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Abstract

There is a conventional wisdom in economics that public debt can serve as a
substitute for private credit if private borrowing is limited. The purpose of this
paper is to show that, while a government could in principle use such a policy to
fully relax borrowing limits, this is not generally optimal. In our economy, agents
invest in a short term asset, a long term asset, and government bonds. Agents are
subject to idiosyncratic liquidity shocks prior to the maturity of the long term asset.
We show that a high public debt policy fully relaxes private borrowing limits and
is suboptimal. This is because agents expecting such a policy respond by investing
less than is socially optimal in the short asset which can protect them in the event
of a liquidity shock. The optimal policy is more constrained and it induces a wedge
between the technological rate of return on the long asset and the rate of return
on bonds. In such a regime, agents subject to liquidity shocks are also borrowing
constrained, and this expectation of being borrowing constrained induces them to
invest the optimal level in the short asset.
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1 Introduction

There is a conventional wisdom in economics that public debt can serve as a substitute for
private credit if private borrowing is limited. Specifically, a government can issue public
debt in order to subsidize borrowing constrained agents, and it can guarantee this public
debt with future government revenues.! The purpose of this paper is to show that, while
a government could in principle use such a policy aggressively to fully relax borrowing
limits, this is not generally optimal. Instead, the optimal debt policy, which can achieve
the efficient allocation, is more constrained and forces some agents to remain borrowing
constrained.

We build on the canonical model of financial intermediation used by Diamond and
Dybvig (1983), Jacklin (1987), Allen and Gale (2004), and Farhi, Golosov, and Tsyvinski
(2009). In this model, agents can invest in a short term and long term asset (technology).
Agents are also subject to an idiosyncratic private liquidity shock prior to the maturity
of the long term asset. We introduce two new features to this model. First, we impose
that private financial contracts are not enforceable, so that agents cannot pool their
investments or borrow resources from one another. Second, we introduce government
bonds which can be anonymously traded across agents and which are financed by uniform
lump sum taxes. These two features allow us to explore the extent to which government
bonds can serve as a substitute for private credit and financial intermediation when private
borrowing is limited.

In this environment, higher levels of public debt effectively slacken the borrowing limit
on agents subject to liquidity shocks. Specifically, the government can subsidize agents
subject to liquidity shocks by raising resources via the issuance of public bonds which are
purchased by the agents not subject to liquidity shocks. These bonds are eventually repaid
when the government taxes all agents’ proceeds from their long term asset. Thus, for low
levels of public debt, agents subject to liquidity shocks remain borrowing constrained. As
the government increases the level of debt, the return on public debt rises and agents
subject to liquidity shocks become less borrowing constrained. Moreover, agents reduce
their initial investment in the short term asset relative to the long term asset since they
expect to be less borrowing constrained in the event of a liquidity shock. This increased
investment in the long term asset is reinforced by the expectation of higher eventual

taxes to finance repayment of the public debt. Eventually, if the government increases

ISee for example Caballero and Krishnamurthy (2006), Kocherlakota (2007,2009), Holmstrom and
Tirole (1998), and Woodford (1990) for examples of economies in which governments can relax private
borrowing limits by issuing public debt.



debt sufficiently, then no agent is borrowing constrained, and the return on government
bonds equals that on the long asset. In such an economy, Ricardian Equivalence (Barro,
1974) holds since local changes in fiscal policy do not affect the economy which perfectly
replicates a market economy absent borrowing limits.

The main result of this paper is that such a policy which fully alleviates borrowing
constraints is suboptimal. This is because such a policy induces agents to invest less
than is socially optimal in the short asset which can protect them in the event of a
liquidity shock. The best policy is more constrained and it induces a wedge between
the technological rate of return on the long asset and the rate of return on bonds. In
such a regime, agents subject to liquidity shocks are also borrowing constrained, and
this expectation of being borrowing constrained induces them to invest the optimal level
in the short term asset. In other words, a fiscal policy which leaves agents subject to
liquidity shocks borrowing constrained can serve as a substitute for efficient financial
intermediation.

Our result is most related to the work of Diamond and Dybvig (1983), and specifically,
to the critique of the conclusions of this work made by Jacklin (1987) and its resolution in
Farhi, Golosov, and Tsyvinski (2009). Diamond and Dybvig (1983) show that in a similar
economy to ours, private financial intermediation can generate the efficient allocation even
if liquidity shocks are unobservable. However, Jacklin (1987) shows that if-in addition to
experiencing private liquidity shocks—agents can unobservably borrow and lend freely in
private side markets, then this severely limits risk-sharing. This is because arbitrage forces
the interest rate to equal the technological rate of return, and this reduces risk-sharing.
Farhi, Golosov, and Tsyvinski (2009) argue that the imposition of a liquidity floor on
intermediaries in such an environment can implement the efficient allocation. The main
contribution of our paper to this literature is to show that efficiency can be preserved even
in the presence of side trading and in the absence of financial intermediaries through the
use of a simple fiscal policy with lump sum taxes and public debt. More specifically, our
environment differs from previous work in that we assume that there are no intermediaries
since private contracts are not enforceable. However, it is similar to Jacklin (1987) in
that agents can privately trade in the market for bonds, though this is subject to a
non-negativity constraint on their government bond holdings. Therefore, in contrast to
Diamond (1997)—who assumes that participation in side markets is exogenous—side trading
in our environment is endogenous to the supply of government bonds.

