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Abstract

I study a single-agent sequential search problem as in Weitzman [14].
Contrary to Weitzman, conditional on stopping, the agent may take any
uninspected box without first inspecting its contents. This introduces a
new trade-off. By taking a box without inspection, the agent saves on
its inspection costs. However, by inspecting it, he may discover that its
contents are lower than he anticipated. I identify sufficient conditions on
the parameters of the environment under which I characterize the optimal
policy. Both the order in which boxes are inspected and the stopping rule
may differ from that in Weitzman’s model. Moreover, I provide additional
results that partially characterize the optimal policy when these conditions
fail.
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1 INTRODUCTION

Weitzman’s [14] model is used to study situations that fit the following frame-
work: an agent has N boxes, each of which contains an unknown prize; he can
sequentially search for prizes at a cost, and search is with recall (see Olszewski
and Weber [10] and the references therein). Weitzman characterizes the optimal
search rule, which is defined by an order in which boxes are inspected, and a stop-
ping rule: boxes are assigned reservation values; they are inspected in descending
order of their reservation values, and search stops when the maximum sampled
prize is greater than the maximum reservation value amongst uninspected boxes.
An assumption in Weitzman [14] is that the agent cannot take a box without first
inspecting its contents. This assumption, which underlies the simplicity of the
optimal search rule, limits the scope of the model. I address Weitzman’s search
problem without this assumption. While Weitzman’s result can be understood as
an application of Gittins’ index for bandit problems, in my model, index policies
are not optimal (see Appendix B). Nevertheless, I find sufficient conditions on the
parameters of the environment (the prize distributions and inspection costs) under
which the optimal policy can be fully characterized.

Before discussing the results in detail, and to illustrate the difficulties at hand,
consider the following example in which Weitzman’s assumption is unnatural (Sec-
tion 5 discusses two other applications). Suppose that the agent is a student who
has to choose from among the schools to which he has been admitted or not attend
school. He derives a utility of z from the latter option. The student has the option
of attending the visit day at each institution to determine how suitable a match
the school is. This requires effort and time, which are costly to him. I interpret
each school as a box, how good a match the school is as the prize in the box,
attending the visit day as inspecting a box, and the effort and time invested as the
box’s inspection cost. Weitzman’s assumption implies that the student can only
choose from schools at which he has attended the visit day.

I now use the example to show how the optimal policy changes in the absence
of Weitzman’s assumption. Assume that there are three schools, A, B, and C.
Below, I denote the value of attending school i € {A, B,C} by z;. Each school’s

distribution over prizes is given in Table 1, based on an example by Postl [12]:



A Prize 1 2 5 Inspection cost Reservation value
Probability 0.25 0.50 0.25 0.25 4

B Prize 0 3 Inspection cost Reservation value
Probability  0.50 0.50 0.25 2.5

C Prize 0 1.5 10 Inspection cost Reservation value
Probability 2/3 17/60 0.05 0.25 5

Table 1: Prize distribution, inspection costs, and reservation values for each school?

In what follows, I consider three subproblems: the student has admission only
to school A (Problem 1), to A and B (Problem 2), or to all schools (Problem 3).
Problem 1. The student chooses between attending school A and not attending
school. In Weitzman’s model, if z > 4, it is optimal not to attend school, while if
z < 4, it is optimal to visit school A and then choose the best alternative. Note
that when z < 1, he knows that attending school A is his best alternative, but
to do so, he must first visit it. When he can choose to attend school A without
first visiting it, the optimal policy coincides with Weitzman’s except that, when
z < 2, he chooses to attend school A without first visiting it. When z € (1,2], the
student chooses A despite the possibility that x4 = 1: in this case, information
about A is useful only when z4 = 1, and its expected benefit (a payoff increase of
2(2 — 1)) is smaller than its cost (). W

When the student can accept admission without attending the visit day, he stops
search more often than under the optimal policy in Weitzman’s model. This is
intuitive: conditional on stopping, he has more options available, meaning that
stopping has become more valuable. One might conjecture that, in general, this is
the only difference between the optimal policies in the two models. Problems 2 and
3 show that this is not the case: by making stopping more valuable, the option to
take a box without inspection changes the value of inspecting the different boxes;
this, in turn, may make the optimal order different from that in Weitzman’s model.
Problem 2. The student now has admission to A and B. Assume that z = 0.
In Weitzman’s model, the optimal policy is as follows. School A is visited first; if

x4 = b, search stops; while if x4 € {1,2}, then school B is visited, and the student

2Table 1 also displays each school’s reservation value. I define the reservation value in Section
2.2 (see equation (RV)). However, the reader need not know this to be able to follow the example.



chooses the best school. Had school B been visited first, school A would always be
visited next: when xp = 0, this is immediate; when xp = 3, this follows because
the gain from visiting A, }1(5 — 3), is larger than the visit cost. Whether he visits
A or B first, the student always chooses the best school; however, by visiting A
first, he saves on the cost of visiting B when x4 = 5.

The option to attend a school without attending its visit day changes the optimal
policy because visiting school B first becomes more attractive: after determining
that xp = 0, the student can save on the inspection costs of school A (since
x4 > 0).% Indeed, in the optimal policy, school B is visited first; if the prize is
xp = 0, then search stops, and school A is selected without inspection, while if the
prize is g = 3, the student visits school A and chooses the best school. Had school
A been visited first, the optimal continuation coincides with that in Weitzman’s
policy because school B is too risky to accept without first visiting it.

When the student can accept admission without first visiting a school, there
are (potentially) two countervailing effects that, in this example, favor school B.
On the one hand, the solution to Weitzman’s problem suggests that, when both
schools are visited, it is better to visit A first. Hence, when xp = 3, and the
student visits school A next, he ‘regrets’ having visited B first. On the other
hand, when zp = 0, he is glad that he did not visit A first; in this case, the
information obtained by visiting A is not useful. In a more general example, it
could be difficult to determine how these two effects (the cost of first inspecting a
“dominated” school, B, and the benefit of retaining the option to accept without
visiting a “dominating” one, A) compare.

Problem 2 shows that the option to take a box without inspection may make it
optimal to inspect boxes in a different order than that in Weitzman [14]. One may
conjecture that, as in [14], there is a way to order the boxes at the outset such
that, as long as it is optimal to search, the highest uninspected box according to
this order is inspected next. Problem 3 shows that such an order may not exist:
the order in which schools are visited may depend on what is learned on the first
visit.

Problem 3. Assume now that the student has admission to all schools and z = 0.

3The example is stark for expositional purposes. For an example in which the same effect
obtains and school A is not ex ante better than school B, see Appendix C.2.



In Weitzman’s model, school C' is visited first, then A, and then B. However, in
the model considered here, the optimal policy is as follows. School C' is visited
first. If xc = 10, search stops. If z¢ = 1.5, schools are visited in Weitzman’s order:
in this case, acquiring the information from both A and B is valuable, and as in
Weitzman’s model, starting with A saves on visiting B when x4 = 5. However,
if zc = 0, the optimal policy is as in Problem 2: when z¢ = 0, the problem is
identical to Problem 2, and hence, visiting B first is optimal. Thus, the order in

which schools are visited may depend on what the student has learned. W

1.1 Summary of results

Problems 1-3 show that, when the agent has the option to take a box without
inspection, the optimal policy loses the simplicity of the optimal policy in Weitz-
man’s model. In particular, as shown in Problem 3, the order may be history
dependent. As a consequence, depending on the realized prizes, the optimal pol-
icy may dictate that the same box is sometimes inspected while sometimes taken
without inspection. This, in general, makes the problem intractable. Recall Prob-
lem 2: after visiting school B, depending on zp, school A is visited or accepted
without visiting. For general distributions, and with more boxes, it is unclear how
the two countervailing effects discussed compare.

Despite these difficulties, I identify sufficient conditions on the parameters of the
environment under which I characterize the optimal policy (see Theorems 1 and
2). Under these conditions, I show that the optimal policy satisfies the following
property: if a box is inspected with positive probability, then it is never taken
without inspection; similarly, if it is taken without inspection with positive prob-
ability, then it is never inspected. This property is key to avoiding some of the
difficulties illustrated in the example. As discussed in Section 4, these conditions
have been used elsewhere in the search literature to enable the characterization of
optimal search policies in environments where, without these assumptions, such
characterization has proved elusive.

Theorem 1 shows that if a condition on the pairwise payoff comparison between
boxes holds, then Weitzman’s rule remains optimal. The condition holds, for exam-

ple, when boxes share the same inspection cost, and either (i) given any two boxes,
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the prize distribution of one box is obtained by a mean-preserving spread of the
prize distribution of the other (Proposition 4 and Corollary 1), or (ii) prizes normal-
ized by their means are drawn from the same symmetric distribution (Proposition
5). In contrast, Theorem 2 considers an interesting class of environments in which
the optimal policy does not coincide with Weitzman’s rule but nevertheless admits
a simple characterization. This class corresponds to the binary prizes environment
in Chade and Smith’s [3] simultaneous search model, in which boxes share the
same lower prize but may differ in both the high prize and success probabilities.
Indeed, while their model is well suited to analyze the decision of which schools to
apply to, mine can be used to determine how to sequentially acquire information

on the schools to which the agent has been admitted.

1.2 Related Literature

This section discusses the closest related literature. In the main text, I discuss pa-
pers that apply assumptions similar to those of Theorems 1 and 2 to other search
problems and applications of the one-box case of the problem considered here.

Postl [12] postulates this search problem explicitly within the context of a principal-
agent model. He focuses on the two-box-equal-inspection-costs version of this
search problem and discusses an analogue of Proposition 4 in this simplified set-
ting. Proposition 4 in my paper generalizes his result and shows that it is not
necessary to assume two boxes or that the boxes have equal costs.

Klabjan, Olszewski and Wolinsky [7] study a search for attributes model in
which, contrary to my setting, the agent’s utility function is given by the sum
of the prizes (attributes). As in my setting, the agent does not have to inspect
all attributes to keep the object: he can accept the object, taking the rest of the
attributes without inspection. Under sequential search, and with two boxes, the
authors characterize the optimal solution when attribute distributions are sym-
metric around 0. The rule coincides with inspecting attributes in decreasing order
of their reservation values (see Proposition 5 for a similar result in this setup).

While Weitzman’s model corresponds to a multi-armed bandit problem, the one
considered here corresponds to a stoppable superprocess (Glazebrook [5]). Su-

perprocesses generalize bandit processes, in that at any point in time, the agent



chooses a Markov decision process to continue and the control to apply to it. Index
policies are, in general, not optimal for these families. Glazebrook [5] provides a
sufficient condition under which index policies are optimal, but he does not char-
acterize the optimal policy absent this condition. His condition is too stringent for
the problem considered here and trivializes it (see Appendix B). My results con-
tribute to this literature by providing instances in which, despite an index rule not
being necessarily optimal, the optimal policy can still be characterized. Recently,
Ke and Villas-Boas [6] apply Glazebrook’s stoppable superprocesses model to a
two-box-binary-prize environment where, unlike my setting, the agent can only
obtain multiple noisy signals about the contents of a box by inspecting it. As in
my setting, the agent can choose to take a box without fully learning its contents.
Their model retains many of the features of that considered here: (i) index policies
are optimal when the outside option is sufficiently high (see Proposition 1 for a
similar result in this setup) and (ii) the agent may prefer to first inspect boxes with
low indexes. However, they do not provide a full characterization of the optimal
policy in their setting.

This paper is organized as follows. Section 2 describes the model and solves
the one-box case. Section 3 derives three general properties of the optimal pol-
icy. These are central to the proofs of Theorems 1 and 2, which are introduced
in Section 4. The results in Sections 3 and 4 are stated informally to streamline
notation; the Appendix contains the formal statements. Section 5 concludes. All
proofs are in the Appendix; in particular, Appendix B shows that no index rule is

optimal. The online appendix describes the optimal policy in the two-box case.

2 MODEL

An agent has a set N' = {1, ..., N} of boxes, each containing a prize, x;, distributed
according to distribution function, Fj, with mean y;(= { 2;dF;(z;)). Box ¢ has in-
spection cost k;. F; and k; are known; however, z; is not. Prizes are independently
distributed, and for all i € N, {|z;|dF;(x;) < +0. The agent has an initial outside
option, xg. Given a vector, z, I denote its highest coordinate by z. The agent
is risk neutral, and given a vector of realized prizes, z = (z1, ..., z,), his utility

function is given by u(z) = Z.



2.1 Sampling Policy

The agent sequentially inspects boxes, and search is with recall. Given a set of
uninspected boxes, U, and a vector of realized sampled prizes, z, the agent decides
whether to stop or continue search; if he decides to continue search, he decides
which box to inspect next. Let (U, z) € {0, 1} denote the decision to stop search
(¢ = 0) or to continue search (¢ = 1) at decision node (U, z); if (U, z) = 1, let
o(U,z) € U denote the box that he inspects next. If ¢ = 0, the agent chooses
between any prize in z and any uninspected box in . If ¢ = 1, he inspects box o,
pays k,, and observes its prize, x,. Having observed z,, the agent is now at decision
node (U\{c}, z 0 z,), and selects p(U\{c},z0x,), and o(U\{c}, z 0 x,), where for
a vector z = (21, ..., 2n), 20Ty = (21, ..., Zn, T, ). Given a decision node (U, z), the
strategy (¢, o), together with the distributions, {F}},, determine a probability
distribution over continuation paths in the natural way, and the agent’s expected
payoff at that decision node, which I denote by V (U, z). T use stars to denote the
optimal strategies and the payoff V' when it results from using the optimal policy
in (U, 2).

