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We study the dynamic pricing problem of a monopolist firm in presence of strategic cus-
tomers that differ in their valuations and risk-preferences. We show that this problem can be
formulated as a static mechanism design problem, which is more amenable to analysis. We
highlight several structural properties of the optimal solution, and solve the problem for sev-
eral special cases. Focusing on settings with low risk-aversion, we show through an asymptotic
analysis that the “two-price point” strategy is near-optimal, offering partial validation for its

wide use in practice, but also highlighting when it is indeed suitable to adopt it.

1 Introduction

The wide adoption of promotional and markdown pricing by major retailers has “trained” many
consumers to anticipate these events and accordingly time their purchases. Given this observa-
tion, a natural question that arises is the following: How should the retailer price and allocate
its inventory over time in presence of customers that strategize their purchasing decisions? Most
pricing and revenue management models and associated commercial systems do not explicitly
incorporate this level of consumer behavior. This paper is part of a growing literature that tries

to model this effect and study its impact on the firm’s controls and profitability.

In more detail, we consider a revenue-maximizing monopolist firm, the seller, that sells a
homogeneous good over a time horizon to a market of heterogeneous strategic customers that
differ in their valuations and risk-preferences. We allow for a discrete (but arbitrary) customer
valuation distribution. The firm seeks to discriminate customers by selling the product at
different points in time at different prices and fill-rates. This creates rationing risk, i.e., the
risk of not being able to procure the product because its availability is limited, and introduces

an incentive for customers with higher valuations, or that are more risk-averse, to pay more
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for the product offered during periods with higher availability. Customers observe or anticipate
correctly the price and associated product availability at different points in time and decide
when, if at all, to attempt to purchase the product in a way that maximizes their expected risk-
adjusted, net utility from their purchase. The seller knows the market characteristics, i.e., the
number of customer types, the market size of each type, which is assumed to be deterministic,
its value and risk preferences, but cannot discriminate across types. The seller’s problem is
to choose its dynamic pricing and product availability strategies to maximize its profitability

taking into account the strategic customer choice behavior.

The key contributions of this paper are two. First, it highlights a connection between the
seller’s dynamic pricing problem and a static product design problem, where the firm selects an
optimal menu of (price, rationing probability) combinations to optimally segment the market.
This connection allows one to use standard machinery from mechanism design to study the
structural properties of the seller’s policy; it also provides a novel way of addressing the dynamic
pricing problem that can be extended in several ways. The second contribution of the paper
is that it shows when is it optimal or near-optimal to adopt a two product heuristic, which if
often used in the literature to simplify analysis and due to its practical appeal. To this point,
it is optimal to offer a menu with one or two products when all customers are risk-neutral,
and it is asymptotically optimal to follow a similar strategy even when customers have low risk

aversion. The latter case asymptotically reduces to the hierarchical solution of two LPs:

1. The first LP solves the seller’s problem treating all consumer types as being risk-neutral.

2. The second LP solves for price and rationing risk perturbations around the risk-neutral

solution, taking into account the risk-aversion of the various customer types.

The above decomposition is justified asymptotically as the risk-aversion coefficients of all market
participants approach one (i.e., the risk-neutral case). The optimal perturbation around the
optimal risk neutral product menu retains the two product structure, but appropriately adjusts
the price and rationing probabilities according to the “linearized” risk preferences of the various
customer segments. In that sense the asymptotic optimality of the two-product solution is
fairly robust. This lends credibility to a practical heuristic that would focus on identifying the
optimal two product offering, which as we show can be solved very efficiently even without this
asymptotic decomposition. Numerical results are used to benchmark this heuristic against the

brute-force computational solution.