Our result is more generally related to a broader insight present in the work of
Geanakoplos and Polemarchakis (1986), Golosov and Tsyvinski (2007), and Ales and

Maziero (2009). They show that absent government policy, economies with private in-



formation and anonymous trading are inefficient, and such an inefficiency can potentially
be reduced by the introduction policies which induce an intertemporal wedge.? In our
environment, the presence of private borrowing limits implies that the government can
utilize fiscal policy so as to let these borrowing limits bind and induce an intertemporal
wedge which enhances the efficiency of investment.?

The paper proceeds as follows. Section 2 describes the model. Section 3 describes our

main result. Section 4 concludes and the Appendix includes all of the proofs.

2 Model

2.1 Technology and Preferences

We build on the classical model of financial intermediation used by Diamond and Dybvig
(1983), Jacklin (1987), Allen and Gale (2004), and Farhi, Golosov, and Tsyvinski (2009).
The economy lasts three periods ¢ = 0,1,2. There are two assets in the economy. The
short asset returns one unit of the consumption good at ¢ + 1 for each unit invested at
t. Investment in the long asset is performed at ¢ = 0 and yields R > 1 units of the
consumption good at ¢t = 2. For simplicity, liquidation of the long asset at date 1 yields
a payoff of zero.

The economy is populated by a unit continuum of ex-ante identical agents. These
individuals receive an endowment e at t = 0. At ¢t = 1, each individual draws his type
0 = {0,1}. With probability 7 € (0,1), an individual is of type # = 0, and with probability
1 — 7, he is of type 6 = 1. The utility of an individual of type # is denoted by

Uler,e2,0) = (1—60)u(cr) +0pu(cr + o), (1)

where ¢; > 0 corresponds to the agent’s consumption in period 1, co > 0 corresponds to
the agent’s consumption in period 2, and p is a constant. We assume that w« (-) is twice
continuously differentiable, strictly increasing, and strictly concave with lim. o v’ (¢) = o0

and lim. .., %' (¢) = 0. In addition, as in Diamond and Dybvig (1983), we assume that

2See also Bisin and Rampini (2006), Geanakoplos and Polemarchakis (2008), and Greenwald and
Stiglitz (1986) for arguments along these lines.

3That borrowing limits can be used to implement constrained efficient allocations has also been noted
in Albanesi and Sleet (2006) who consider the implementation second best policies in private information
economies.



the intertemporal elasticity of substitution is less than or equal to 1

' (¢)

eu” ()

<lforallec>0 (2)

and that R~ < p < 1 so that pR > 1.

Agents of type # = 0 are affected by liquidity shocks, and only value consumption in
the first period whereas agents of type § = 1 are unaffected by liquidity shocks and are
indifferent between consumption in the first or second period. The types of agents are
private and cannot be observed by other agents. We let a = {c1 (0) ,c2 (0)}5c (0,1, denote
an allocation of consumption across consumers.

As in Farhi, Golosov, and Tsyvinski (2009), we do not impose a sequential service
constraint which implies that there are no bank runs in our model. In this economy we
define L € [0, 1] as the fraction of the period 0 endowment which is invested in the short

asset at date 0.

2.2 Government Policy and Markets

The government raises lump sum taxes 74 E 0att = 1,2.* The government has zero initial
debt and does not finance any public spending so that its dynamic budget constraints at

dates 1 and 2, respectively, are

T1+qB = 0Oand 79— B =0 (3)
for B = 7b(0)+(1—m)b(1).

b (0) denotes the government bonds purchased by an agent of type 6, and ¢ corresponds
to the market price of the government bonds. Let ¢ = {7 72, B,q} correspond to a
government policy.

We impose that private financial contracts are not enforceable, so that agents cannot
pool their investments or borrow resources from one another. This allow us to explore
the extent to which government bonds can serve as a substitute for private credit and
financial intermediation when private borrowing is limited. This means that public bonds
cannot be shorted so that b(f) > 0.° As such, the dynamic budget constraints of the

4The government cannot operate the technology available to the agents and for this reason, there is
no motive for the taxation of the endowment at date 0.