At decision node (U, z), the agent’s optimal strategy solves the following prob-

lem:

V*(U, z) = max{Z, max 1, Max —k; + JV*(U\{Z'}, zox;)dF;(x;)}.
1€ 1€

2.2 One-box problem.

This section describes the optimal policy when N = 1. Each box is now character-
ized by two cutoff values: the reservation value, as in Weitzman [14], and a new
value, which I denote the backup value. When N = 1, the reservation value, the
backup value, and the initial outside option determine the optimal policy. Sections
3-4 show that both values play an important role in determining the optimal policy
when N > 1.

Denote the agent’s box by ¢ and its expected value by ;. Let Z denote the
maximum sampled prize. In what follows, I consider separately the cases of Z > p;

and 7 < ;.



Consider first the case of Z > p;. If the agent stops, he chooses to take z. The
agent inspects box i if, and only if, the following holds:

+00 +o0
Z< =k + J max{x;, Z}dF;(z;) < k; < J (x; — Z)dF(x;). (1)
—00 2

z

Define the box’s reservation value to be the number z such that

ko = J " — aP)dE (), (RV)

R
i

i.e., 2 is the value of the outside option that leaves the agent indifferent between
inspecting box i and stopping and taking prize 2. The agent inspects box i
whenever zZ < zf!. Equation (RV) can be used to write the payoff from inspecting

box i when z < 2 as follows:

z +0 z ot 0
—k; + J ZdFi(z;) + f z;dFi(z;) = J zZdFi(z;) + J zid Fy(x;) + f v dFy(x;).
—o0 z —o0 z zf

This shows that the reservation value represents the highest prize that the agent
expects to obtain from inspecting box i, after internalizing inspection costs, as it
is as if the agent’s payoff from inspecting box i is bounded above by z%.
Consider now the case of Z < p;. If the agent stops, he takes box ¢ without
inspection. Therefore, the agent inspects box ¢ if, and only if, the following holds:
+00 3
i<~k + | max{as, TdF (z) < ks < f G- a)dF(z).  (2)
—00 —00
By inspecting box i, the agent may discover that z; < Z and, hence, obtain a
payoff lower than p;, as Z < ;. (Contrast this to the expression on the left-hand
side of equation (1), where Z is on both sides of the inequality.) It is precisely
the possibility of discovering that z; < Z that makes inspecting box i valuable:
by inspecting box 7, the agent guarantees that he always concludes search having
chosen the best available alternative. However, inspecting box i is costly. Thus,
whether the agent takes box ¢ without inspection depends on how the net benefit

of inspecting box i (the increase in payoff whenever z; < Z) compares with k;.



Define the box’s backup value to be the number 2P such that

2B
ki J (@B = ) dF(zy), (BV)
-0
i.e., #P is the value of the outside option that leaves the agent indifferent between
inspecting box ¢ and taking it without inspection. The agent inspects box ¢ if
P < Z; otherwise, he takes it without inspection. Equation (BV) can be written
as follows:

B 400

pi = —k; +f Z oy dF; ;) +f vid Fi(@i)- )

— B
o0 T;

Using equation (RV) to replace k; in (3), equation (3) can be written as follows:

xf xf +00
i = f x?dF,(:El) + f x;dF(z;) + J ZEZRdFZ(SL‘Z) (4)

Equation (4) illustrates that 2P is the lowest prize the agent expects to obtain
from box 7 when he takes it without inspection, after internalizing that he did not
pay box i’s inspection cost. I refer to 27 as box i’s backup value because, when
the agent takes box ¢ without inspection, it is as if his payoff is bounded below
by zB.

Throughout, I make the following assumption, which is equivalent to requiring
that z? < p; < zf hold for all i e N:*

Assumption 1. (Vie N)k; <" (1 — 2;)dFi(x;).°

To understand the above condition, suppose that z = ;. In this case, informa-
tion about box i is valued the most; without information, the agent cannot discern
which alternative is best. Assumption 1 is equivalent to assuming that, in this

case, the benefit of inspecting box ¢ exceeds its cost.

Remark 1. Appendix A.6 shows that if a box i € A violates Assumption 1, then

there exists an optimal policy in which it is never inspected.® Therefore, in terms

4Appendix S.2 illustrates Assumption 1 by means of an example.
®Note that j; in the expression defining Assumption 1 is itself a function of Fj.
When 22 = p; = xZR and u; = Z, the agent may be indifferent between inspecting box ¢ and



of the agent’s optimal policy, a decision node (U, z) is identical to a decision node
(UP=E ), where UP<M = {i e U : xf < x]'}, and 2’ = 2 0 Xy p<r pi. Since the
results in Sections 3 and 4 hold for any vector of sampled prizes, z, Assumption 1
is without loss of generality. The only caveat is that, at decision node (U, z) with
U\UP=E # &, the agent may find it optimal to take box i € U\UP=F without
inspection, while at the corresponding decision node (UP<, 2’), he would take 2.
When N = 1, the optimal policy is determined by comparing the maximum
sampled prize, Z, with the cutoffs, zZ, 2%. Proposition 0 below records this:
Proposition 0. Assume that N = 1. Denote the agent’s box by © and his outside

option by Z. The optimal policy, illustrated in Figure 1 below, is as follows:
1. If 7 < 2B, the agent takes box i without inspection.

2. If 2B <7z <z, the agent inspects box i and takes the larger prize between Z

and the sampled prize, x;.

3. If I < %, the agent does not inspect box i and takes his outside option.

Stop search and take box ¢ Inspect box @ Stop search and take Z

Figure 1: OPTIMAL POLICY FOR N =1

taking Zz. In this knife-edge case, there is also an optimal policy in which he inspects box 1.
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Figure 1 summarizes the discussion in Section 2.2: it provides a graphical de-
piction of the cutoff values and, hence, of the optimal policy as a function of Z.
The x—axis represents the value of the outside option, Z. The downward-sloping
dashed curve corresponds to the right-hand side of equation (1), the equation that
determines the reservation value. The upward-sloping dotted curve corresponds to
the right-hand side of equation (2), the equation that determines the backup value.
Note that they intersect at p;. It is possible to show that the lower envelope of these
two functions corresponds to the function Z(z) = { max{z;, z}dF;—max{u;, z} (this
is the solid curve in Figure 1). Z(Z) represents the agent’s net increase in payoff
when he inspects box i instead of taking his outside option, max{u;, z}. That is,
Z(Z) represents the value of information to the agent: whenever Z(Z) > k;, the
agent inspects box i; otherwise, he takes his outside option, max{u;,z}.”

It follows from Proposition 0 that the agent does not acquire information when
R

7 is too high (above ) or too low (below zP). This is intuitive: it is very unlikely
that the information that he acquires changes his choice (to keep Z when it is high
or take the contents of box i when Z is low), and since this information is costly,
he would rather not acquire it.

Results similar to Proposition 0 have appeared in the one-box-settings of Chade
and Kovrijnykh [2] and Krdhmer and Strausz [8], in the two-box setting of Postl
[12], and in the attributes model of Klabjan, Olszewski and Wolinsky [7]. More-
over, the backup value plays a crucial role in the optimal mechanism of Ben-Porath,
Dekel and Lipman [1]. However, none of these papers provide a solution for the

search problem analyzed here.

3 PRELIMINARY RESULTS FOR N > 1

Section 3 presents three building blocks used for determining the optimal policy.
These are then used to prove the results in Section 4. Propositions 1 and 2 formalize
the claim that the backup value of box i represents the value of taking box ¢ without

inspection, while Proposition 3 provides a necessary condition for Weitzman’s order

"Assumption 1 can also be read from Figure 1. First, since 7 is increasing for z < pu;
and decreasing for Z > pu;, the equation k; = Z(Z) has at most two solutions. Second, Jensen’s
inequality implies that Z(Z) = 0. Hence, if k; ~ 0, then there are two solutions, which correspond
to the cutoff values, while for k; high enough, there is no solution.

11



not to be optimal. Moreover, Propositions 1-3 help to simplify the taxonomy of
the problem: when the conditions in Section 4 do not hold, should one attempt to
find the solution by applying backward induction, the results in this section help
to narrow down the cases to be considered. This is illustrated in Section S.1 in the
online appendix, where I characterize the optimal policy when N = 2. To state
the results, recall that ¢/ is the set of uninspected boxes and that p; = §xdF; for
each i e U.

If, for all ¢ € U, the maximum sampled prize, Z, is greater than u;, from then
onward, the optimal sampling policy is given by applying Weitzman’s rule to the
boxes in U. Proposition 1 shows that, while sufficient, this is not necessary for
Weitzman’s rule to be optimal. Indeed, it states that whenever the maximum
sampled prize exceeds the highest backup value amongst the uninspected boxes,
the option of taking a box without inspection has no value to the agent. Hence,

Weitzman’s rule is optimal from that moment forward.

Proposition 1. Let (U,2) be a decision node such that, for all i € U, zP < Z.

Then, Weitzman’s policy is optimal in all continuation histories.

Remark 2. The condition in Proposition 1 is not necessary for Weitzman’s policy
to be optimal. To see this, recall Problem 3. In that case, school A has the highest

backup value (2§ = 2). However, when xc = 1.5, Weitzman’s policy is optimal.

Suppose now that the agent is at a decision node (I, z) such that 7 < max;q, 7.
Under Assumption 1, max;q 27 < maxyqy p;. Thus, if the agent finds it optimal to
stop, he takes max;qy p1;.° In particular, if he has only one box, then by Proposition
0, it is optimal to take it without inspection. When there is more than one box left
to inspect, Proposition 2 below provides necessary conditions for the optimality of

stopping and taking a box without inspection.”

Proposition 2. Let (U,z) be a decision node such that, for some i €U, z < z5.

If it is optimal to stop and take box m € U without inspection, then for all j # m,

8Suppose that Assumption 1 did not hold. Instead of being at decision node (U,z) with
B B<R

7, suppose that the agent is at decision node (U’,2’) such that U = U™ ", and
z=120 X serunurP < M where #/°~" is as in Remark 1. Then, the discussion in the main text

Z < maX;ey T

implies that it cannot be optimal to stop and take a box in U"\U’ 7= without inspection.
9Remark 8 discusses the difficulties with obtaining a necessary and sufficient condition.
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i) i = xR, and
(i) ]

(i) xB > max{u;,z}.

Thus, box m has the highest mean, reservation, and backup values amongst boxes

in U0

The intuition behind Proposition 2 follows from noting that the optimal stopping
policy trades-off decision accuracy and information acquisition costs. By contin-
uing search, the probability that the agent chooses the best alternative increases
(i.e., the accuracy of his decision improves), but this comes at the cost of inspect-
ing more boxes. Thus, if it is optimal to stop and take box m without inspection,
it has to be that the benefit of improved decision accuracy is smaller than its cost.

There are two ways in which the agent could improve the accuracy of his decision.
First, he could check whether a box j # m has a prize larger than p,,. Second, he
could check whether the prize inside box m, x,,, is actually worse than his second-
best outside option at (U, z), max{max; ., pt;, 2} (since jt,, > max{max;.n, f;, Z}).
When condition (i) fails, the agent prefers to check whether one of the uninspected
boxes has a prize better than p,, than to take box m without inspection, thus in-
creasing the probability of concluding search having chosen the best alternative.
Similarly, when condition (ii) fails, the agent prefers to inspect box m to rule out
that it is worse than his other outside options, thus increasing the probability of
concluding search having chosen the right outside option. Thus, if it is optimal to

stop and take box m without inspection, conditions (i) and (ii) need to hold.

Remark 3. The conditions in Proposition 2 are only necessary for the optimality
of stopping and taking a box without inspection. To see this, recall Problem 2:

the conditions in Proposition 2 hold, but it is optimal to continue search.

The next result, Proposition 3, shows that there are two reasons that the agent
may deviate from Weitzman’s order when selecting which box to inspect next.
Given a decision node (U, z), denote by [ the box with the maximum reservation
value and by j # [ the box that is inspected at (U, z) according to the optimal
policy. Then, the agent expects that after inspecting j, he might either (i) take

0By Assumption 1, m is the unique box in I/ with this property.
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box [ without inspection in U\{j} or (ii) continue to search in U\{j} but deviate
yet again from Weitzman’s order.

To understand (i), consider Problem 2 in Section 1. There, the agent inspects
school B (box j) first, which is the one with the lowest reservation value. If, after
inspecting school B, the agent observes zp = 0, then he accepts school A (box
[) without inspection. That is, the agent deviates from Weitzman’s order since
he assigns positive probability to accepting school A without inspection: had he
visited school A first, he would have lost the option to do so.

To see that (ii) may happen, consider the following example; Section 4.2 discusses

the intuition behind it. Let U = {1,2,3}, let X; = {0, z;} be the set of prizes, and
2
7
ki = 1, and 7 = 0. It can be checked that zft > 2l > 2f 2P > 28 > 28 Tt

let p; = P(X; = x;). Assume that ©1 = 7,29 = 8,23 =9, p; = %,pg = %,pg =

follows from Theorem 2 in Section 4 that the optimal policy inspects box 2 first
and then box 3. Search stops when either x; is found or both boxes yield 0, in
which case, box 1 is taken without inspection. In this example, [ = 1,5 = 2, and
when X; = 0, the agent continues search (inspects box 3) but deviates once more

R R

from Weitzman’s order (z1* > x3'), as in the last stage, box 1 is taken without

inspection.

Proposition 3. Let (U, z) be a decision node, | € U be the box with the highest
reservation value, and j € U be such that xf < xf*. If whenever max{x;,z} < x’
it is optimal to inspect box | at decision node (U\{j}, zox;), then it is not optimal

to inspect box j at (U, z).

The intuition behind Proposition 3 is as follows. The only reason to inspect a
box other than that with the highest reservation value is to retain the option of
using the highest reservation value box as a backup. If the agent does not expect
to do this, but he expects to inspect at least one more box, it should then be the

highest reservation value box.