Our analysis partially extends prior work that has made restrictive assumptions with respect
to customer heterogeneity, e.g., assuming two discrete types of customers, uniformly distributed

valuations, no price control, and/or focus on two product variants (i.e., product offered at only



two price points). The extension to multiple types and multiple products comes at the expense
of the assumption that customers that are rationed out do not renter the market in future
times. This assumption is not needed if the market has two types, or if the seller selects to offer
just two products. In the general case, it can be justified if customers incur important fixed,
transportation or other overhead and search costs in making subsequent store visits, or if they

prefer outside opportunities upon being rationed out.

The remainder of this paper is organized as follows: this section concludes with a brief
literature review. In §2, we pose the firm’s dynamic pricing problem, and develop its reformu-
lation as a product design problem. §3 characterizes the structure of the optimal solution, and
84 solves the two-product problem, the problem with risk-neutral customers, §5 addresses the

problem with low risk-aversion, and §6 presents some numerical results.

Literature review: The economic literature that accounts for the effect of strategic consumer
behavior in the context of revenue optimization for a monopolist dates back to Coase’s [4]
treatment of the durable good problem; see also Bulow [1]. We refer the reader to the recent
papers by Liu and van Ryzin [8] and Shen and Su [13] for thorough reviews of the extensive

economic literature in this area.

Our paper is more closely related to two sets of papers that focus on revenue optimization
problems of perishable products with strategic consumers, which is in part motivated by the
impact of this type of behavior in retailing coupled with the proliferation of revenue management

(price markdown) systems in this industry. This literature is also reviewed in [8] and [13].

The first studies questions of dynamic pricing optimization in a variety of settings that are
differentiated by the assumptions on customer heterogeneity. Liu and van Ryzin [8] studied
the problem of offering two product variants at predetermined prices to a market of risk-
averse consumers with uniformly distributed valuations. Other related papers include Su [14]
looks at a problem with high-valuation and low-valuation customers (i.e with a two-point mass
valuation distribution) that are either strategic or myopic (purchase at their time of arrival, if
at all). Cachon and Swinney [2] study the problem of offering two product variants to a market
of myopic, strategic and bargain-hunting customers (that only purchase if the price is low).
Caldentey and Vulcano [3] also considered an essentially two period problem where consumers
could choose whether to purchase in an auction or at a list price at a future time, and explicitly
modeled the possibility of purchasing in the open market at a list price if their bid was not
accepted in the auction. Zhang and Cooper [15] consider the two-period, two-product problem
with strategic and myopic customers under a linear and multiplicative demand model. While
we do not model myopic or bargain-hunting behavior as in Su [14], Cachon and Swinney [2] and

Zhang and Cooper [15], we allow customer valuations to have any arbitrary discrete distribution,



and model risk-aversion. Unlike some of the abovementioned papers, we assume that customers
that are rationed out do not re-enter the market in future times, but on the hand extend our
treatment to problems with multiple types of customers, multiple product variants, and, in
general, time horizons with more than two periods. Specifically, this restrictive assumption is

not needed if there are only two customer types, or if the number of offered products is two.

We extend the analysis in Liu and van Ryzin [8] to arbitrary discrete valuation distribution,
allowing both prices and fill-rates to be optimization variables, and for consumers to also differ
in terms of their risk preferences. We show that several of their insights carry through in this
more general setting (such as the optimality of offering at most two products to a market of risk
neutral customers). All of the above papers studied models with two periods, or equivalently
where the seller offered the good in two (price, availability) variants. This paper lends credibility
to this modeling choice by proving that this restriction is near-optimal in problems with low
risk aversion. Specifically, the optimal product menu in settings with low risk aversion retains
the two-product structure of the risk-neutral solution but perturbs it appropriately to take
into account the risk preferences of the market. The solution of the LP that characterizes the
optimal perturbation of the two product menu is quite different from the risk-neutral product
design problem (which can also be reduced to an LP), it takes into account the “linearized”
risk preferences of the market, and the set of feasible perturbations includes -or better yet is
dominated- by price and rationing vectors that would lead to a menu with more products than
just two. The fact that the optimal perturbation retains the two product structure of the risk-
neutral solution supports the robustness of that policy. This insight is also robust to the form
in which the risk preferences enter the utility calculation. Finally, this result relies on a form

of asymptotic analysis that is novel in this literature.