We can easily allow for partial enforceability of private lending contracts, and all of our results
continue to hold for any finite d which represents the borrowing limit of agents. This is because in
such an environment the return on private and public bonds are equal and the government can freely



agent can be written as:

Lel0,1], (4)
c1(0)=Le—711—qb(#) for § ={0,1}, and (5)
¢ (0)=R(1—L)e—7y+b(6) for 6 ={0,1}, (6)

where we have implicitly assumed that ¢ < 1 so that agents prefer to save using gov-
ernment bonds between t = 1 and ¢t = 2 versus using the short asset. All of our results
regard the parameter space for which government policy induces g < 1 so that (5) — (6)
are without loss of generality. Together with (3), (5) — (6) imply that an allocation « is

feasible if it satisfies

Co (0)
R

7 {cl (0) + } +(1—7) [cl (1) + (7)

Let
7= {L 03], {er (6) = 0,c2(6) = 0,6(6) > 0}y |

represent the market choices of the agent. The agent’s problem can be written as:

max 7 (c1(0))+ (1 —m)pu(cr (1) +e2(1)) st (4) —(6). (8)

We can now define a competitive equilibrium.

Definition 1 A competitive equilibrium is an agent’s market choices v, a government

policy 1, and an allocation o, such that

1. 7 solves the agent’s problem (8),
2. 1 satisfies the government budget constraint (3), and

3. « satisfies the resource constraint (7).

Define A as the set of allocations a which are generated under a competitive equilib-

rium. To get a sense of the set A, note that we can substitute (3) into (5) and (6) so as

manipulate B so that any finite debt limit d eventually binds.



to rewrite the agent’s problem in this economy as:

max T (c1(0))+ (1 —m)pu(cr (1) +e2(1)) s.t. (9)
1 (0) + qea (0) = Le 4+ qR(1 — L) e for = {0,1}, and (10)
B>R(1—L)e—cy(0) for  ={0,1}. (11)

This substitution shows that the solution to the agent’s problem in our economy is
equivalent to the solution to his problem in an economy without government policy in
which he trades private claims and is subject to an exogenous borrowing limit 5. This
observation reflects the more general result in Theorem 1 of Kocherlakota (2007) who
shows the equivalence between a private and public bond economy. More specifically, in
choosing the level of public debt B, the government effectively chooses the tightness of
(11). Since in equilibrium it is going to be the agents subject to liquidity shocks who
borrow, the level of B thus determines the extent to which these agents are borrowing

constrained.

3 Analysis

3.1 Efficient Allocation

As a benchmark, it is useful to characterize the efficient allocation. This allocation solves

the following problem:
max 7w (¢ (0)) + (L —7) pu(cy (1) + 2 (1)) st (7). (12)
The below lemma describes the solution to this problem using the superscript F.

Lemma 1 (efficient allocation) The solution to (12) satisfies e < cF (0) < & (0) < Re
and c¥ (0) = cF (1) = 0 with

u' (e} (0)) = pRu’ (c (1)) . (13)

In the efficient allocation, agents subject to liquidity shocks only consume at t = 1
and agents not subject to liquidity shocks consume at ¢t = 2. Moreover, (13) implies that
the marginal rate of substitution between ¢ = 1 and ¢ = 2 consumption is below the

technological rate of return R since p <1



3.2 Competitive Equilibrium

As we discussed, in this economy private financial contracts are not enforceable, though
the setup of the agent’s problem in (9) — (11) shows that the presence of government bonds
means that they can serve as a substitute for private financial markets. Specifically, the
government can choose a level of debt B which it effectively borrows from agents not
subject to liquidity shocks on behalf of those subject to liquidity shocks. In this section,

we characterize the economy under different levels of government bonds.

3.2.1 High Debt Policy

We first consider a situation in which the level of public debt is sufficiently high that

constraint (11) does not bind in the solution to the agent’s problem. Specifically, let

~

B = (1— ) Re.
The following lemma characterizes the competitive equilibrium for all B > B.

Lemma 2 (high debt policy) If B > B, then ¢ = 1/R, ¢1(0) = e < ¢ (0), (1) =
Re > (& (0), and c5 (0) = ¢1 (1) = 0.

The lemma states that if the level of debt is above a threshold, then (11) stops binding,
so that the allocation is identical to one in which no agent is borrowing constrained and
R and 1 /q are equal to one another. When debt becomes sufficiently high, local changes
in fiscal policy have no impact on market allocations since Ricardian Equivalence holds,
and the government is effectively choosing a policy which replicates private markets in the
absence of borrowing limits. Suppose for instance that B > B and that the government
were to increase current taxes 77 by some arbitrarily small amount ¢ > 0. Then agents
of all types would anticipate a decrease in future taxes 79 by €/¢q (since government debt
is reduced) and they would therefore decrease their savings ¢b (0) uniformly by e, fully
offsetting the increase in date 1 taxes. Such an offsetting reduction in savings is possible
since all agents are purchasing government bonds. Thus, the small change in government
policy has no impact on allocations and interest rates.