4 OpPTIMAL PoLicy: ORDER AND STOPPING

Section 4 presents sufficient conditions on the prize distributions and inspection

costs under which the optimal policy can be characterized. Under the sufficient
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conditions in Section 4.1, the optimal policy coincides with Weitzman’s for all but
the last box. The conditions are expressed in terms of the pairwise payoff compar-
ison between boxes; I also provide conditions on the primitives under which these
conditions hold. Section 4.2 considers the case in which boxes have binary prizes,
the lowest prize is common to all boxes, and boxes have equal inspection costs. In
this case, the optimal policy differs from Weitzman’s in two ways. First, the agent
may take a box without inspection, even before reaching the last box. Second, the
agent may inspect next a box other than that with the highest reservation value.
In this case, the continuation policy follows from applying Weitzman’s solution to
an alternative search problem in which the highest reservation value box is not
available for inspection, but instead, the initial outside option coincides with the
mean of the highest reservation value box. That is, the agent continues search as

if the highest reservation value box is his outside option.

4.1 Sufficient conditions under which Weitzman’s policy is optimal

To state the conditions of Theorem 1, for any boxes i, j € N such that = <z,
consider the following alternative search problem. The agent only has boxes 7, j
and no initial outside option. Then, his options are (i) inspect box i first and
apply the optimal policy in Proposition 0 to box j, (ii) inspect box j first and
apply the optimal policy in Proposition 0 to box i, and (iii) take box ¢ without
inspection. Note that, by Proposition 2, it is never optimal to take box j without
inspection. Let II;; denote the payoff of (i) and II;; the payoff of (ii)."! Theorem
1 requires that, in this alternative problem, it is always optimal to inspect box @

first. That is, for any 4, 7 such that a:f <z, 11;; > max{p;, [1;;}. Propositions 4
and 5 and Corollary 1 provide conditions on the model’s primitives under which

the conditions in Theorem 1 hold.

Theorem 1. Let N = {1,..., N} be a set of bozes labelled such that x> ... > zf.
Assume that if i < j, then Il;; = max{Il;;, u;}. The optimal policy is as follows:

Order If a bozx is to be inspected next, it should be the box with the highest reser-

UTI,; is the payoff from inspecting box i first, and (i) if z; > xﬁ, stop and take z;, (ii) if
B .R

z; € (x7, x}'), inspect box j, and take max{x;,x;}, (i) if z; < xf, stop and take p;.
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vation value.
Stopping

1. If there is more than one box remaining, stop only if the maximum sampled
prize is higher than the highest reservation value amongst uninspected bozes,

and take the maximum sampled prize.

2. If only one box remains, stop if the maximum sampled prize is higher than
2 or lower than xB. In the first case, take the mazimum sampled prize;

otherwise, take the remaining box without inspection.

That the conditions in Theorem 1 are sufficient for the optimality of Weitzman’s
order and stopping policy for all but the last box follows from Propositions 2 and 3.
With two boxes left to inspect, the conditions in Theorem 1 can be used to show
that the box with the highest reservation value is to be inspected first whenever
the maximum sampled prize is below its reservation value.!? Suppose now that
there are more than two boxes left to be inspected and that the maximum sampled
prize, Z, is less than the highest reservation value amongst uninspected boxes, z1.
By Proposition 2, box 1 is the only candidate to be taken without inspection.
However, since 115 > p1, and Il is a lower bound for the payoff of continuing
search with box 1, then it cannot be optimal to take box 1 without inspection. To
see that box 1 should be inspected next, note that, according to the optimal policy,
if a box j # 1 is inspected, then box 1 is inspected whenever max{z;,z} < zf. By
Proposition 3, this contradicts that inspecting box j is optimal.

The observation that, when there are two or more boxes left to inspect, the agent
only uses the highest reservation value box for inspection, and not to take without
inspection, is key to obtaining the optimality of Weitzman’s order. It allows us
to compare boxes 1 and j # 1 solely on the basis of how desirable they are to
inspect. Without this, when inspecting a box j # 1, depending on the realization
of x;, the agent may sometimes inspect box 1 and sometimes either take it without
inspection or inspect a box j' # 1. When one compares this to inspecting box 1,

there are two (possibly) countervailing effects. On the one hand, box 1 is better

12The proof shows that, for any vector of previously sampled prizes, z, II;; provides a lower
bound to the payoff from inspecting box ¢ first and applying the optimal policy to box j.
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for inspection than box j, and thus, whenever box 1 is inspected after inspecting
j, the agent could have improved his payoff by reversing the order. On the other
hand, the remaining boxes after inspecting box 1 may not be as desirable to take
without inspection as box 1 is. Hence, by inspecting box j first, the agent guar-
antees that his payoff never falls below x¥, whereas by inspecting box 1 first, he
is exposed to a lower lower bound on his payoff. Without additional structure on
the payoffs, it is not easy to discern how these effects compare, especially since
they may depend very finely on the details of the optimal policy for the remaining
boxes.

Propositions 4 and 5 and Corollary 1 provide conditions under which the as-
sumptions in Theorem 1 hold. Proposition 4 requires that, given any two boxes
R

Z’Jj? l’f < Zz;

R if, and only if, 2P < x? 13 Proposition 4 holds if, for example,

given any two boxes, the prize distribution of one box is obtained by a mean-
preserving spread of the prize distribution of the other, and all boxes share the
same inspection cost (see Corollary 1). Proposition 5 considers the case in which
prizes normalized by their mean are distributed according to the same symmetric
distribution, and boxes share the same inspection cost.

Similar conditions have been used before in search models where, without these
assumptions, the full characterization of the optimal policy has proved elusive.
The same assumptions as in Corollary 1 are used by Vishwanath [13] to obtain
the reservation value rule in her parallel search model and in the working paper
version of Chade and Smith [3] to extend their binary-prize simultaneous search
model to one with a continuum of possible prizes. Similarly, Klabjan, Olszewski,
and Wolinksy [7] consider two boxes with symmetric distributions. The results
here, then, show that the usefulness of these conditions also extends to this envi-

ronment.

Proposition 4. Let N = {1,...,N} be a set of bozes, and assume that whenever
i < j, then [z7, 28] < [xP,2f]. Then, for alli,j e N such that i < j, IT;; —II;; >

0, and the optimal policy is as in Theorem 1.

13Postl [12] discusses an analogue of Proposition 4 in a two-boxes-equal-inspection-costs setup.
I show that the restriction to two boxes or equal inspection costs is not necessary and provide
conditions on the primitives of the model under which Proposition 4 holds.

17



To see why Theorem 1 holds under the conditions in Proposition 4, note the
following. First, since the box with the highest reservation value is always the
box with the lowest backup value, Proposition 2 implies that, when there is more
than one box left to be inspected, it is never optimal to stop and take a box
without inspection. Second, from the proof of Theorem 1, it follows that when
[P, 2] < [P, 2], II;; = II;;. Intuitively, since the box with the highest z* is
the box with the lowest 2, by inspecting the highest reservation value box, the
agent never forgoes taking without inspection a good backup.

Corollary 1 shows conditions on the primitives such that the ordering of the

cutoffs is that in Proposition 4.

Corollary 1. Assume that {F;};cnr is such that if ¢ < j, then F; is a mean-
preserving spread of F;. Moreover, assume that Vi € N k; = k. Then, (Vi,j €

N),i < j implies that [zF, 2] < [¢], z[T].

Corollary 1 has a simple interpretation. On the one hand, boxes with higher
dispersion are better for inspection since the agent can get better draws; on the
other hand, these boxes are not good backups since they can also contain worse

draws.

Remark 4. Figure 1 helps visualize Corollary 1. Note that the downward-sloping
curve in Figure 1, S;w(m — Z)dFi(x), can be written as {max{z — z,0}dF;(x).
Hence, S; *(x — 2)dF;(x) is the expectation of a convex function of z with respect
to Fj. Thus, if F; is a mean-preserving spread of F}, {max{z — z,0}dF;(x) is
everywhere above { max{xz —%, 0}dF}(z). If boxes i and j have the same inspection
cost, it follows that z;* > 2. The same holds for the backup value by noting that
§° . (Z—2)dF;(x) = {max{Z — ,0}dF;(x), which is also convex. It follows that if
F; is a mean-preserving spread of F; and k; = k;, then [ij, ij] c [28, 2R].
Remark 5. It is worth noting that something weaker than mean-preserving spreads
is sufficient for Proposition 4 to hold when all boxes share the same inspection cost.
Indeed, it suffices that if i < j, then, for all convex functions with non-negative
range ¢ : R — Ry, {¢(2)dF;(z) < §p(2)dE;(x). M

Proposition 5. Let N = {1,..., N} be a set of boxes. Assume that X;—u; ~ F(+),

4 Mean-preserving spreads, or the convex-order as it is defined in Ganuza and Penalva [4] and
Li and Shi [9], requires the condition to hold for all convex functions.
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where F'is symmetric around 0 and admits density function f. Assume further
that k; = k. Label bozes such that uy = ... = pn."> Then, the following hold:

1. For alli,j e N such that i < j, Il;; —IL; = 0.

2. If u; < :Bf, or xP < p;, then the optimal policy is as in Theorem 1.

Proposition 5 follows because when boxes have symmetric distributions and equal
inspection costs, the (unconditional) expected value of the prizes above the reserva-
tion value in each box coincides with the negative of the (unconditional) expected
value of the prizes below the backup value in each box. Suppose that the agent
has two boxes, {1,2}. Since p; > po, then under the conditions of Proposition
5, ol > xlt and 2P > . When the agent compares the benefits and the costs
of starting with box 1, he compares the upper tails of boxes 1 and 2 with their
lower tails: box 1 has a fatter upper tail and hence is better for search; box 2 has
a fatter lower tail, and hence, box 1 is better to take without inspection. Given
the above property, the costs and benefits exactly offset one another when z < z%,
and hence, box 2 is taken without inspection after starting with box 1 (recall that
the difference I1;5 — Ily; is calculated at Z < min xf) When z > :1723, the benefit
outweighs the cost because, in that case, Z is a better buffer than the lower tail
of box 2, as captured by zZ, when the prizes in both boxes are too low.'® By
Proposition 2, item 2 in Proposition 5 implies that II;; = II;; > p;. Hence, the

optimal policy follows from Theorem 1.

4.2 DBinary prizes

This section considers the optimal policy for the case in which, for all i € N,
X; ={y,z;}, where y < z; and p; = P(X; = z;) and k; = k. Boxes are assumed
to satisfy these assumptions for the remainder of Section 4. This prize structure
coincides with that in Chade and Smith [3].17

5Recall that p; = §{z;dF;(x;), i.e., F; determines y;. In this case, F;(z;) = F(x; — w;), and
the assumptions on F imply that u; = sz i dF(x; — ).

16Recall that, as discussed above, II15 is a lower bound, for all Z, of the payoff from inspecting
box 1 first.

ITHowever, the cost structure is not as general as in their setting, as they allow for any convex
function that depends on the size of the set of boxes opened.
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The simplified payoff structure allows me to characterize the optimal policy even
when the conditions of Theorem 1 fail. Theorem 2 shows that the optimal policy
in this case may differ from that in Weitzman’s model in two ways. First, the
agent may stop and take a box without inspection even before reaching the last
box. Second, the agent may next inspect a box other than the highest reservation
value box. When this is the case, the continuation policy follows from applying
Weitzman’s solution to an alternative search problem where the highest reservation
value box is not available for inspection, but instead, the initial outside option
coincides with the mean of the highest reservation value box. That is, the agent
continues search as if the highest reservation value box is his outside option.

However, the optimal policy cannot be computed solely from the comparison of
the boxes’ backup and reservation values. In particular, the decisions of whether to
stop and take a box without inspection and of whether to deviate from Weitzman’s
order depend on the continuation values, which must be computed. This is an
inevitable consequence of the problem’s lack of indexability (see Appendix B).

Despite this, the analysis in this section is of interest for at least two reasons.
First, the simplified payoff structure allows us to isolate cleanly a force behind
deviations from Weitzman’s order: the trade-off between concluding search sooner
and concluding search after having chosen the box with the highest x. This is
accomplished by identifying which boxes the agent inspects, when he does not
follow Weitzman’s order. Second, since the continuation values can be written
solely in terms of the boxes’ backup and reservation values, computing the optimal
policy for N boxes requires computing at most 4N numbers, which is a substantial
improvement over solving the problem by backward induction.

To simplify the exposition, and highlight separately the new ingredients of the
optimal policy, I now consider three special cases. I defer the general statement

and proof of Theorem 2 to Appendix A.5:

- Case 1 solves the two-box case, i.e., N = {1,2}, and calculates Iy, IT5;. This
is sufficient to derive the conditions on the parameters under which Theorem

1 holds and Weitzman’s policy is optimal for all, except the last box.

- Case 2 introduces conditions under which the agent inspects boxes following

Weitzman’s order; however, he may stop and take a box without inspection
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before reaching the last box. In this case, the continuation values only de-
termine the decision of when to stop and take a box without inspection, not

the order in which the boxes are inspected.

- Case 3 introduces conditions under which the agent may deviate from Weitz-
man’s order; however, he does not take a box without inspection before
reaching the last box. In this case, the continuation values only determine
the decision of when to deviate from Weitzman’s order, not the stopping

rule.

Case 1 Let N = {1,2}, with 2 > 2Z. The payoff from inspecting box 1 first
and applying the optimal policy in Proposition 0 to box 2, Ils, is given by the

following:

Lo = —k + pray + (1 — p1) pio.

After inspecting box 1, search stops. When box 1 has a prize of x1, search stops

R > gl When box 1 has a prize of y, search stops because, by

because 1 > x
taking box 2 without inspection, the agent is guaranteed to find a prize of at least
y, while he saves on the inspection costs of box 2. Similarly, Ily; is given by the

following;:
Iy = —k + po max{xe, —k + py max{xy, 2} + (1 — p1)z2} + (1 — p2) 1.