The second set of papers that is related to our work is one that uses ideas from mechanism
design in the study of this type of a problem. In this paper, the connection with mechanism
design allows us to unify and extend several previously established results under a common and
intuitive framework. While not considered in this paper, the mechanism design formulation
could also be extended to include myopic customer behavior, discounted customer utility, or
heterogenous outside opportunity. Our use of the direct revelation principle (Myerson [12])
towards solving the product design reformulation of the dynamic pricing problem is very similar
to the approach adopted in Harris and Raviv [7] and Moorthy [10]. Our notion of fill-rate
corresponds to their notion of quality. In both Harris and Raviv [7] and Moorthy [10], offered
qualities affect cost and thus the revenues. However, customer utility is separable in product
price and quality. In our case fill-rates and prices enter the objective multiplicatively, leading
to a bilinear objective. This, in addition to the risk-averse behavior of customers, makes

our problem different and more complicated. Another paper that uses the direct revealation



principle to characterize the optimal mechanism for the seller is Gallien [6], where the revenue
maximization problem of a monopolist firm operating in market of risk-neutral, time-sensitive
customers with linear utility, and in which the customer arrival process is given by a renewal
process is solved using dynamic programming. A recent preprint by Akan. et.al. [9] adopts a
mechanism design for a market with a continuum of types that know their type at the beginning
of the sales horizon but learn their true valuation at some future point that depends on their
type. Customers are strategic and the goal is to design the optimal mechanism to maximize the
sellers revenue, which ends up involving an appropriately designed set of options. [6] and [9]
study models that differ than ours in many respects, but share in common a problem formulation

that exploits a mechanism design structure.

Finally, we note that strategic rationing as a way to differentiate customers is also discussed

in Dana [5], where, however, the primary motivation for rationing is demand uncertainty.

2 Dynamic pricing with strategic customers

In this section, we formulate the firm’s dynamic pricing problem, and show how it can be refor-

mulated as a static mechanism design problem, thereby making it more amenable to analysis.

2.1 Problem formulation

Seller: A monopolist firm seeks to sell a homogeneous good to a market of strategic customers
that differ in their valuations and risk-aversion. In order to segment the market and maximize
revenue, the firm sells the product over a period of time by varying product price and the
associated fill-rate. Time is discrete, and the selling horizon is divided into T" periods, indexed
by t = 1,...,T. The capacity, denoted by C, can be endogenous (an optimization variable) or
exogenously given (fixed). The capacity cost is linear, and there is no inventory carrying cost.
We denote by p; and r; the price and the fill-rate associated with the product offered by this

monopolist in the t*" period. We also refer to it as the t** product.

The firm’s policy (p,r) is assumed to be known to the customers, either because it is
announced to the market, or because customers have estimated it through repeated interactions
with the firm. The firm sells to the market in every season, and as a consequence, the firm’s
strategy (p,r) over any season should be credible in the sense that the firm commits to it at
the start of the selling horizon and cannot deviate from it at any point after that even if that
would be optimal from that instant onwards; e.g., the firm cannot announce that the low price
product variant will be offered with a significant rationing risk (i.e., at a low fill-rate), and then

once the high valuation customers buy the high price variant, decide to offer the lower priced



variant at full availability so as to capture more revenue.

Customers: We allow the customer valuation distribution to be arbitrary but discrete. We
assume that there are N distinct customer valuations, vy, vs, ..., vy. Without loss of generality,
we assume that T' > N, else the firm can further divide the time-horizon. The discrete valuations
could be obtained as a result of some clustering analysis or by dividing the support of valuation
distribution uniformly. Corresponding to each valuation v;, there is an associated number 7;,
denoting the size of customer segment with this valuation. The pair (v, 7) defines an arbitrary
discrete valuation distribution in a market with N types. We assume that the number of
customers m; with valuation v; is deterministic and known to the firm. This can be viewed as a
large market approximation of a stochastic model where the firm knows the stochastic demand

primitives. !