Note that in this economy, agents subject to liquidity shocks do not consume at date
2 and agents not subject to liquidity shocks only consume at date 2. Agents not subject
to liquidity shocks prefer to consume at date 2 since the return on government bonds
exceeds 1. Agents subject to liquidity shocks only consume at date 1 because consuming

at date 2 (which they do not value) is wasteful given that returns on bonds are sufficiently



high. Specifically, agents prefer to avoid the possibility of wasting long assets if they are
subject to the liquidity shock, and they instead hold short assets with which they purchase
government bonds in the event of avoiding the liquidity shock.

Lemmas 1 and 2 imply that the economy in which no agent is borrowing constrained
is inefficient. More specifically, it entails over-investment in the long asset and under-
investment in the short asset relative to the efficient allocation. This result is related to
the work of Jacklin (1987). He shows that in the model of Diamond and Dybvig (1983),
the ability of agents to borrow and lend freely at some interest rate 1/q generates arbitrage
forces which push 1/q to equal the technological rate of return R. This reduces the level
of social insurance since there is effectively less redistribution from the agents not subject
to liquidity shocks to those subject to liquidity shocks. As discussed in the introduction,
this insight more generally reflects the fact that in an economy with private information

and anonymous trades, agents will generally be underinsured.

3.2.2 Low Debt Policy

We now consider how our above conclusions change if the government instead chooses a
level of debt below B. In this situation, b (0) = 0 so that agents subject to liquidity shocks
are borrowing constrained and constraint (11) binds. Suppose now that the government
were to reduce public debt by increasing current taxes 71 by some arbitrarily small amount
e > 0. In this situation, these agents subject to liquidity shocks would not be able
to decrease their savings ¢b(0) by € so as to fully offset the increase in date 1 taxes.
Therefore, local changes in the level of public debt are no longer neutral. The below lemma
characterizes the equilibrium for low levels of public debt. To simplify the discussion we
limit our examination to the case for which public debt B is above some threshold B<B

which is defined in the Appendix.°

Lemma 3 (low debt policy) There exists some Be (O,E) such that if B € <§,§],

then q = <e/B—1/§> (1—m) /7, c1(0) = (e—B/ﬁ) /7, co(1) = B/(1—m), and
c2(0)=¢; (1) =0.

The lemma states that the price of public debt ¢ is decreasing in public debt B, the
consumption of agents subject to liquidity shocks ¢ (0) is decreasing in public debt B,
and the consumption of agents not subject to liquidity shocks ¢; (1) is increasing in public
debt B.

6 Above this threshhold it is the case that ¢ < 1 so that constraints (5) — (6) apply.




The mechanics behind government policy are as follows. If agents are affected by a
liquidity shock at date 1, they receive a lump sum transfer from the government which
they consume and they do not purchase any government bonds. They would in principle
like to borrow at the same low rate as the government, but they are incapable of doing so
because of private borrowing limits. If instead, agents are not subject to liquidity shocks,
then they take this lump sum transfer together with their holdings of the short asset in
order to purchase government bonds which yield interest 1/¢q > 1 into date 2. At date 2,
agents are taxed on the gross return on the long asset and on government bonds, and the
government uses this revenue to finance the debt which it incurred at date 1.

Note that the inability to borrow by agents subject to liquidity shocks sustains a wedge
between the technological rate of return R and the bond rate of return 1 /q. Moreover,
this wedge declines as the level of public debt rises. This is because as the government
increases its bond issuance, the rate of return on those bonds increases in order to attract
financing from agents not subject to liquidity shocks. As the rate of return rises and as
the level of bond issuance rises, the borrowing limit (11) on agents subject to liquidity
shocks is slackened. Since agents become ex-ante less concerned about being borrowing
constrained, they invest more of their resources in the long asset relative to the short asset
at date 0. This increased investment in the long asset is reinforced by the expectation of
higher taxes at date 2 to finance the public debt. Therefore, as the level of public debt
rises, consumption at date 1 during a liquidity shock falls and consumption at date 2 in

the absence of a liquidity shock rises.”

3.3 Optimal Debt Policy

We have shown that a high debt policy with B > B does not coincide with the efficient
outcome since agents invest too little of their initial endowment in the short asset. We
have also shown that for levels of public debt B below B, agents respond to reductions
in B by investing more resources in the short asset. We now consider the optimal fiscal

policy which solves the following program:

max mu (c1(0)+ (1 —=7m)pu(cr (1) +e2(1)) st a€A, (14)

7If instead B < B , then the return on government bonds becomes so low that agents may be willing
to invest a sufficient amount in the long asset that they waste resources at date 2 in the event that they
receive a liquidity shock at date 1 (i.e., c2 (0) > 0). Under some conditions, an increase in B in this region
increases date 1 consumption by increasing interest rates and reducing the amount invested in the long
asset. Details available upon request.



where as a reminder A corresponds to the set of allocations which are sustained by a

competitive equilibrium.