It is easy to see that when x5 < x{%, ITy5 > Ils;: when he inspects box 1 first, search
stops immediately, while it continues with positive probability when he inspects
box 2 first. Consider now the case in which x5 > xf. Then, the difference I1;, — 11y

is given by the following:
i — Moy = pipa(af — 25) + (1 — p1)(1 — p2) (2F — 27) = pipa(1 — 22).  (5)

Hence, if it is optimal to inspect at least one box, the agent first inspects the box
with the highest z;. Under both inspection orders, search stops after inspecting
the first box. However, by first inspecting the box with the highest z;, the agent

guarantees that he always concludes search having chosen the best available alter-
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native. Contrast this to the optimal policy in Weitzman’s model, where the agent
always finds it optimal to first inspect box 1. When zy > 1, 2 > 2 implies that
p1 > po. Thus, in Weitzman’s model, by inspecting box 1 first, the agent saves on
inspection costs since search stops more often than when he inspects box 2 first.
Suppose that xo > x;, meaning that, when search is optimal, the agent would

deviate from Weitzman’s order. Then, the agent inspects box 2 if, and only if,
H21 > 1 <:>J]§ > .

When z, > 2t the payoff, IIy;, is the same as the payoff an agent who has box 2,
and an outside option of p; would obtain by inspecting box 2. It follows that box

2 is worth inspecting if its reservation value is higher than the outside option.

Remark 6. Theorem 2 shows that, when the agent deviates from Weitzman’s
order, he only inspects boxes with higher z; than the highest reservation value
box. These are stretch boxes: they have very high x;s but low expected payoffs.'®
By inspecting them first, the agent avoids discarding them when they indeed have

a higher prize than the highest reservation value box.

Finally, assume that z; > x5. Then, II;5 > Ily;. Moreover, the agent inspects

box 1 if, and only if,
ng > U = Uy > ZL‘lB

Note that I, is the same as the payoff an agent who has box 1, and an outside
option of uy would obtain by inspecting box 1. It follows from Proposition 0 that

box 1 is worth inspecting if its backup value is less than the outside option.
R
70
both z; > x; and p; > «P, then II;; > max{Il;;, y;}. Theorem 1 then implies that

It follows from the preceding discussion that if whenever x > z%, one has that
the optimal policy coincides with Weitzman’s for all but the last box. Proposition

6 summarizes this:

Proposition 6. Fiz a set N' = {1,..., N} of bozes that satisfy the assumptions of

Section 4.2. Assume further that if xf* > :L‘f“, then x; = x; and p; = xP. Then,

2

18This nomenclature is from Chade and Smith [3]
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the optimal policy is as in Theorem 1.

In what follows, I consider cases in which the conditions of Proposition 6 do not

hold, and hence, it is not possible to guarantee that Weitzman’s policy is optimal.

Case 2 Assume now that the set N of boxes is labelled in decreasing order of
the x;s and their reservation values, i.e., ;1 > ... = xy and zf > ... > 2z, and
the initial outside option, z(, coincides with y. In contrast to Proposition 6, I no
longer assume that p; > 27 for i < j. Thus, when i, j are the only two boxes that
the agent has, it may be optimal for him to take box ¢ without inspection.

In this case, it is optimal to inspect boxes according to Weitzman’s order. This
is intuitive: the only reason to inspect boxes with lower x;s first is that the agent
may save on inspection costs; however, this cannot be the case since, by construc-
tion, these are the boxes with lower reservation values.

However, it may be optimal for the agent to stop and take a box without in-

spection before reaching the last box. To see this, consider the extreme case in

R

which there is a box n such that 22 > 22 .

Under this assumption, when the
agent reaches box n, he should take box n without inspection: by definition, he
can never obtain more than z ; from boxes {n + 1, ..., N} (recall equations (RV)

and (4)), while by taking box n without inspection, his payoff can never be less
B B

n: n

or take it without inspection is less obvious: by taking box n without inspection,

than 2. However, when z? < zf |, the decision of whether to inspect box n
he saves on the inspection costs of box n. However, he also forgoes continuing to
search boxes n + 1,..., N, which he may regret if box n has a prize of y.

To determine whether the agent stops and takes box n without inspection, it
is necessary to calculate the payoff that the agent obtains by continuing search.
Since Weitzman’s order is optimal, the agent compares the value of taking box
n without inspection to the value of inspecting box n and proceeding optimally.
That is, he compares p, to —k + p,x, + (1 — p,)v,, where v, is the payoff of the

optimal policy at decision node ({n + 1,..., N}, y). Note that

k k
Hn :un_k‘{'k :pn(xn_p_> + (1_pn)(y+ 1_]7 ) =pn$§+ (1_pn)xf>
k
—k + PnTn + (]- _pn)vn = pn(xn - _) + (]- _pn>vn = pnl}lf + (]- - pn)vna

n

23



where the above equalities are obtained by applying the definition of the backup
and reservation values. The agent can always guarantee that he obtains the reser-
vation value of box n either by taking it without inspection or by inspecting it (re-
call equations (RV) and (4)). However, by inspecting box n, he obtains the value
of the option of continuing to search optimally at decision node ({n+1,..., N},y)
when the prize inside box n is y. Depending on how this compares to the backup
value, the agent decides to inspect box n or to take it without inspection.
Exploiting that the agent inspects boxes in decreasing order of their reservation

values, it is possible to construct inductively the values v,, from N to 1, as follows:

UN = xﬁa (6)

Un = maX{l"f,anwffH + (1 = Pur1)vnsa )

Let n* = min{i € N : v; = P}. Proposition 7 states the optimal policy in Case 2:
Proposition 7. Fiz a set N = {1,...,N} of bozxes that satisfy the assumptions
of Section 4.2. Assume further that if xf' > xff, then x; > x;. The optimal
policy is as follows. Bozes {1,...,n* — 1} are inspected in decreasing order of their
reservation values. Search stops the first time that prize x;,i < n* — 1, is found
or when all inspected bozes yield a prize of y. In the latter case, box n* is taken

without inspection.

Case 3 Finally, assume that the set N of boxes is labelled in increasing order of
the x;s8 and decreasing order of their reservation values, i.e., zy > ... > x; and
it > > 28 moreover, assume that ¥ > ;. By construction, it follows that
1 > ... > uy. I continue to assume that xg coincides with y.

The above assumptions imply that, when the agent has more than one box left
to be inspected, it is never optimal to take a box without inspection. By con-
struction, the smallest of the reservation values is larger than the maximum mean
value, which is in contradiction with item (i) in Proposition 2.

However, as in the two-box case, it may be optimal to deviate from Weitzman’s
order. By inspecting boxes in decreasing order of their reservation values, the
agent concludes search sooner: boxes with higher reservation values have higher

success probabilities, and search stops after observing z;. However, this comes at
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the cost that an uninspected box may have a higher x;.

If at some point the agent inspects a box other than the highest reservation
value box, it is never optimal to subsequently inspect the highest reservation value
box. The formal argument follows from applying Proposition 3; I focus here on
the intuition instead. As mentioned in Case 1, if two boxes, 1 and 2, are such that
1y > 71 and ¥ > 2f then p; > p,. Thus, inspecting boxes in decreasing order
of their reservation value saves inspection costs: search stops when a prize of z;
is found, and this is more likely for box 1 than box 2. Thus, if the agent expects
that he will subsequently inspect the highest reservation value box, he should do
so immediately. In other words, if it were not for the possibility of saving on the
inspection costs of the highest reservation value box, the agent would not find it
profitable to inspect first boxes with lower reservation values.

Since the agent never inspects the highest reservation value box after he devi-
ates from Weitzman’s order, it is as i¢f the mean value of the highest reservation
value box is his new outside option. Since he never takes a box without inspection
before reaching the last box, it follows that the optimal policy has him inspect
the remaining boxes in decreasing order of their reservation values; he takes the
highest reservation value box without inspection if all of them have a prize of y.

As in Case 2, one needs to compute the continuation values to determine when
the agent deviates from Weitzman’s order. As long as he has inspected the boxes in
decreasing order of their reservation values, the agent compares the payoff from in-
specting box n next and continuing to search optimally or box n+1 and continuing
to search optimally. In the latter case, he obtains the payoff from following Weitz-
man’s rule when the set of boxes is {n+1, ..., N} and the outside option is j,,, which
I denote by W ({n,n+1,..., N}). I show in Appendix A.5 that W({n,n+1,..., N})
can be written solely in terms of {z%,,,...,2X} and {zZ 25
Proposition 8 below summarizes the optimal policy in Case 3. To do so, given a

set \ of boxes, define recursively from N — 1 to 1:*

UN—-1 = UN, (7)
vy = max{p, 12l + (1= ppi1)Vnrr, W({n +1,..., ND}.

9By assumption, the agent always inspects box N before N — 1.
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Define n* = min{i < N —1: pzf + (1 —p;)v; < W({i, ..., N})}; the following then
holds:

Proposition 8. Fiz a set of boxres N' = {1, ..., N} such that zy > ... > r; >z >
. > xX > 1. The optimal policy is as follows. Bozes {1,...,n* —1,n* +1,..., N}
are inspected in decreasing order of the reservation values. Search stops the first
time that prize x;,1 # n™* is found or all inspected boxes yield a prize of y. In the

latter case, box n* s taken without inspection.

5 CONCLUSIONS

I consider a modified version of Weitzman’s model; namely, conditional on stop-
ping, the agent may take any uninspected box without first inspecting its contents.
I identify sufficient conditions under which the optimal policy can be fully charac-
terized. These conditions have been used elsewhere in the search literature to en-
able the characterization of optimal search policies in environments where, without
these assumptions, such characterization has proved elusive. I also provide prop-
erties of the optimal policy that must hold across all environments (Propositions
1-3) and illustrate in Section S.1 how they can be used to reduce the taxonomy of
the problem when the sufficient conditions identified in Section 4 do not hold.
Identifying conditions under which the optimal policy admits a simple charac-
terization is useful for applications. Section 1 discusses one application of interest.
Two other applications of particular interest where the results could be applied to
are (i) the choice amongst technologies with which to produce a good when the
agent can invest in pre-project planning to determine the true production cost but
has the option to produce without making this investment (Kréhmer and Strausz
[8] consider a one-technology version of this problem) and (ii) the allocation of a
good to one of several agents when the principal can determine which agent would
generate the highest payoff from obtaining the good but can allocate it without

further investigation, as in Ben-Porath, Dekel and Lipman [1].

A  PROOFS

In what follows, I use | - | to denote the cardinality of a set.
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A.1  Proofs of Propositions 1, 2, and 3

Proposition 1. Let (U, z) be a decision node such that, for all i € U, 2P < z.

Then Weitzman’s policy is optimal in all continuation histories.

Proof. The proof is by induction on U = |[U|. Let P(U) denote the following

predicate:

P(U): (VU) : (U] = U),(Vz) : (z = max;q zP), the order and stopping policy

indicated in Proposition 1 is optimal.
Step 1: P(1) =1 This follows from Proposition 0.
Step 2: P(U)=1=PU+1)=1.

Let U + 1 = |U|, and let z be as in the statement of Proposition 1. Let | €
argmax;e . First, I show that the stopping rule is optimal. I consider two
cases:

Z >z Note that if box i is inspected, by the inductive hypothesis, search

stops (since max{z, z;} > ).

Thus, the payoff from inspecting box i is —k; +
{ max{z;, Z}dF;(z;) < z. The last inequality follows from equation (RV).

zZ< le: If max{Z, max;ey p;} # ju, then, by equation (RV), inspecting box [
and stopping dominates stopping and obtaining payoff max{Z, max;e, p;}, since
max{Z, max;ey p;} < . If max{Z, max;q p;} = pu, since z > z?, then
max{Zz, max;qn @y i} = 27, and hence, by equation (BV), inspecting box [ and
stopping dominates stopping and taking box [ without inspection.

Finally, when z < 2f', T need to show that inspecting box [ first is optimal. Let
j € U\{l} be any other box. Note that zf < zf*. Consider the following two

policies:

P.J Inspect box j first. There are now U boxes left to be inspected, stop, or

continue search according to the rule described in Proposition 1.

P.L Inspect box [ first. If 27 < 2y, stop. Otherwise, inspect box j, and stop, or

continue search according to the rule described in Proposition 1.
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The payoff from policies P.J and P.L can be written as:

R R

+0o0 T +00 T

PJ= —k+ f x;dF; + f (—ho + f 2 dFy + f VAU g}, 2 0 j 0 m)dFy)dF;
mlR —00 mlR —a0
+00 le +o0 mlR

PL= kit | wdfir | (k| wdft [ VIRALGY 0w o m)dR)aE;
R R o0

xl —0o0 Il -

The difference in payoffs between both policies is given by:

+00 +00

:mn—m—u—Mﬁmf £;dF; — k;]

R
&1

PL-PJ = (1= )|

&

=<r—ﬂmﬁx1—ﬂ@fnmﬁ—ﬂ3+f%uy—ﬂWMy>a

where the second equality follows from equation (RV) for boxes [, and j respec-
tively. Thus, inspecting box [ dominates inspecting any other box j € U\{l}. This
completes the proof. n

Proposition 2. Let (U, z) be a decision node such that, for some i € U, 7 < xZ.

If it is optimal to stop and take box m € U without inspection, then for all j # m:

(i) pom = fo

)

(ii) 28 > max{u;,z}.

m =

Thus, box m has the highest mean, reservation and backup values amongst boxes
inU.