For notational convenience, we will assume v; > vo > ... > vy > 0 and refer to the customer
segment that has valuation v; as “type i”. Type ¢ customers, apart from their valuation, are
also characterized by a risk-aversion parameter, -;, assumed to be rational, and are endowed
with the power-utility function. Specifically, the net expected utility for a type ¢ customer from
product ¢ is given by (v; — pt)Yir;. We also assume that higher valuation types are at least as
risk-averse as the low valuation types, i.e., 0 < 713 < 79 < ... <y < 1. The setting where all
customers have the same degree of risk-aversion is a special case. Customers seek to purchase
a product as long as their net expected utility is non-negative. If v; < p¢, then we define the
resulting utility to be 07. Customers choose the variant that maximizes their expected net
utility according to:

. argmaxi<i<7 (v; — )Y re,  if(v; — pe)¥ 1 >0 for some t,
x(i,p,7) = - (1)
0, otherwise.

If two or more products result in the same utility, we assume that customers prefer the one with
the highest fill-rate amongst these products. In the following, we will often abbreviate x (i, p, )
to x(i). Note that given the discrete type space and the assumption that customers of each type
are homogeneous, all customers of each particular type will make the same choice. We assume
that each customer makes the decision to buy one of the offered products only once and buys
only one unit of product. In particular, if a customer decides to enter the system in a particular
period and does not obtain a unit of the product (because of being rationed out), then the
customer leaves and does not contend to buy any other product offered by this firm. This is
possible, for example, if customers incur transportation or overhead costs in making subsequent

attempts to purchase, or if they prefer to purchase a substitute upon being rationed out. In a

1A more complex model could allow for the m;’s to be uncertain, perhaps driven by some aggregate source
of uncertainty that would translate the distribution towards lower or higher valuations, and where the firm, and
perhaps the consumers, would learn over time. A two-period version of this problem was analyzed in [2].



more general formulation, this customer could be expected to attempt to buy the product in
a later period. However, we do not model this flexibility. We note that this restriction is not
needed if the number of types is two, or if the seller restricts attention to offering at most two

products. We also assume that there is no strategic interaction amongst the customers.

Dynamic pricing problem formulation: Under the above assumptions, the revenue maxi-

mization problem faced by the monopolist is given by:

max S (=) 7ot (2)
st. XL, (Zfill{x(i):t}m) ry < C, (3)
OSTtS]., ngtvt:]-azu"‘uT° (4)

The objective is the sum of the revenues from all product variants: (Ei]\ill{x(i):t}ﬂ'i) is the
number of customers that wish to purchase in period ¢, r; is the fraction of customers that are
served, and p; is the price per unit sold. For each time period t, the price, fill-rate combination
(pt,r¢) can be interpreted as a “product” offered by the firm. The T" products are sequenced in
time, t = 1,...,T, with ¢ = 1 denoting the first and ¢ = T" denoting the last product respectively.
Capacity is consumed in this sequence as well, and hence defining Cy = C, C to be the capacity
at the end of period ¢, we observe that Cy = Cy_1 — (Zf\;ll{x(i):t}m) r¢. Equation (3) enforces
the constraint that the cumulative sales over the sales horizon cannot exceed the available
capacity, and hence Cy > 0, V¢t = 1,...,T. If capacity is endogenous, i.e., an optimization
variable, then constraint (3) can be dropped. The optimization variables are the price and
fill-rate to offer in each of these T periods, and prices are non-negative, fill-rates are between 0

and 1, that the total sales cannot exceed the available capacity.

2.2 Reformulation as a mechanism design problem

This section develops a mechanism design formulation that is equivalent to the problem specified
in (2)-(4), and enables the firm to incorporate strategic customer behavior within its revenue

optimization problem.