Condition 1

T 1—i—c§(1)
1—7 RcF(0)

Proposition 1 (optimal debt policy) The solution to (14) admits B < B and 1/q < R,
and if Condition 1 holds, then it attains the efficient allocation.

This proposition is the main result of this paper. The first part of Proposition 1
states that the optimal fiscal policy lets agents subject to liquidity shocks be borrowing
constrained and it admits a wedge between the rate of return on bonds and the rate of
return on long assets. To see the intuition for this result, consider the allocation starting
from ¢ = 1/R and B = B where from Lemma 3, such an allocation admits ¢; (0) = e and
e (1) = Re. Suppose the government were to choose an alternative fiscal policy which
reduces public debt by Re for € > 0 arbitrarily small. From Lemma 3, the alternative
policy admits a perturbed allocation ¢} (0) = e+ ¢/7 and ¢, (1) = R (e — ¢/ (1 — 7)). The
change in social welfare from this perturbation for e sufficiently small has the same sign

W (e1(0) = pRu (5 (1)),

which is positive since p < 1, ¢; (0) < ¢ (0), and c3 (1) > & (0). In other words, the
government can tighten the borrowing limit on agents subject to liquidity shocks which
induces them to invest more in the short asset. This raises social welfare since it increases
the amount of resources available at date 1 for the consumption of agents subject subject
to liquidity shocks and this benefit outweighs the cost of reducing the date 2 consumption
of agents not subject to liquidity shocks.

The second part of Proposition 1 states that the optimal fiscal policy attains the
efficient allocation if Condition 1 is satisfied. Condition 1 implies that if faced with the
interest rate associated with the efficient allocation ¥ (1) /cF (0), an agent would not
invest so much in the long asset that resources are wasted at date 2 with ¢, (0) > 0. This
condition always holds for example if 7 > 1/2 or if R is sufficiently close to 1 so that the
economic motive for investing in the long asset is low. Thus, if Condition 1 holds, it is
not only the case that the optimal policy induces a wedge between 1/¢ and }Af, but it is
also the case that it induces the fully efficient level of investment in the short asset. If

Condition 1 does not hold, then a fiscal policy which admits a wedge between the rate of

10



return on bonds and the rate of return on long assets raises efficiency relative to a high

debt policy, though it cannot achieve the efficient allocation.®

4 Conclusion

We have introduced fiscal policy to a classical model of financial intermediation to argue
that it is not generally optimal for the government to use fiscal policy to relax all private
borrowing limits. Our result emerges from the more general principle that the presence
of borrowing limits induces a wedge between the return on bonds and on technology,
and that such a wedge can enhance efficiency in economies with private information and
anonymous trades.

There are two additional issues to keep in mind in interpreting this result. First, there
is no sense in which public debt is the unique policy tool which can improve efficiency in
this environment. For example, the government could choose a proportional tax on bond
returns which would achieve the same result for any quantity of debt.” We focus on an
environment in which the supply of public bonds has real effects since we are motivated
by the economic argument that public bonds can relax private borrowing limits.

One can easily imagine an extension of our model in which additional instruments are
necessary, particularly if the government is unable to affect the interest rate by changing
the level of public bonds. For instance, suppose our environment were a small open econ-
omy in which the date 1 interest rate is fixed at R independently of fiscal policy, and the
government can issue bonds abroad at date 1. In this environment, borrowing constraints
on agents do not have any effect on their allocation, since agents can always satisfy any
borrowing limit by investing their entire endowment in the short asset and preserving the
option to save abroad at the interest rate R in the event they avoid a liquidity shock at
date 1. Such an allocation coincides with the inefficient allocation described in Lemma
2. Therefore, if the only policy tool for the government is to change borrowing limits via
public debt and lump sum taxes, then fiscal policy has no effect on allocations which are
inefficient.'” For this reason, achieving the efficient allocation actually requires additional

instruments, such as distorting taxes on the savings of agents not subject to liquidity

81n this situation, it may be better to combine a fiscal intervention with other policies which directly
limit the size of agents’ long asset positions such as the liquidity floor discussed in Farhi, Golosov, and
Tsyvinski (2009).

9More generally, Bassetto and Kocherlakota (2004) show that government debt becomes irrelevant in
the presence of a rich set of tax instruments.

19Note that this conclusion depends on the rate of return abroad being equal to R. If it were below ]TE,
then fiscal policy would cease to be neutral for intermediate levels of government bonds.

11



shocks so as to create better risk-sharing between agents subject to and not subject to
liquidity shocks.