Proof. Suppose the agent is at decision node (U, z) and he finds it optimal to take
box m without inspection. Let j # m. Suppose first that xf > [iy,. The definition
of xf would then imply that the agent prefers to inspect box j over stopping and
taking g, a contradiction. Similarly, if max{z, u;} > zZ, then the definition of
x5 would imply that the agent prefers to inspect box m, with max{u;,z} as an
outside option, over stopping and taking fi,,.

Notice that since (i) holds for all j # m, then it follows from Assumption 1 that
TR > gy = MAX ey 5 AN fly > L)) = MAX ey ftj > MAXj2 7. Then, m has

the highest mean, reservation, and backup value amongst all boxes in U. O
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Proposition 3. Let (U, z) denote the set of boxes, and the vector of realized
prizes. Assume that o*(U, z) = j, where ' < max;q, ;° = ]*. Then, it cannot
be the case that for all z; such that max{x;,z} < zf, ¢*(U\{j},2 0 x;) = 1 and
a*(U\{j}, zoxj) = L.

Proof. Suppose o*(U, z) = {j} and the optimal continuation policy dictates in-

specting box | whenever max{z;,z} < zf*. The following policy improves on this,

as shown by the proof of Proposition 1: inspect box [ first. Whenever zf* < x;,

stop. Otherwise, open box j and then proceed by using the prescribed policy when
U=U\lj} O

A.2  Proof of Theorem 1

Theorem 1. Let U denote a set of uninspected boxes, and let z denote the vector
of previously sampled prizes. Assume boxes are labelled so that 2t > ... > x@l.
Assume that (Vi, 5 € U) such that ¢ < j, then II;; — II;; > 0, and II;; > p,;. The
following is the optimal policy:
Order: o*(U,z) = argmin{i : i € U}.
Stopping:

L. If U] > 1, then p*(U, z) = 0 if, and only if, Z > max;q, z.

2. Otherwise, if [U| = 1, then ¢*(U,2) = 0 if, and only if, 7 > max,qy 2 or

Z < maX;ey xf .
Proof. The proof is by induction on U = |[U|. Let P(U) denote the following
predicate:

P(U): (V2)(VU) : [U] = U, and U satisfies the assumptions of Theorem 1, the

order and stopping rules in Theorem 1 are optimal.

Proposition 0 shows that P(1) = 1. I now establish that P(2) = 1, and then prove

the inductive step.

Step 1: P(2) =1
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Recall boxes are labelled so that 2 > xf. T show the optimality of the stopping
rule first. Consider the following cases:

Z = o Note that if box i is inspected, by the inductive hypothesis, search

stops (since max{z,z;} > xf) Moreover, the payoff from inspecting box i is
—k; + §max{z, z;}dF;(z;) < Zz, where the inequality follows from equation (RV).

Therefore, when xf' < Z, it is optimal to stop search.

Z < 2. It can never be optimal to stop and take Z since, by equation (RV),
—ky + {max{z, z1}dFi(21) > Z. Moreover, I} > max{Ily, 1} implies that it
can never be optimal to stop and take box 1 without inspection. This proves the
optimality of the stopping rule.

Finally, it remains to show that inspecting box 1 first is optimal whenever z < 2%,
If Z > max;q x2, then this follows from Proposition 1. Hence, from now on,
assume that 7 < max;q, #2. The payoff from inspecting box 2 first is:

+00

i’
Iy = —ko + J TodFy + f max{z 0 Ty, jt1, —k1 + Jmax{xl,xg,i}dFl}ng,
—0

R
Ty

whereas the payoff from inspecting box 1, and proceeding optimally is given by:
+00 1‘5

I} = —k + JR r1dFy+ +J max{z o xy, fa, —ks + Jmax{xl, T, Z}dFy}dF).
zd —w

Consider the following cases. First, suppose that ¥ = maxq, zP. Similar steps

as in Section S.3 show that,

B

+00 r+00 20Ty 20Ty
Iy — 115 = JR JR (min{zy, 29, 5} — 28 dFd F) + J J (25 — z 0 xP)dFydFY,
x2 L)

—00 —00

which is positive. Hence, let’s assume that 7 = max;q, 2”. Note that, then,

B
Tg

(-]{Zg + max{:cl, xg,E}ng)dFl + J ll/2dF1 = ng,

—0

R
+00 5

l’ldFl + J

B
Ta

H’l">—k1+J

R
Tg

and H; = Hgl. Then, HT - H; = H12 - H; = H12 — H21 = 0.
This completes the proof that P(2) = 1.
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Step 2: P(U)=1= P(U+1) = 1.

Assume P(U) is true. Fix U as in P(U + 1). Note that, by assumption, box 1 is
the box with the highest reservation value.

The optimality of the stopping rule follows from the exact same steps in the proof
of P(2) = 1. It remains to show that inspecting box 1 first is optimal whenever
z < zf. This follows from Proposition 3. Suppose that box j # 1 is inspected
first. By the inductive hypothesis, since [U\{j}| = 2, then box 1 is inspected
whenever max{xz;,z} < zf. Proposition 3 establishes that, then, inspecting box 1

first dominates inspecting first box 7 # 1. m

A.3  Proof of Proposition 4 and Corollary 1

Proposition 4. Fix a set N' = {1,...,n} of boxes. Assume that boxes can be
labelled so that [zZ, 2] forms a monotone decreasing sequence in the set inclusion

order. Then, for all i, j € N, such that i < j, IT;; > max{IL;;, y;}, and the optimal

policy is an in Theorem 1.

Proof. Proposition 2 implies that, for i < j, max{Il;;,II;;} > p;. It remains to
show that II,; > II;;. Section S.3 shows that:

400 r+00
Hij — Hji = fR f (Hlln{l’,f%, lL‘i,JZj} — xf)dﬁ}dﬂ

R
xB B
+ J J (max{z;, x;, xf} — xP)dF;dF;. (A1)
—00 J—00
Hence, [27, 2] < [, 2] implies that IT;; > II;;. O

Corollary 1. Assume {F;},cn is such that if i < ', then Fj is a mean-preserving
spread of Fy. Moreover, assume Vi € N k; = k. Then, (Vi,7' € N), i <4 implies

that [28, 2] < [2B, 2F].

i’y il i e

Proof. Tt suffices to show that if i < ¢, then [27, 2] < [28,zf]. To see this,

il i
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rewrite equation (RV) for box i as:

szJroo(x—x \dF(z f max{z — %, 0}dFy(z),

R
T

and, note that, if F; is a mean-preserving spread of Fj,, then:

+o0 +o0
k= max{z — 2, 0}dF;(z) > max{z — 2, 0}dFy ().

—00 —00

R

Since § » (z—x)dF(x) is decreasing in ¥, one concludes that z}f < 2. Likewise,
[

rewrite equation (BV) as:

k:f’B( 2)dF(z f max{z? — ,0}dF;(z).

—00

Using the mean-preserving spread assumption again, one obtains that i < ¢’ implies
that:

k= J max{z? — z,0}dF(x f max{z? — z,0}dFy(z).

Since S — z)dF (z) is increasing in 2, one concludes that 27 < x%.

It follows that [28, 25 < [28, 2F]. O

il Lt i

A.4  Proof of Proposition 5

I first establish a preliminary result on the cutoff values when the conditions in

Proposition 5 hold:

Lemma A.1 (Cutoffs are linear in means). Let x be a random variable such that
x ~ F(-—p),E[r] = p. Let k be the cost of inspecting the box with prizes
distributed according to F. Then, (3b,b) : 2% =y — b, 2% = p + b.

Proof. 1 prove the statement for x*, the other one follows immediately. Recall
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that:

k= roo(x —2™dF(x — p).

R
I guess and verify that 2 = y + b, for some b > 0,
+oo B
krzf (x —p—b)dF(x — p).
p+b

Let u = x — p and perform a change of variables in the above expression:

k= fm(u — b)dF (u). (A.2)

b

It remains to show that equation (A.2) has a solution. Assumption 1 implies that
if b= 0, then k < S;OC udF (u). On the other hand, as b — o, Sgw(u —b)dF(u) —

0 < k. Hence, since g(b) = ; *(x — b)dF is continuous and decreasing in b, there
exists b > 0, such that the equality holds. This completes the proof. O

Corollary A.1. Consider the same assumptions as before. If F is symmetric
around 0 then b=b="5b> 0

Proof. b > 0 follows from the condition that 2z < u < 2f. Now, recall the

definition of zZ:

k- fB(a;B — 2)dF(z — ).

—00

Replacing the assumptions made, one gets that the equation can be rewritten as:

=b
b= [ cb-wir,

where I changed variables by defining v = z — u. Also,

k= J J:O(:U — 2R)dF(x — p) = foo(u ~B)dF(u).
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Now, symmetry of F' implies that:

L P () = - J_b wdF(u).

0

Hence, (1—F(b))E[ulu = b] = —F(=b)E[u|u < —b] and —(1—F(b))b = —F(—b)b.

b
Hence, b = b. O

I am now ready to prove Proposition 5. It follows from equation (A.1) in Section

A.3 that:
IZB IZB +00 ,+00
I = J f (max{wuxjaxf} — xP)dFdF; + f J (min{z;, v, 27} — :Ef’)dﬂdFj
—00 J—0
= (1 - F(af)(1 - Fy(af))( f f R)aFdF,

f J dFdF+(1—F(f))LR(xj—xf)dFj

§ B@D)E ) @? — of) 1 F(a?) J (z; — 2P)dF,

o8 xf
—I—f J =X dFdF—I—J J dFdF
:c? T;

Perform the following change of variables. Let v = x; — p1;, 4 = x; — p;, and write

a = p; — p; = 0. It follows that:

Lafumzﬂ—a—bdF LGJ (W)dF(u)

b+a

- P(- b)JM(A b)dF (i) + F(— b—a)f (it + b — a)dF(d)

-b b+a
+J f (i + b — a)dF (i f f (u + b)dF(2)dF (u).
—b—a Ju+a b—a J—

Note that G(0) = 0. I show that (Ya)G'(0) = 0,G"(a) = 0. All of these together
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imply that G(a) = 0.

b b
G'(a) = —[J F(=b—a)dF(u) + f (F(=b+a)— F(u+a))dF(u)

- f_ F—u— a)dF(u)].
Note that ¢(0) = 0. Moreover,
6"(@) = Fl-b = )f0—a) ~ [ S0 @ar () + (F(-b - @)~ FCm)f-b-a
" f:a(ﬂ—b L a) — f(ut a)dF(u) — F(~b)f(b—a) + :a F(—u— a)dF(u) = 0,

where I used that f(z) = f(—x), F(—x) = 1 — F(x) several times to cancel terms.
This shows that G(a) = 0.

A.5 Statement and proof of Theorem 2

I state and prove Theorem 2 which characterizes the optimal policy for the binary
prizes environment of Section 4.2. Recall that T am assuming that for all i € N,
X; = {y,x;}, where y < z; and p; = P(X; = x;), and k; = k.

In order to state the theorem, two additional pieces of notation are needed. First,
given a set U of boxes labelled in decreasing order of their reservation values, Up
is used to denote the set of boxes the agent inspects when he deviates from Weitz-
man’s order when boxes U are his uninspected boxes. The set Up is constructed
inductively as follows. Starting with i = 2,Up = ¢ and moving through i = |U],
if z; < xy or xf' <y, set Up = Up and i = [U| + 1; otherwise, set Up = Up U {i}
and ¢ = 7 + 1. Up collects the set of consecutive boxes in U that have x; > z; and
p1 < xR As discussed in Section 4.2, these are the only boxes the agent would

inspect, if he deviated from Weitzman’s order when his set of boxes is . Second,
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given U and the corresponding Up, define:

Up|+1j—1
> 1A =p)psaf + TT (1= p)(paf + (1 —p)af) ifUp # &
W(UD) = j=2 i=2 i€Up '

—o0 otherwise

Under the assumptions of Theorem 2, W (Up) represents the value of continuing
search by not following Weitzman’s order in Y. It corresponds to the value in

Weitzman’s problem of inspecting boxes in Up, when the outside option is .

Theorem 2. Fizx a set N = {1,..., N} of bores. Assume that boxes have binary
prizes, X; = {y,x;}, where x; > vy, and p; = P(X; = x;). Assume further that
ki =k for all i € N'. Label bozes so that x® > ... > z&. Define inductively from
N to 1:

Uy = max{xo,xﬁ},

Up = maX{mS?])n-ﬁ-l maX{fo, 270} + (1 - pn-i—l)vn-i-la W({n + 17 ERE) N}D)}

The following is the optimal policy. For n > 1, say bozes {1,...,n — 1} have been

inspected, and let Z denote the mazimum sampled prize.

Order: If a box is to be inspected next, the agent inspects box n if
pozl + (1= py v, = W({n,...,N}p), (A.3)

and box n+ 1 otherwise. The latter can happen only if x2 = max;s,, 22, and

77

= B
zZ <z, .

Stopping: Search stops if Z > x2 (in which case he takes Z), or z < xP =

max;>, 22, {n,...,N}p = &, and 22 = v, (in which case he takes box n

without inspection. ).
Forn =1, if W({n,...,N}p) > pax® + (1 — p,)v,, the agent continues search by
applying Weitzman’s rule to bozes in {n, ..., N}p, with outside option ,. That is,
he inspects bozes in {n, ..., N}p in decreasing order of their reservation values, and
search stops the first time he finds a prize x;, or when he has inspected all boxes

in {n, ..., N}p, in which case he takes box n without inspection.
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The proof of Theorem 2 is divided in three parts. First, I prove Lemmas A.1
and A.2. Second, I use the lemmas to show a modified version of Theorem 2. The
third step constructs the indices {v,}, and completes the proof of Theorem 2. In
what follows, a decision node (U’, 2’) is said to be consistent with (U, z), if U’ < U,
and 2/ = z 0 Z, for some Z € X e Xj-

Suppose that at decision node (U, z) it is optimal to inspect box i € U next.
Lemma A.1 shows that, when prize x; obtains, it is never optimal to stop, and
take a box without inspection in the continuation. It follows that, conditional on
it being optimal to inspect box ¢, then Weitzman’s order is optimal conditional on
obtaining prize x;.