Sufficiency of N products: As a starting observation we show that the firm needs to offer

at most NV distinct products, N being the number of customer types.
Lemma 1 Let k* be the optimal number of products for formulation (2)-(4). Then, k* < N.

The above result does not preclude the case where the firm may optimally choose less than N
products, or even just one product. Hence the firm needs to segment the sales horizon of T
periods into at most N intervals such that a distinct product (price, fill-rate) combination is

offered in each interval. Since all customers are assumed to be strategic, the length (as long as



it is non-zero) or the ordering of the intervals during which distinct products are offered does

not matter.

Reformulation as a static, product design problem: Next note that we can rewrite the

revenue in (2),
Sim1 (Sl o= 1t pe = Sy i PyG) Ty (5)

where we define py := 0, 79 := 0. Hence, the T period optimization problem in (2)-(4) can
be viewed as a single period problem, when we interpret the fill-rates associated with different
time periods as quality attributes of the different product variants that the firm offers to this
market of strategic customers. While customers choose the optimal time to enter the system
and purchase a product (if at all), for the firm, time does not explicitly enter the problem. The
firm needs to compute the optimal prices and fill-rates as if it were a single period problem and
all the customers arrive, purchase (if at all), and depart in the same period. This mapping is

illustrated in Figure 1.

Product
Variants

Figure 1: In model (a), customers strategize over the timing of their purchases. Model (b) interprets
each time period as a product variant, and customers strategize over which variant to choose, if any.
Also, a solution to model (a) can be mapped to a solution to model (b), and vice-versa.

The above observation allows us to reformulate the dynamic pricing problem as a static
mechanism design problem. Customers arrive and observe the product menu offered by the
firm, and make their choices accordingly. Each customer is characterized by its type designation,
which is private information, i.e., not directly observed by the firm. The firm’s problem is to

design the optimal product menu so as to maximize its profitability.

To begin with, one can restrict the firm’s optimization problem to so called “direct mecha-
nisms”, wherein the firm designs a payment and product allocation policy (“the mechanism”),
under which the customers choose to truthfully self-report their type, as described in Myerson
[11]. Essentially, in order to elicit this private type information, the mechanism is designed in
a way such that the customer is allocated the product variant that she/he would have selected

on her/his own. Following Lemma 1, which ensures that we need to offer at most N distinct



products, the resulting problem can be formulated as follows:

max LY, p; mi g (6)
st. (vi —pi)" i = (vi —pi)" g, Vi# (7)
(vi—pi)ri >0, 1=1,2,...,N, (8)

>N mr <O, 9)
0<p;, 0<r; <1,¢=1,2,...,N. (10)

Equations (6) assumes, without loss of generality, that customer type ¢ buys product i, i.e.,
x (i) = i. Equations (7) are the Incentive Compatibility (IC) conditions, enforcing that customer
type i (at least weakly) prefers product i over all other products offered by the firm. Equations
(8) are the Individual Rationality (IR) conditions, enforcing that customer type ¢ buys from the
firm only if the resulting consumer surplus is non-negative. Equation (9) enforces the capacity
constraint, and can be removed if capacity is endogenous. In what follows we will analyze
(6)-(10) assuming that capacity C' is exogenous, with the understanding that the endogenous
capacity case can be solved by dropping the capacity constraint (or by setting C' = oo). In
the optimal solution, some products can be the same, thereby allowing less that N distinct
products to be offered. In our solution, r; = 0 implies that customer type ¢ is not offered a

product. The above discussion leads to the following theorem, which we state without proof.

Theorem 1 The problem (2)-(4) is equivalent to the product design problem (6)-(10) in the

sense that both formulations lead to the same optimal solution.