A second issue to keep in mind is that what we describe is only one channel through
which the provision of public insurance can hinder efficiency. In particular, in examining
the setting of Diamond and Dybvig (1983), we focus on how the supply of public bonds
at date 1 can affect the maturity structure of investments ex-ante at date 0. In doing so,
we ignore how the supply of public bonds at date 1 can affect redistribution from date
1 onward conditional on the maturity structure of investment. As an example, suppose
that government policy at date 0 is expected to involve B &€ <§ ,E}, so that Lemma 3
applies. In such a setting, it can be shown that, conditional on the investment in the short
asset L, any ex-post increase in the supply of bonds has no effect on allocations or interest
rate, since agents anticipate higher taxes at date 2 and respond by increasing savings at
date 1 one for one.!'’ Alternatively, any ex-post decrease in the supply of bonds reduces
interest rates proportionately, has no impact on the welfare of agents subject to liquidity
shocks, and strictly decreases the welfare of agents not subject to liquidity shocks. This is
because conditional on L, the total amount saved by agents not subject to liquidity shocks
to finance the government at date 1 does not respond to reductions in the interest rate,
and this follows from our assumption on preferences in (1). Therefore, there is no scope
for redistribution ex-post. If instead preferences were replaced with Ou (¢;)+ (1 — 6) u (c2)
with types 6 € (0, 1) so that all agents value consumption at both dates, then fiscal policy
affects social welfare even conditional on the level of investment L. This is because the
level of savings of agents not subject to liquidity shocks responds to the interest rate.!?
How this concern for ex-post redistribution interacts with the optimal provision of ex-ante
incentives for investment is an interesting area for future research.

A final issue to keep in mind is that there are many other ways in which the provision
of public insurance can hinder efficiency. In an alternative setting, for instance, Attanasio
and Rios-Rull (2000) show that public insurance can interfere with incentives to repay.
One can also consider additional factors not studied here such as a government’s incentive
to default or political economy constraints which could hinder a government’s ability to

provide public insurance efficiently.

HTf agents not subject to liquidity shocks did not increase their savings, they would violate the con-
straint that ¢z (0) > 0.

12More specifically, it can be shown that holding L fixed, a reduction in the level of public debt starting
from a point at which borrowing constraints do not bind can serve as a means of redistributing away
from savers towards borrowers, since such a reduction in debt reduces the interest payment on that debt.
Details of some preliminary analysis of this question is available upon request.
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5 Appendix

Proof of Lemma 1

¢2 (0) > 0 cannot be optimal since agents of type 0 do not value consumption at date 2.
If it were the case that ¢; (1) > 0 then one could decrease ¢; (1) by some € > 0 arbitrarily
small while increasing ¢, (1) by eR which satisfies (7) and which strictly increases welfare.
This establishes ¢3 (0) = ¢1 (1) = 0. (13) follows from the first order conditions with
respect to ¢ (0) and ¢Z (1). (13) implies that ¢Z (0) < ¢Z (1) since pR > 1. Note that (2)
implies that dlog ' (c) /dlogc = zu” (z) /u’ (x) < —1. Therefore, since pR > 1 then (13)
implies that since ¢’ (1) > cF (0) it must be that

o (e (0)) = o (e (1) (15)

(15) together with (13) implies that ¢Z (1) < pRc? (0), which combined with (7) implies
that cF (0) > e and ¥ (1) < Re.
Q.E.D.

Proof of Lemmas 2 and 3
Step 1. Let us define B as

~ 1\ ! ~
B:max{e(liWqL}—A%) ,B} (16)

for B € (O,E) which solves

,(e—B/R o 5 B s y B B
U (T) (1 7T),0<R (€_§/§> (1—7?)) <1—7r>_0' (17)

This solution exists since the left hand side of (17) equals —oco if B = 0 and equals
mu () if B = B. Moreover, it is straightforward to see that the left hand side of (17) is

monotonically increasing in B so that B is uniquely defined.
Step 2. Since it is possible that agents invest in the short asset between ¢ = 1 and
t =2, (5) — (6) in the full problem must be replaced with

c1(0)=Le—71—qb(0) —s(#) for § ={0,1}, and (18)

c2(@)=R(1—L)e—72+b(0)+s(0) for 6 ={0,1}, (19)
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where s (6) > 0 represents the amount invested in the short asset for an agent of type 6
between t = 1 and ¢t = 2. Equations (3) and (18) — (19) imply that (7) in the full problem

must be replaced with

0 1
W[cl (0)+Czi)} 4 (1— ) [01(1)—#62/(\)] <e, (20)
R R
which binds if s (6) = 0 for § = {0, 1}.
Step 3. We can simplify the agent’s problem into a choice of L conditional on a level

of B and ¢q. We can show that the agent’s choice of L must solve

Lrg[%?a {ﬂu (Le—i—q (B —ma,x{B ~R(1- L)e,()})) +(1—m7)pu <§(1 — L)e—i—Le/q)}.