Lemma A.1. Let (U, z) be a decision node, where U satisfies the conditions in
Section 4.2. If 0*(U,2) =i e U, and ¢*(U, z) = 1, then the following hold:

1. Conditional on stopping after X; = x;, the agent stops and takes z; with
positive probability.

2. For any decision node (U’, 2’) consistent with (U\{c* (U, 2)}, 20 Txu,z)), and
reached with positive probability, if o*(U’, 2') = 0, then V*(U', 2') = 2.

Proof. The proof is by induction on U = [U|. Let P(U) denote the following

predicate:
P(U): (V2)(YU) : U] = U, and U is as in Theorem 2, Lemma A.1 holds.

P(1)=1: This is immediate. Item 2 holds by construction. Moreover, the agent
only inspects the remaining box if he plans on taking the highest prize, in

case he gets it.
P(U)=1=P(U+1)=1:

Assume P(U) is true. Fix U as in P(U + 1), and let 1 = o*(U, z). Note that
in order for this to be the case, it has to be that x; > z - otherwise, inspecting
o*(U, z) would be dominated. Moreover, note that any box ¢ that is inspected
after decision node (U\{1}, z o x1) has to satisfy z; > .

It clearly has to be the case that 1. is true; otherwise, the agent could improve
his payoff by skipping inspecting box 1. Let (U’,7), with U’ < (U\{1}), and

37



z' = zouwxoZ for some Z € X gparonniy, 2} be the decision node at which
V*(U',2") = x1. Note, by the previous observation, that if ¢’ is a strict subset of
U\{1}, then it has to be that 7 = y.

Towards a contradiction, suppose that there exists (U”, z”) a decision node con-
sistent with (U\{1},z o 1) such that V*(U",z") = max;eq p;, and such that
(U",2") is reached with positive probability. Denote by i” € U” the box with
the highest mean in U”. Moreover, u;» > x1. Also, note that i” ¢ U’; that is, box
i"” has already been inspected at decision node (U, 2’).

Let (U",2") be the last decision node that both (U, 2’), and (U”,z") are con-
sistent with. (That such a decision node exists follows from noting that both
(U',2') and (U”",2") are consistent with (U\{1},z o x1).) Note that it has to be
that p*(U",2") = 1, and o*(U",2") € U"\{i"}. This holds because (i) (U, 2’),
and (U",2") are reached with positive probability under (o*, ¢*), and (ii) box 7’
remains uninspected at (U”, 2").

Moreover, it has to be the case that (U’, z’) is consistent with (U"\{c*(U", z")}, 2" o
y), and (U", 2") is consistent with (U"\{o*(U",2")}, 2" o xgx@m .m)). The first part
follows from the observation that the agent can’t have obtained a prize better than
y whenever he stops, and takes x;. The second part follows from (U”,z") being
the last decision node that both (U’, 2') and (U”,2") are consistent with.

Then, at (U"”,2") it is optimal to inspect box o*(U", z"), and [U"| < U + 1.
Hence, by the inductive hypothesis, the probability of stopping and taking a box
without inspection after (U"\{o*(U", 2")}, 2" 0 xoxqem .m)) is 0, which contradicts
that the agent reaches (U”, z”) with positive probability from (U\{1}, zozy). There-
fore, P(U + 1) = 1. O

Suppose that at decision node (U, z) it is optimal to inspect a box o*(U, z) #
arg max;y vl'. Lemma A.2 shows that if it is optimal to continue search after
observing prize x,+(y,z), then, after observing prize y, it is not optimal to stop and

take the highest reservation value box without inspection.

Lemma A.2. Let (U, z) be a decision node. Suppose that ¢*(U,z) = 1, and
o*(U,z) # argmax,y, xf = . Then, if o*(U\{o*(U, 2)},2 0 Tox@,) = 1, it can’t
be the case that V*(U\{c*(U,2)},z0y) = 1.

38



Proof. Towards a contradiction, suppose that the assumptions in the lemma hold,

and yet V*(U\{o*(U, 2)},z0y) = . Then,

VAU, 2) = =k + por o) (—k + puog + (1= p) VUL, 0™ (U, 2)}, 2 0 Tor,z) © )
+ (1 _pa*(u,z)),ul-

Note that the first term in brackets in the first line follows from Lemma A.1.

Consider the following policy, (7, ¢). First, a(U, z) = [, and ¢(U\{l}, zox;) = 0.
For every node consistent with (U\{l}, zoy), (U’, 2'), such that V*(U'\o*(U, 2), 2 o
Toru,z) # Toru,z), let aU' ') = o*(U\{o* (U, 2)},2 0 Toxw,z)), and ¢U', ') =
O (UN{o*(U, 2)}, 20 % 1 »)); otherwise, if VF(UN{o* (U, 2)}, 2/ 0% ox u,2) = Towu,z2)s
let ¢(U', ") = 0, and have the agent take box o*(U, z) without inspection.

Let V(U\{l}, zoy) denote the payoff of the above policy at decision node (U\{l}, zo
y). Let p* denote the probability that the agent stops and takes @+, .) according
to policy (¢*, 0*) starting from (U\{c*(U, 2),1}, 2 0 Xoxu,2) © y). Then, note that:

V(L{\{l}, zoy) =V U\, 0" (U, 2)}, 20 Terw,z) 0 Y) — P (1 — Por ) (Tor,2) — Y)-

Then,

V(U, Z) - V*(Z/I, Z) = kpg*(u z) (1 —pl)(l — Po*U, Z))y
+ (1= p) (1 = Porie)) (VUL 0 (U, 2)}, 2 0 Toruz) 0 Y) = P (Tox(wz) — Y))
= kporwz) + (L= 1) (1 = poxs)) (VUL 07U, 2)}, 20 Tonw ) ©Y) = Tor(u,z) >

where the second to last inequality follows from p* < 1, and Z,+@,,) > vy, and
the last inequality follows from noting that V*(U\{l,0* (U, 2)}, 2 0 Zoxu2y) 0 Y) =
$J*(u’z).

The above contradicts the policy being optimal. Hence, the statement in the

lemma holds. O

For the second part of the proof, I show the following modified version of Theo-

rem 2:

Theorem A.1. Fiz a setU = {1,...,U} of bozes as in Theorem 2. Label boxes so
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that x> ... > z®. Then,

V*(U, z) = max{Z, u1, z'g{l%(} —k+p,V*(U\{i}, zox;) + (1 —p)VFU\{i}, z 0 y)}.
(A.4)

Moreover, the following hold:

1. Ifz = 2, search stops, and the agent takes Z,

2. If 7 € [max;eqy, 22, 2f), search continues applying Weitzman’s rule,

3. If Z < max;ey xf,

(a) If 2B < max;qq x2, inspect box 1; otherwise,
(b) If 28 = max;q 25,

i. IfUp = &, inspect box 1 if 28 < V*(U\{1},z0y), and take box 1

without inspection otherwise, and

i. if Up # &, inspect box 1 if
pla:f” + (1 =p)V*(U\{1},z0y) = W(Up),
and box 2 otherwise.

Before proving Theorem A.1, note that, by Proposition 2, it holds that:

V*(U, z) = max{Z, p1, max —k+ p,V*(U\{i}, zox;) + (1 —p)VF(U\{i}, z 0 y)},
1€
(A.5)
since, for j # 1, 2% > :L‘f” > 1; implies that stopping and taking box j # 1 without
inspection can never be optimal. Hence, in what follows, to prove that equation

(A.4) holds, it only remains to show that the max in the third argument on the
RHS of (A.5) can be taken only over i € {1, 2}.

Proof. The proof is by induction on U = || = 2. For U = 2, let P(U) denote the

following statement:
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P(U): (V(U, z)) such that U is as in Section 4.2, and || = U, Theorem A.1 holds.
[ start by showing that P(2)=1.
P(2)=1:

Given the observation before the proof of Proposition A.1, equation (A.4) holds
trivially. Moreover, if Z > 1, then by the inductive hypothesis, the payoff from
inspecting box ¢ and proceeding optimally is —k + p;z; + (1 — p;)z < z.

The rest of the proof follows from equations (5), and the discussion in Case 1 in
Section 4.2, by noting that when z# > 2£ and xy > 1, then 22 > 28. Therefore,

P(2) = 1. T now prove the inductive step.
P(U)=1=P(U+1)=1 Suppose that P(U) is true. Let (U, z) be as in P(U +1).

[ start by showing that if Z > xf¥, then search stops. By the inductive hypothesis,
the payoff of inspecting any box ¢ with x; > Z is given by: —k + p;z; + (1 — p;)Z <
Z.Therefore, search stops, and item 1 holds. Moreover, in that case, equation (A.4)
holds because the max on the right hand side is achieved by taking z. From now
on, assume that z < xf%.

Proposition 1 implies item 2 holds. Moreover, in that case, (A.4) also holds
since the max on the right hand side is achieved by continuing search with box 1.
From now on, then, assume that z < max;cy xlB . Note that since z < a:{z, then
V*U,z) > Z.

In what follows, I show that equation (A.4) holds when z < max;q, x?. Note

that if V*(U, z) = p1, then the result follows trivially. Hence, assume that:
V*U,z) = max —k +p,V*(U\{i}, z o x;) + (1 — p) V*(U\{i}, z 0 y),
1€

and, towards a contradiction, assume that this max is not attained at i € {1,2}.
Let 5 denote the maximizer in the above expression. Note that, for this to be the

case, it has to be that Z < x;. Since [U\{j}| = U, the inductive hypothesis implies
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V*(U\{j}, z 0 x;), V*(U\{j}, z 0 y) can be written as:

V@G 7o 2y) = max{eyn, mas —k + Eq VUG i). 20y 0 ),
1€{1,

V*(U\{j}, zoy) = max{Z oY, 1, H{l?g{} —k +Ez, V*(U\{i,j},z0y o Ty)}.
ief1,

Moreover, Lemma A.l1 implies Weitzman’s rule is optimal after observing z;.

Hence,
VEUNG}, 2 0 x) = max{z;, —k + prmax{zy, 7;} + (1 — p)VF(U\{L, j}, z 035 09)}.
Finally, Lemma A.2 implies that if:
VEUNGY, 20 w5) = =k + prmax{zy, a5} + (1 - p) VIUN{L j}, 2 025 0 ),
then

VEUNGY z0y) #

In what follows, I consider cases for V*(U\{j}, z o z;) (indexed with upper case

roman numbers), and V*(U\{j}, z o y) (indexed with lower case roman numbers).

I. V¥(U\{j},z0xj) = z; (i.e. z; = 2lt), and

(1) V*(U\{j},zoy) = p1. Note that this cannot be. That search with j is
optimal at (U, z) implies that py < z7'(< 2§"). Hence, —k + paxa + (1 —po)pn > pia,
contradicting V*(U\{j}, z 0 y) = 1.

(i1) V*(U\{j},z0y) = =k +proq + (1 — p1)V*(U\{J, 1}, z 0y o y). Proposition
3 implies that this is dominated by inspecting box 1 first.

(1i1) V*(U\{j}, zoy) = =k +pV*(U\{J, 2}, zoyoxs) + (1 —p2) V*(U\{J, 2}, 20
yoy). By the inductive hypothesis, this can only be the case if x5 > x1, and hence
V*(U\{j, 2}, z 0y 0 xa) = x5.%° Note that 2§ > 2 implies that this is dominated
by the policy that (i) inspects box 2 first, (ii) if the prize is x5, stops and takes z,
(iii) if the prize is y, inspects box j, and proceeds optimally from there on.

IT. VAU, 205) = —k+prs+ (1-p) VAU, 1), z0501) (e 25 < o),

20Tt has to be that Z < x5 since it was optimal to inspect box 2.
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and

(1) V*U\{j},zoy) = =k + prxy + (1 — p)V*(U\{j, 1}, 2z 0y o y). Proposition
3 implies that inspecting box j is dominated by inspecting box 1 first.

