — oey1)|Ei[~dy 1]
Et[—dpy1 X —dpy] — By [—dpa | Ef[—dpiq]

exp(2B — 2g + o) exp(2log d;) (exp(c?) — 1)

— 2exp(B— g+ .50%)diE;[di1](exp(Ac) — 1)

+  Ey[dp]Eildiia](exp(A?) — 1)

+ o+ o+
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which implies

vare(s;r1) = exp(2B—2g+ (72) exp(2log dt)(exp(az) -1)

_ 2 _ 2
4’01 _'3))‘ )+z4’°1 _'f;‘ +%/\2> (exp(Ac) — 1)

+ /\2) (exp()\z) -1)

2exp(B — g+ .50%) exp ((1 + ¢)(logd; —

P — 5A? Po — 5A?
1—¢ )+2 1—¢

+ exp (24)(10g dy —

E.22 Proof of Corollary D.2

Proof. We plug in the expressions for the respective surpluses:

S
thﬂ = drexp(r] — g0 — (p — Dy — 0era1) —dips,
b1
Stj
ﬁ = diyja eXP(r{H,l =0 — (Y = Dypyjo1 — 0y j) —diy,
j

into the expression for the conditional covariances:

covy (5t+1rst+j)
= Eildiexp(r] — o — (¢ = Dyt — oers1)dsj 1exp(r],; 4 = o — (= Dyeyj1 — 0ery)]
— EBildrexp(r] — o — (p — )y — 0oy 1) [Eildisjo1 exp(r],; g — o — (= Dyirjo1 — 0ers)]
+  Ei[—diadiyja exp(r] — o — ( — DYryj-1 —0€ry))]
— Eil-dpa]Eldpsjo1 exp(r] — o — (¢ — Dy — 0ery)]
+ Edldrexp(r] — g0 — (¢ — D)ys — 0er1) X —dy ]
— Edldrexp(r] — 9o — (¢ — Vys — oer)JEe[~dy ]
+ Ei[—di1 X —diyj] — Ei[—dpiq]Ee[—dp ).

This expression can be restated as:

covy(s141,51) = diEilexp(r] — o — (1 — D)y — 0er1)]
X Et[deyja eXP(7{+j_1 =0 — (¥ = D)ysyj1 — 0814
X (exp(e@/ 2(A+ (p —1)o)) — 1)
—  E[di1]Etldyyj 1 eXP(V{ =0 — (Y — D)Yssj1 — 0€r4))]
X (exp(A¢/2(A+ (p—1)0)) — 1)
—  diErfexp(r] — o — ( — V)ye — 0era1)[Eeldy ] (exp(oAg/ ) — 1)
+ Eildp]Ee[dp ] (exp(A2¢/ 1) — 1)

which implies
cov(st1,504j) = exp(2B = 24 + 07 )drexp(—( = D)yn) Ea[dpj—1 exp(— (¢ = Dyrj1)]
X (exp(o¢/ 2 (A + (¢~ 1)o)) — 1)

— exp(B — o+ 507)Ex[dy 1] B [dy g1 exp(— (¥ — 1)yrsj1)]
X (exp(AP 2 (A+ (¥ —1)0)) — 1)
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—  exp(B— o +.507)d; exp(—( — 1)ys)Es[di ] (exp(oAg/ 1) — 1)
4+ Erldp)Ee[dey ] (exp(A2¢ 1) — 1)

where the conditional forecasts are

5A2. o —5A2 1 ,1—¢¥
s )+ =9 +5A g2

Etdiyj] = exp <¢j(logdt — ‘POl__-
and

Etlexp(logdsyj1— (¢ — Dyiyj1)]
5A2. o —.5A%

= exp (45];1 (log dy — 4701__.4) ) + 1—¢

1S k
+ 5 LAty <¢1)a)2)

k=0

-0y - 10 - -

Also, whenj =1,

var(s;y1) = Ei

which implies

vare(spp1) =  exp(2B — 2y + (72) exp(2logd; — 2(y — 1)yt)(exp((72) -1)

_ 52 52
— 2exp(B— 1o+ 50%) exp ((1 +¢)(logd; — 4’01 _Z/\ )+ quol _.fb}\

x  (exp(Ac) —1)

+ %7\2 — (¥ - 1)1/t>

_ 2
+ exp (qu(logdt - ‘POl SA

)+2¢07.5)\2

2 2y
)+ 2B ) expla?) - 1)

F Notes about Convenience Yields

The government debt portfolio return is the return on a portfolio that goes long in the tax claim and short in the

spending claim:

Pr—T;
Bt—St

P}~ T;
Bt—St

PE — Gy
B — S

B[R0 K] = Tt (R - 8]+ T [k - 1] - = 15, - ).

D T
where Ri 4, Ry,

claim, respectively. We take government spending process, and the debt return process as exogenously given, and we

Rf‘ﬂ and REH are the holding period returns on the bond portfolio, the tax claim, and the spending

explore the implications for the properties of the tax claim.
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Proposition E1. In the absence of arbitrage opportunities, if the TVC holds, the expected excess return on the tax claim

is the unlevered return on the spending claim and the debt claim:

. _ — Gt f
B’ K] = e - k™ (R K]
Dt f
E [R R
Dt+( —Gy) — (P} — Ky) {f“ *}
P} — K

RS
D+ (PF - Gy) - (P?*Kt)]E [RH }

If we want the debt to be risk-free, then the following equation holds for expected returns:

PG — G;
E, [RT,, —Rf] = t E; [RG . — RS
{ 1 i‘} Dt"—(PtG_Gt)_(PtA_Kt) [ t+1 tj|
P} — K f
- E; |R R
Di + (PE — Gy) — (P} — Ky) [’*+1 ]
ﬁT _ Ptcict ‘BG
! Di+ (PG — G) — (P} —Kp)"
P} — K¢
! Bt

Dt + ( —Gy) — (Pt/\ —Ky)

Suppose we consider the case of a constant spending ratio and a constant convenience yield ratio. Then this implies

that the beta of the tax revenue process is given by:

(P~ G) — (P} ~Ki

.BiT = G 1
Dy + (Pt —Gt) — (Pt —Ky)

On the other hand, suppose that the convenience yield seignorage process has a zero beta. Then the implied beta of the

tax revenue process

-G
Dy + (PP Gt) (P} —Kyp)

Di+(PF=Gy)”
counter-cyclical, then the government can insure both taxpayers and bondholders at the same time. For example,

which exceeds the beta of the tax revenue without seignorage: g, = If the seignorage revenue is sufficiently

consider the case in which the government runs zero primary surpluses in all future states of the world. Then the beta

of the tax revenue is one ,Bt =1, where D; = P/\ K;. In this case, the average tax rate is constant: Alog 7,41 = 0.
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