(21)
To establish this, first note that ¢ < 1. If instead ¢ > 1, then b(#) = 0 for § = {0, 1},
since the agent could otherwise make himself strictly better off by reducing ¢b (0) by € > 0
arbitrarily small, increasing s (6) by €/q, and increasing ¢; (0) by € (1 — 1/q). However, if
b(6) =0 for # = {0, 1}, this violates (3) since B > B> 0.

Let us now prove that (21) holds if ¢ < 1. Optimality requires s (§) = 0, since the agent
could otherwise make himself strictly better off by increasing ¢b (6) by € > 0 arbitrarily
small, decreasing s () by €/q, and increasing ¢; (#) by €(1/q — 1). Moreover, ¢; (1) =0
since an agent not subject to liquidity shocks could otherwise make himself strictly better
off by reducing ¢; (1) by € > 0 arbitrarily small, increasing ¢b(1) by €, and increasing
c2 (1) by €/q. Therefore from (18) for § = 1,

b(1)=(Le—71)/q= Le/q+ B (22)

where we have substituted in for 71 using (3). Moreover, since b(0) and ¢, (0) cannot be
negative, and since it is optimal to minimize ¢, (0) given that it does not increase welfare,
it must be that from (19) for § = 0 that

b(O):maX{Tg—]?Z(l—L)e,O} :max{B—]??(l—L)e,O}, (23)

where we have substituted in for 7o using (3). Substituting (3), (22), and (23) into
(18) — (19), we can write the agent’s problem (8) as (21).
Now suppose that ¢ = 1. From (18) — (19), this implies from (18) for § = 1 that

ci(1)+c(1)=Le+R(1—L)e, (24)
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where we have substituted in for 7, and 79 using (3). Moreover, since b(0), s(0), and
¢2 (0) cannot be negative, and since it is optimal to minimize ¢, (0) given that it does not

increase welfare, it must from (19) for = 0 that
s(0)+b(0) = maX{TQ ~R(1- L)e,O} = maX{B ~R(1- L)e,O} (25)

where we have substituted in for 7o using (3). Substituting (3), (24), and (25) into
(18) — (19) taking into account that ¢ = 1, we can write the agent’s problem (8) as (21).

Step 4. Since (21) characterizes L conditional on B and ¢, a useful simplification is to
characterize the equilibrium ¢ as a function of L and B so as to solve for L as a function

of B only. We now show that conditional on L and B, if ¢ < 1, then ¢ must satisfy

C1 (O)

¢ = 1(L.B)=— (0) + e (1)

(26)

_ 1 L <1—7r)
R\(-1)-@r-Dmax{(-1)-B/(Re),0} )\ 7/

where (L, B) is increasing in L for R (1 — L)e > B. Multiply (19) by ¢ and add it to
(18) to achieve:

1 (0)+qez (0)=Le — 711+ ¢ (fm —L)e—TQ) =Le+qR(1—L)e,and  (27)
gea (1) =Le — 711+ ¢ <}A‘2(1 —L)e—7’2> =Le+qR(1—L)e, (28)
where we have used (3) and the fact that s(0) = 0 and ¢; (1) = 0 if ¢ < 1 established in

step 3. (27) and (28) imply the first equality in (26). Substitution of (22) into (18) using
(3) implies that ¢; (0) = Le/w. Substitution of (23) into (19) using (3) implies that

e (0) :max{fm—L)e_B,o}. (29)

Therefore, from (20) which binds this implies that

c2(0)+c2 (1) = R(-L)e _@r-l) max{ﬁ(l—L)e—B,O}

1—m 1—m

which implies the second equality in (26). From (26), it is straightforward to show that
¢ (L, B) is increasing in L for R (1-L)e> B.

Step 5. Using steps 3 and 4, we now establish that there exists an equilibrium
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described in Lemmas 2 and 3 with ¢ < 1, and we show that the allocation of consumption
and ¢ is unique conditional on ¢ < 1. Note that ¢ > 1/]%, since if ¢ < 1/]?2, then
the solution to (21) admits L = 1, but this implies from (26) that ¢ = oo which is
a contradiction. To characterize the solution to (21), we consider the case for which
the solution admits B > ﬁ(l — L)e and the case for which the solution admits B <
R (1 — L) e. We can show that the former case can only apply if B > B, and the solution
is characterized as in Lemma 2. The latter case can only apply if B < B, and the solution
is characterized as in Lemma 3.