(11) V*U\{j},zoy) = —k + paxa + (1 — p2)V*(U\{j,2},2 0y 0 y).*' By the
inductive hypothesis, it follows that:

l@\{2)pl+2i—1

VHU\{j, 2}, z0y0y) = Z Hl—Pz (—k+pz)+ ] Q=p)m

le@\{2})p

[@\{2})pl+2 i—1 2
= > TIa=-ppi(—=+z)+ ][] O=pm
=3 1-3 pi le@\(2))p
[(@U\{2})p|+2 i—1

= Z Hl—pzm + H (1L —p)m = W(U\2)p),  (A6)

e@\{2h)p

whenever (U\{2})p # &, and

V*(u\{j72},20 Yyo y) = M1,

otherwise. To see this, note that |U/\{j}| = U, and hence the inductive hypothesis
states that if it is optimal to inspect box 2 first, then the agent continues search by
applying Weitzman’s rule to boxes in (U\{2})p = (U\{2, j})p, with outside option
w1. Equation (A.6) shows that this has value W ((U\{2})p). To show that, in case
(i1), inspecting j is suboptimal, consider the following policy, P.1: the agent
inspects box 1 first. If the prize is x1, he stops. If the prize is y, he inspects box j.
If the prize is x;, he follows the optimal policy from that point on; otherwise, he

inspects boxes in (U\{2})p, and takes box 2 without inspection if all such boxes

21T applied the inductive hypothesis to calculate V*(U\{j,2},z o y o z2), since by P(U) the
agent can only switch, and inspect box 2 when x5 > z;(> x¥).
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yield a prize of y (or, if (U\{2})p = &). The payoff from P.1 is:

Pl=—k+piz1+ (1 —p)(—k+p,V*U\{j1},z0xj0y))
+(L=p)A=p)W(@\2Hp) + ] @ =pi)(p2—m)].

ieU\{2})p

The difference P.1 — V*(U, z) is given by:

P1-V*U,z)=kp +pi(1—pj)oi(l—(1-p2) n (1= pi))
ie@\{2})p
U2} p|+2 i1

—p(l=p)os(l—(1=p) [ O=p)+A=p)p2—p1) D, Hl—pzpz

ieU\{2})p =3

Using that Z‘ 2o+ [Ti=s(1—p)pi+ [ Lican oy, (1 —pi) = 1, I rewrite the above

as:

P1-V*U,z)=kp+ (1 —p;) H (1 = pi)pipa(z1 — 22)

ieU\(2})p
@2 pl+2 i-1
+(1-p;) Z ]_[ L—p)pi(pi (27 — 2ff) — pa(ag’ — 7))
=3
= (1-pj) ]_[ (1= po)ppa(ay’ — 2) + kp(L—p;)  [] (1—pi)
ieW\{2}))p ie(U\{2})p

[@U\{2})D|+2 i—1

+(1=p) > IO =p)pipi(af — 2f) — pa(af — 2fF))

i=3 =3
+hp(1=(1=p) ] (1=p))
i€U\{2})p
Notice that z > z, and 2 > zf implies that p; > p,; likewise, for any box

i€ (U\{2})p, p1 > pi. Moreover, zf > & > xf for any box i € (U\{2})p. Hence,

[@\{2})p|+2 i—1 |[@eN\2)p|+2 i—1

> ]_[ L=p)pi(pr(af — 2ff) = po(af —2f) = Y [ =popi(pr — p2)(
=3

1=3 =3

> 0.
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Hence, P.1-V*(U, z) > 0. This contradicts that inspecting box j first is optimal.
This concludes the proof that equation (A.4) must hold.

To prove 3a and 3(b)i, I now show that if either 2P # max;q 2P (so that the
condition in 3a holds), or x5 < x; (so that Up = &), then inspecting box 1 first
dominates inspecting box 2 first. Once I do this, Proposition 2, then, implies
that 3a holds; in that case, box 1 does not have the highest backup value, and
hence, it can’t be optimal to stop, and take it without inspection. Suppose first
that o < x;. Denote by P.2 the payoff from inspecting box 2 first. Apply the

inductive hypothesis to conclude that:

P.2 = —k + po(max{xs, —k + p1z1 + (1 — p1)V*(U\{1,2},z 025 09)})
+ (1= p2)VFE(U\{2}, 2 0 y).

Assume first that 2o < 2. Then, by the inductive hypothesis, the max in the first
line of the above expression is achieved at —k+pix1+ (1—p)V*(U\{1, 2}, zoxs0y).
Notice that, by repeating the same steps as in item II. above with box 2 taking
the place of box j, inspecting box 1 first dominates inspecting box 2 first.

Then, assume z¥ < 2o < x;. Then,
P2=—-k + paxo + (1 - pQ)V*(LI\{Q}, Z 0 y)

Consider the following cases for V*(U\{2}, z o y), labelled in upper case letters:
A, (U\{2})p # &, and V*(U\{2}, z o y) equals:
l@\{2})pl+2 -1
> H 1 —ppiri + H (L= pi)p

=3 eU\{2})p

In that case, consider the policy, P.1 which inspects box 1 first, then boxes in

(U\{2})p, and if all contain a prize of y, takes box 2 without inspection. The
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difference P.1 — P.2 is given by:

ieU\{2})p
|@\{2})p|+2 i1

+ Z H(l — p)pi(p1(zF — fl?f%) — pa(ah — 1’?))
1=3

=3

Notice that p; > p;, and py > p; for all i € (U\{2})p. If p; > ps, by using that

ol — 2 > 2l — 2B it follows that P.1 — P.2 > 0. Otherwise, note the following.

First,

pi(pl(l’f - %R) - pz(:cf - %R)) = pip1(z1 — ;) + pip2(z; — x2) + k(p1 — p2).

Second,

pipi(z1 — i) > k(pi — p1) = —k(pr — pi) > —apa(1l — p2)(p1 — pi)
= —poa(p1 — pi) + Poxa(p1 — pi)
= —poa(p1 — pi) + Poxa(p1 — pi) + (P2 — pr)xap2(1l — p2)
— (p2 — p1)p2(1 — p2)x2 > papi(x2 — ;) + k(p2 — p1),

where the first inequality follows from z* > z, the second inequality follows from
ol > 2l = py(1 — po)xy > k, and the last inequality follows from py(p; — p;) >
(p2 = p1)(1 = p2), p2(1 — p2)w2 > k, and x; > paxs.

Hence, P.1 — P.2 > 0, and this contradicts inspecting box 2 being optimal.

B. V*(U\{2},z oy) = puy. Consider the policy P.1 that inspects box 1 first, if
the prize is x; it stops, and if the prize is y, it takes box 2 without inspection. In

that case:
P1-P2-= plpg(.fljl — 372) = 0.

Hence, inspecting box 2 first cannot be optimal.
C. V¥(U\{2},z0y) = —k+prx1 + (1 —p1)V*(U\{2, 1}, zoyoy). By Proposition
3 in the paper, this is dominated by inspecting box 1 first, and then following the

optimal policy in the continuation.
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B < maxq 2P. Note that x5 > x;, and

Finally, assume that xo > x;, and
oft > 2t implies p; > py, and hence 2P > z8. Hence, max;y 22 > 28. Moreover,
note that for any i € Up, the same holds. By the inductive hypothesis, the payoff

of inspecting box 2 first is given by:
P.2=—k+poxo+ (1 —po)(—k + przg + (1 —p)VFU\{1,2},z0y0y).

To see this, note that x5 > x; > 2, and hence the agent stops when he obtains
prize xs. Moreover, box 1 is not the highest backup value box in #\{2}, and hence,
by the inductive hypothesis, it is inspected next. Proposition 3 implies that the
payoff from inspecting box 1 first dominates P.2. This also proves item 3a.

To finish the proof of item 3(b)i,?? note that when Up = (¥, it can’t be optimal

to inspect box 2 next. Hence, search stops if:
—k+pry + (1= p)V* (U1}, zoy) < i = VUL zoy) <af

Finally, to show 3(b)ii, note that if Up # &, then inspecting i € Up, and stopping
and taking box 1 without inspection if Z; = y, dominates taking box 1 without
inspection. Hence, it cannot be the case that V*(U,z) = u;. Moreover, as in
equation (A.6), the value of continuing search with box 2 is W (Up), whereas the

value of continuing search with box 1 is:
—k+ P11 + (1 - pl)V*(u\{l}, Z O y) = plx? + (1 — pl)V*(U\{l}, YA y)
The comparison between these two values yields that item 3(b)ii holds. ]

The final step follows from the proof of the following claim:
Claim A.1 (Stopping rule for Theorem 2). Fix a set U = {1,...,U} of boxes as

22T already showed that if x5 < x1, then it is better to continue search with box 1. Suppose
that 2o > 21, and gy > z&. Then, applying the inductive hypothesis the payoff from inspecting
box 2 first is: —k + paxa + (1 — p2) max{u1, —k + prx1 + (1 —p1)V*(U\{1,2},z 0y oy)}. If the
second max is achieved at 1, since & < py, this is dominated by u1; otherwise, Proposition 3
implies the payoff from inspecting box 1 first dominates.
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in Theorem 2, and let Z denote the initial outside option. Then, for n < U — 1,

VUL, ...,n},zoyo...oy) = max{W(U\{L,...,n})p), poy1 max{Zoy, 25} + (1 = Ppi1)Vns1},

n

vy = max{Z oy, zp}.

Proof. 1 prove it for n = U — 1, and then extend it inductively for n < U — 1.
Suppose that n = U — 1. I need to show that:

V*U\{L,...,U —1},z0yo0...oy) = pymax{zoy, rit} + (1 — py) max{z oy, 25},
—

U-1

since (U\{1,...,U — 1})p = &. Consider the following cases:

I. If zoy > af, then, by Theorem A.1, box U is not inspected. Hence,
VE*U\{1,..,U —1},zoyo..oy)=Z04.

II. If zoy e (a8, zf), then by Theorem A.1, box U is inspected, and the agent
keeps the best prize between what is in box U and zoy. Then, V*(U\{1,...,U —
1},z0yo..oy) =~k +pyry + (1 —py)z7oy = prag + (1 — py)Zoy.

III. If zoy < zF, then the agent takes box U without inspection. Hence,
V*U\{L,..,.U —1},z0yo..0y) = uy = —k+k +ppry + (1 — pvr)y = pref +
(1 —py)xE.

This completes the proof for n = U—1. Suppose the claim is true for all n’ > n. I
show that: V*(U\{1,...,n},zoyo...oy) = max{W((U\{L,...,n})p), pns1 max{zoy, zZ }+

(1 = pps+1)Uns1}. Consider the following cases:

then by Theorem A.1, box n + 1 is not inspected, and

hence V*(U\{1,..,n},zo0yo..0y) = zoy. Note that since zoy > zf | =

I.If zoyg > aff, |,

maXen (1.3 21, then Zoy > W((U\{1, ...,n})p), and for n’ > n, v,y =Zoy.

..........

by Theorem A.1, box n + 1 is inspected, and hence:

VUL, ...,n},zoy...oy) = =k + Ppi1Zns1 + (1 — Pus1)Unaa

= pn+1$§+1 + (1 - pn+1)vn+1-
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III. Ifzoy < xfﬂ = maX;ey\(1,....n} 2P, consider the following cases:

(1) (U\{1,....,n})p # &, and pr1zl + (1 = poi1)vn = W(U\{L,...,n})p),
then by Theorem A.1, box n+1 is inspected, and one obtains the desired expression
for V*(U\{1,...,n},zoyo..0y).

(11) U\{1,....,n})p # &, and ppr1zl; + (1 — pug1)vnis < W(U\{L,...,n})p).
By Theorem A.1, boxes in (U\{1,...,n})p are inspected according to Weitzman’s
order, with outside option pi,,;. As shown, this has value W ((U\{1,...,n})p), and
hence V*(U\{1,...,n},zoy...oy) = W((U\{1,...,n})p).

(iii) U\{1,..,n})p = &, and v,41 > x2 |, then box n + 1 is inspected, and
the desired expression obtains.

(iv) Finally, suppose that (U\{1,....,n})p = &, and v,.1 = x2 ;. Then, box
n + 1 is taken without inspection, and V*(U\{1,...,n},zo0yo..0y) = 1 =
Pri1ziy + (1= pop)z) ) = pppymax{zfl, |, 707} + (1 = pog1) Vst

The three steps complete the proof. O]

A.6  Boxes for which x* < 2B are never inspected in the optimal policy

This last subsection shows that, if there are boxes i € N such that 2% < 2P, then,
without loss of generality, box ¢ is never inspected in the optimal policy. Therefore,
for any such box i € NV, it is either taken without inspection upon stopping search,
or it is never used in the optimal policy. Moreover, note that only one such box can
be taken without inspection conditional on stopping search. Then, by redefining
xo to be whatever is best between the agent’s initial outside option and the best of
the boxes for which x* < B, the analysis in the paper carries through by focusing
on the boxes for which z? < zF.

Given a set of boxes U, define:

UBE =liell: x
={ield:x

B R

P <
R B
AR ol

Given a decision node (U, z), I denote by (U’,2'),U" < U,2" = z o zpy a generic
decision node in which boxes in U\U' have been inspected, and prizes z, s have

been sampled.
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Proposition A.1. Let U be the set of boxes, and let z be a vector of realized
prizes. Assume that URSB = . Then, there exists an optimal policy {p*,c*}
such that VU, 2") U S U A2 = z0 Zyu)[e* U, Z) =1 = o*(U',2) ¢ UFSE].

Proof. The proof is by double induction in the cardinality of I/ and UF<B. Since
URSB = U, then [URSB] < |U|. Induction is in U = |[U|, and n, where [URSE| =

max{U,n}. Let P(U,n) denote the following predicate:

P(Um): (V2)(VU) : U| = U, URB = &, [URSB| = max{n,U}, the optimal
policy satisfies the property in Proposition A.1.

I first show that P(1,1) = 1, and then that if P(U’,n’) = 1 holds for U’ < U, and
n’ < n, not both with equality, then P(U,n) = 1 holds.

P(1,1)=1:

Let U = {i} and let z denote the vector of already realized prizes. Since U = n = 1,
then UF<P = {i}. T show that: —k; + {max{z;, Z}dF; < max{yu;,z}. Suppose that

Z = p;. Then, since i € URSE | 2 < p; < Z. Then,

—k; + | max{z;, Z}dF; —Z = —k; + J(l’z —z)dF(z;) <0,

z

R

since Z < xft (recall the derivation of equation (RV)), with equality only if z = x.

Now, suppose that u; > Zz. Then, 28 > p; > %, and it follows from (BV) that:
—00

P(U,n)=1:

Assume now that (YU’ < U)(Vn' < n), not both with equality, P(U’,n’) = 1. 1
show that P(U,n) = 1. Let U be the set of boxes, [U| = U, and let z denote the
vector of already sampled prizes. Let USE < U, [UBRSB| = max{U,n}. T use i to
denote a box in U<B and j to denote a box in U\UTSB whenever the latter is
not empty.

I make two remarks. First, notice that if a box j € U\URSP is inspected, then

one moves to decision node (U’ z o x;), where U’ = U\{j},U'SP = URSB and
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U'| = U — 1, and |[U'BSB| = n (note that if there was j € U\URSE, then it
can’t be the case that [UT<B| = U). Since, by the inductive step, I know that
P(U — 1,n) = 1, then there is an optimal policy in which boxes in U<E are
not inspected in any continuation history. Second, if a box i € UT<E were to be
inspected, then one moves to continuation history (U’, z o z;), where U’ = U\{i},
UTSB = YR<B\ (i}, and |[U'| = U — 1, [U'ESP| = max{U — 1,n — 1}. Since, by the
inductive step, I know that P(U — 1,n — 1) = 1, then there is an optimal policy

in which boxes in UY'E<B

are not inspected in any continuation history. The first
remark implies that to prove P(U,n) = 1 it remains to show that it is optimal not
to inspect a box in U< at decision node (U, z). The second remark will be used
when computing the payoff of inspecting a box in i € UF<5,

Given the above, I want to show that:

max {E, max fi;, max fi;, max {—kj+JV*(U\{j},zoxj)dFj}}

icYR<B jEZ/{B<R jEZ/{B<R

> igggi(B{—ki + JV*(U\{i}, zox;)dE;}, (A.7)
where the LHS of the above expression denotes the payoff the agent can get by
either stopping, and getting max{Zz, max,e r<s f;, max g p<r [i;}, Or continuing
search by inspecting a box in UP<f; the RHS denotes the payoff of inspecting
a box in UTSB. The stars in V denote that the agent follows the optimal policy
in the continuation histories, and the two remarks above apply, by the inductive

step, to those histories. Note that I can write, for any box i € UR<5:
~ i+ | V@) 2o )R

s fmax Ti, Z, MAXyeyR<B\ (3} fir, MAX jeyB<R [Lj, JIF.
maneuB<R{—kj + SV* (Z/[\{Z, ]}, zZ0X; 0 ZL‘])dF]}

_ _k'l n fmax 2;, max E, maXi/EuRgB\{i} it H.la.XjeuB<R iy dFl
maxes<r{—k; + § V*(U\{i, j}, z 0 x; 0 x;)dF}}
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- JJFOO rf 4+ max { 0, max 7 maXy e\ (i) i rr.la?(jeuB<R Hi: —x; p dF;
R max ey s<r{—k; + § V*(U\{i, j}, z 0 x; 0 x;)dF}}

R _
v Z,max;: <B\{j} Wi, MaX; < iy
+ f max { r;, max G Ul . _XJEMB " H dF;,
—w max;es<n{—k; + § V*(U\{i, j}, z 0 x; 0 x;)dF}}
where the first equality is by definition of the set of actions available to the agent,
and I use the second remark above; the second equality is just a rearrangement of

terms, and the third equality follows from using (RV) for box i.

Notice that the second term in the first integrand:

max J 0. max E, maXileuRsB\{i} Mgty MaX e B<R g, —
7 max e e<r{—k; + § V*(U\{i, j}, z 0 x; 0 z;)dF}} 7
is decreasing in z;: the slope of —z; is —1, and the slope of the term in the max{-}

as a function of z; is at most one (it would be 1 only if z; is better than any of

the terms in the max{-} for all z; € [z®, +0]). Thus, it follows that:

J+OO zf + max { 0, max A<\ nfla.Xjequ ok —x; ¢ dF;
R maxs<r{—k; + § V*(U\{i, j}, z 0 x; 0 x;)dF}}

T

< . max { 7, max Z, MaXyeR<B\(;) [, MAXjeyB<r [, dr;.
R ! maneuB<R{—kj + SV*<Z/{\{27J}7’ZO$?O$])(1F}}

Ty

Also,

o _
f " max { z;, max & TRsauniG B, TIAZgeus<h iy dF;
—w max e s<r{—k; + § V*(U\{i, j}, z 0 x; 0 x;)dF}}

2P _
< J " max zF, max & maNreunso\e @éxjequ o dF;,
w max g <r{—k; + {V*U\{i,j}, z o o x;)dF};}

since the integrand is increasing in x;. Putting all of this together, I conclude that
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for all i € UT<P the following holds:
— ki + JV*(U\{@'}, zox;)dF;

— kit fmax Tiy Z, MaXyeyr<p\(i} [lir MAXjeyB<R [1j, dF,
! maneuB<R{—kj _l’_SV*(Z/[\{Z,]},ZOCL’ZOl'])dE]} Z

< .Z'ZR, 2, maXileuRgB\{i} M manEL{B<R s
< Imax .
max e s<r{—k; + {V*U\{i, j}, z 0 af o x;)dF};}

But, then one concludes that, for all i e YF<B:

max {E, max /i;, max fi;, max {—kj—l—fV*(L{\{j},zoxj)dFj}}

ieYR<B jEZ/{B<R jeZ/lB<R

> l’fz, Z, MaXyeyR<B\(3} M, MaX e B<R [j,
> max
max e s<r{—k; + § V*(U\{i,j}, z 0 xl o x;)dF;}

> kit f VAU i}, = 0 ) dF,

where the first inequality follows from xf* < pu; for i € Uf*<B and the fact that
taking box ¢ without inspection and getting p; is always an option in the optimal
policy in the first line, while not in the second. Moreover, note that for i € U7<5,
the first inequality is strict.

Since the above holds for each i € U< it follows that (A.7) holds, and, thus,

P(U,n) =1 0

B INDEXABILITY

I discuss formally why, unlike Weitzman’s, the optimal policy in my model is not
an index policy. To do so, I define the notion of an index, and an index rule. I
then show that, under Assumption 1, no index rule is optimal even when N = 1.
I finish the section with two remarks for the case of N > 1, which follow from the
suboptimality of index rules. To keep the presentation simple, I assume that X;,
box i’s set of possible prize realizations, is finite.

Formally, each box can be used to define a Markov decision process, with pa-

rameters as follows. Let d € [0, 1] denote the discount factor. The set of states is
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S; = {} u X;, where {J} represents that box ¢ is uninspected, and x; that prize
x; € X; has been realized. The set of controls is A; = {0,1}, where a; = 0 cor-
responds to taking box ¢ without inspection. Transition probabilities are given
by: P(s; = wils; = J,a; = 1) = fi(x;), P(s; = xls; = J,a; = 0) = 0,
P(s; = mi|ls; = 2f,a;) = 1|z, = x;]. That is, if the agent inspects box i, it
transitions to state x; with probability f;(x;); it does not transition when it is
taken without inspection. Moreover, for all z; € X;, state x; is absorbing . Finally,
payoffs are given by (i) v(F,0) = (1—0)u;, (ii) v(F, 1) = —ki, v(z;, 1) = (1 —0)x,
and (iii) v(z;,0) = K, for some K < min{xz; : z; € X;}. That is, (i) taking a
box without inspection yields a payoff of y;, (ii) when the agent inspects the box,
he pays its inspection cost, and when he returns to the box, he receives z;, and
(iii) when the agent inspects the box, he can’t take it without inspection, so I
assign a low payoff to a; = 0 when the box is inspected. The agent maximizes his
discounted expected sum of payoffs.

An index for box 7 is a function that depends on the state of box i; I denote it
v; + S; — R. An index policy for a set of boxes N is a policy that at each state
chooses the box with the highest index.

In the environment under consideration, a slightly different definition of an in-
dex policy is needed. One needs to know both which box to choose next, and also
whether to inspect it, or take it without inspection. Let v;,, : S; — R denote the
index for box ¢ for action a;. An index policy chooses at each state the box with
the highest max{v.o,v.1}, and applies to it the action with the highest index.

Assume now that N = 1, and the box is uninspected. Let Z denote the outside

B < 2B If an index policy is optimal, then two things

option. Suppose that x
must be true. First, for 7 < 2, 111() = v1,1() should hold, since box 1 should
be taken without inspection. Second, for z € (z¥,2%), v11(&) = vo1 (), since
box 1 should be inspected. Hence, it follows that vy ;() = v11(&). Then, an
index policy would imply that the agent is indifferent between inspecting box 1,
and taking it without inspection, but this is not always the case. When the box is
uninspected, what action is optimal depends on Z (recall Proposition 0), but, by
definition, the index cannot condition on this information.

Interestingly, when zf < xP  an index does exist, since for any z, should the

box be chosen, it can only be optimal to take it without inspection. To see this,
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define vy = p, and v;; < p. Also, since Z can be interpreted as a box with
zero inspection cost, and probability 1 of yielding a prize of Z, one can define
iz = Vpz = 2. In this case, the index policy is optimal. In fact, Glazebrook
[5] shows that a sufficient condition for a stoppable superprocess® to be solvable
by an index policy is that the optimal action with which to continue with box 1
does not depend on the value of z, i.e., that xf* < 8. However, if this holds for
all boxes, the optimal policy is trivial: search finishes immediately, and the agent

takes max{Z, max;es f1;}-

Remark 7. When N = 1, the reservation and backup values, and the initial
outside option, are enough to determine the optimal policy. However, the proof
that no index rule is optimal when N = 1 suggests why the cutoffs are not enough
to determine the optimal policy when N > 1.2 The reason why more than the
cutoff values matter to determine the optimal policy is that they don’t necessarily
determine the full “value” of a box. By the previous discussion, the value of a
box depends on whether the box will be inspected, or taken without inspection.
To see this, consider Problem 2 in Section 1. If only school A is available, it is
optimal to accept school A without inspection. Now add school B, and note that
it is worse than school A both to inspect and to take without inspection.? One
would then expect that the optimal policy remains the same when adding school
B. However, this is not the case, because what dominates taking school A without
inspection is inspecting school B and then choosing, given x g, whatever is best
between inspecting or taking school A without inspection. Thus, the boxes’ cutoffs

alone are not enough to determine the optimal policy.

Remark 8. A second difference between Weitzman’s model and the one consid-
ered here is that, contrary to the stopping rule in Weitzman, stopping and taking a
box without inspection is not a one-step look ahead rule. More precisely, in Weitz-
man’s model stopping is optimal at decision node (U, z) if, and only if, for every
i € U, it is optimal to stop at ({i},z). Clearly, if it is optimal to stop at (U, z),
the agent should not find it optimal to inspect any box i € U, i.e., stopping being

23The Markov decision process defined above is a special case of a stoppable superprocess.
Superprocesses are instances of restless bandits, which are shown to be PSPACE-hard in [11].

24Gection C.1 shows that two sets of boxes can share the same cutoffs, and yet have different
optimal policies.

ZEquations (RV)-(BV) can be used to show that 2% > 28 > 28 > 25,
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optimal at ({i}, z) is a necessary condition for stopping to be optimal at (U, z). In
Weitzman’s model, it is also sufficient. However, in this search problem, it could
be that for all i € U, stopping and taking a box without inspection is optimal at
({i}, 2), and yet this is not the optimal policy at (U, z). To see this, consider again
Problem 2. Using equation (BV), it follows that z = 0 < minega g z”. However,
the optimal policy has the student visit school B first. This follows from the same
observation as in Remark 7: what dominates taking either school without inspec-
tion is the possibility of, after visiting school B, choosing optimally whether to use

school A as an option to inspect, or to take without inspection.

C EXAMPLES

C.1 Cutoffs don’t determine the optimal policy if N = 2

Examples C.1 and C.2 demonstrate the claim made in Section B:

Example C.1. Suppose N = {1,2}, and X; = X5 = {0,2,10}. Assume first that
P(X; =2)=P(Xy;=2)=0.2, and P(X; = 10) = 0.7, P(X, = 10) = 0.5, so that
F\ >rosp F». Assume that k; = ky = 1. It can be shown that a:{g = % > ZL“QB = 2.8,
and 21 = © > 2! = 8. Note that after inspecting box 4, search always stops: the
agent takes the inspected box when x; = 10, and takes box j without inspection
whenever z; < 2. Since p; < 2%, inspecting box 2 first dominates taking box 1

without inspection; moreover, inspecting box 2 first dominates inspecting box 1
first since: 8.62 = 0.7 x 10 + 0.3 x pus < 0.5 x 10 + 0.5 x puy = 8.7.

Example C.2. Modify the above example as follows. Box 1 is the same as before.
Instead, box 2 is such that X, = {0,9}, P(X; = 9) = 25 and ky = & It is
immediate to show that cutoffs are exactly the same as the ones above. However,
the optimal policy now inspects box 1 first; search stops if X; = 10, and the agent

gets X7 = 10, while box 2 is taken without inspection when X; < 2.

C.2  Example footnote 3 in Section 1

Below, I present an example where, unlike Problem 2 in Section 1, the worst prize

in both boxes is the same, and where, like Problem 2, the agent inspects first the
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box with the lowest reservation value.

Example C.3. Assume the agent has an outside option z = 0. Table 2 describes

the prize distribution, and inspection costs of boxes A and B:

A Prize 0 1 5 Inspection cost
Probability 0.10 0.80 0.10 0.10

B Prize 0 05 43 Inspection cost
Probability 0.2 0.55 0.25 0.10

Table 2: PRIZE DISTRIBUTION FOR EACH BOX

1
29
1 = 1.3. Thus, in Weitzman’s model, the agent inspects box A first; if x4 = 5,

It can be verified that zff = 4 > 2% =39, 28 =1 > 28 = 1 and pp = 1.35 >
search stops, and, if z4 < 5, he inspects box B, and takes max{z, zp}.

In the model considered here, by Proposition 0, after inspecting box A, the agent
inspects box B only when x4 = 1; if x4 = 5, search stops and the agent takes
T4, and when z4 = 0 he takes box B without inspection. If, instead, he starts
with box B, box A is never inspected: if xp = 4.3, search stops, and he takes xp,
while if zp € {0,0.5}, he takes box A without inspection. That is, he takes box
A without inspection when zp < % even if box A may contain a prize worse than
%. This is because the agent assigns a high probability to x4 = 1; this is reflected
in box A’s backup value. The combined effect of saving on inspection costs when
box B has a low enough prize and the “certainty” of a not so low prize from box

A imply inspecting box B first is optimal.
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