Case 1. Suppose that the solution to (21) admits B > R(1— L)e. If ¢ > 1/§,
then the solution to (21) admits L = 0, but this implies from (26) that ¢ = 0, which is a
contradiction. Therefore, if the solution admits B > R (1 — L) e, it must be that ¢ = 1/R.
Using this fact and substituting (3), (22), and (23) into (18) — (19), this implies that
¢1 (0) = e and ¢ (1) = Re, which from (20) which binds this implies that c5 (0) = ¢1 (1) =
0. From (26), this means that L = 7, so that if B > R (1 — L)e¢, then B > B. We are
left to verify the optimality of the agent’s choice of L conditional on ¢ = 1/ Rand B > B.
From (21), if ¢ = 1/ R, then the agent is indifferent across all levels of L conditional
on B > R(1— L)e. Moreover, conditional on B < R(1 — L)e, it is straightforward to
sce from (21) for ¢ = 1/R that the maximal L which sets B = R (1 — L) e is optimal.
Therefore, any value of L which satisfies B > R (1 — L) e is optimal, so that L = 7 is a
solution to the agent’s problem conditional on ¢ = 1/ R and B > B. This establishes that
if B > B, there exists an equilibrium as described in Lemma 2.

Case 2. Suppose that the solution to (21) admits B < R(1— L)e. If it were the case
that B < R(1 — L)e, then the first order condition to (21), substituting in for ¢ using
(26) and ¢; (0) = Le/7 from step 4 is

o (%) —(1—7)pR <1 . m> ! (}?(1 ~Le+ ?j(ieB)) =0.  (30)

Note that the left hand side of (30) is strictly decreasing in L. It therefore follows that
the left hand side of (30) is strictly negative for L =1 — B/ (ﬁe), the maximum feasible
value of L. However, if this is true, this violates the fact that B > B. T herefore, if the
solution to (21) admits B < R(1 — L)e, then it must be that B = R (1 — L)e which
implies from (29) that ¢y (0) = 0. Given (26), this implies from (27) and (28) that
¢1(0) = Le/m and ¢3(1) = R(1 — L)e/ (1 — ). Since B = R (1 — L)e, this implies by

substitution the values of ¢, ¢; (0), and ¢ (1) described in Lemma 3. We now verify that
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1/§ < ¢ < 1. That ¢ < 1 is guaranteed by the fact that B > B. In order that q> 1/1/%,
it must be that B < B. We are left to verify the optimality of the agent’s choice of L

conditional on g and B € (E , E} . From our above arguments, this choice of L is optimal

conditional on B < R (1 — L) e. Suppose instead that the agent prefers a value of L which
satisfies B> R (1 — L)e. Since ¢ > 1/R, then the solution to (21) admits the minimum
value of L so that B = R (1 — L)e. This establishes that the value of L which satisfies
B = ﬁ(l — L) e is optimal. Therefore, if B € (E,F], there exists an equilibrium as
described in Lemma 3.

Since case 1 only applies if B > B and case 2 only applies if B € (E,E}, and the
allocation and bond price are uniquely determined conditional on B in both cases, it
follows that the equilibrium allocation and price ¢ are unique conditional on B and on
q < 1.

Step 6. To complete the argument, we must establish that conditional on B > B ,
there does not exist an equilibrium with ¢ = 1. Consider the solution to (21) given that
g = 1. By the arguments in case 1 of step 5, it is not possible that the solution admits
B > R(1—L)e since this would imply that ¢ = 1/R < 1, which is a contradiction.
Suppose that B < R (1 — L)e, so that

Le <e— BJ/R. (31)

Substituting (3), (24), and (25) into (18) — (19) taking into account that ¢ = 1, it
follows that ¢; (0) = Le + B, 2 (0)/R = (1—L)e — B/R, and ¢, (1) + ¢ (1) /R >
(c1 (1) +c2 (1)) /R = (1 — L) e + Le/R. Substituting these quantities into (20), this im-
plies that

Le. (32)

-1
Equations (31) and (32) imply that B < <7r/ (1—m)+ 1/R> e, which contradicts (16).
Therefore, there does not exist an equilibrium with ¢ = 1.

Q.E.D.

Proof of Proposition 1

Suppose the solution admitted B > B so that ¢ = 1/ R. Consider the alternative
policy B = B — Re fore >0 arbitrarily small, so that from Lemma 3, the perturbed value
of ¢, (0) increases by €/ and the perturbed value of ¢ (1) decreases by Re/ (1 — 7). The

change in welfare from such a perturbation has the same sign as
W (1 (0) = pRad (2 (1)) > 0,
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where the strict inequality follows from the fact that ¢; (0) = e < ¢F (0) and ¢y (1) =
Re > cF (1) given (13). Since the solution admits B < B, it cannot be that ¢ = 1/R by
the arguments in case 1 of step 5 in the proof of Lemmas 2 and 3.

Suppose that Condition 1 holds. Using (13), this implies that

rid (cF (0)) — (1) ot < - %Z‘% Eég) o (€ (1)) > 0.

Given (17), this means that (1 —m)c¥ (1) > B, so that by Lemma 3 the competitive

equilibrium for B = (1 — 7) ¢¥ (1) sustains the efficient allocation.

Q.E.D.
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