Translation of product design solution to a dynamic policy: Given a solution to (6)-
(10), a solution to (2)-(4) can be obtained by assigning to each unique variant (price, fill-rate
combination), an interval of time over which it will be applied. For example, if the solution
(6)-(10) involves offering k distinct products, then one possible assignment is to offer the k
variants in k disjoint intervals, each of length |7T'/k|. Since customers are strategic, arrive at
the beginning of the time horizon, and demand is deterministic, the order in which different
variants are offered, or the duration of time for which they are offered, does not matter in our
stylized model. In a richer model, it might be optimal to offer products in a certain order, e.g.,
in increasing order of prices, as in Su [14]. The mechanism design formulation can incorporate
other model attributes, such as time-discounting, myopic behavior, etc. that would force the

solution to “define” the sequencing of product variants over time.



3 Analysis of the mechanism design problem

The mechanism design formulation (6) - (10) allows us to deduce several structural properties
of the optimal solution. In what follows, without loss of generality, we will assume that (i) =

i, 1=1,..., N, whenever we consider an N product solution.

Lemma 2 (Monotonicity of prices and fill-rates) At the optimal solution for (6)-(10),
p1L>p2 > ... > py and 1 > 19 > ... > rN. Moreover, if for some it # j, p; > p; then r; > rj,
and if p; = p;, then r; =1;.

The next lemma shows that it suffices for type i customers (buying product 7) to only check the
IC constraints for products intended for types i — 1 and i + 1, if any, thus reducing the number
of IC constraints from N(N — 1) to 2(N — 1).

Lemma 3 (Transitivity of IC constraints) The IC conditions in (7) are equivalent to:

(’Ui _pz)’ﬁ i Z (vi _pi-i-l)% Ti+1, 1= 17 27 N = 17 (11)
(’Ui —pi)% T > (’UZ' —pi_l)% Ti—1, 1= 2, ...N. (12)

We will refer to (11) and (12) as the downstream and upstream IC constraints, and from now
on replace (6)-(10) by (6), (8)-(12). Lemma 4 shows that products offered by the firm partition
the customer types into contiguous sets, so that if customer types ¢ — 1 and ¢ + 1 buy the
same product [, then customer type ¢ also buys product [. This property will be exploited in

subsequent computational algorithms.

Lemma 4 (Contiguous Partitioning) Suppose the firm offers k < N distinct products with
pPL > P2 > ... > P and 1 > T9 > ... > T, and such that each generates non-zero demand.
Then, these products partition the customer types into contiguous sets {1,...;41}, {i1 +1,...,i2},
ooy {0k—1 + 1, ..., ik}, buying product 1, 2, ..., k, respectively, 1 < i1 < iy < ... < ip < N, and
customer types {ix + 1,..., N}, if any, not buying from the firm. In addition,

c

el
Xo1m

b) pj = vi;, where j = max{1 <1 <k | r; >0} in the optimal solution.

a)ry =min (1,

In what follows, we will assume that whenever £k < N products are offered, they partition the
customer types as in Lemma 4, i.e., x(1) = ... = x(i1) = 1, x(i1 + 1) = ... = x(i2) = 2, ...,
X(ig—1+1)=...=x(ix) =k, and x(ix + 1) = x(ix +2) = ... =0, if any.

Using Lemma 4, we can characterize the optimal one product solution.

Corollary 1 (One product solution) The optimal one product solution is p* = v;, r* =

min (1, ﬁ) where i = argmax min(C, Eiflﬂk)vj. Moreover, if C' < 71, then the globally
k=17 -
c

optimal solution is to offer a single product to type 1 customers with py = vy and r1 = —

10



To avoid trivial solutions, hereafter we will assume that C' > ;. The next result shows that

the upstream IC constraints for types 2, ..., N can be dropped.
Proposition 1 Formulation (6), (8)-(12) has the same (optimal) solution with (6), (8)-(11).

The proof of Proposition 1 establishes that constraint (11) is tight in the optimal solution, and

S0 we can use it to express the optimal fill-rates in terms of the optimal prices.

Corollary 2 a) A price vector p defines a partitioning of the customer types, specifically, p1 =
P2 = ... = Di; > Pig41l = oo = Dig > oo > Dip_1+1 = oo = Diy., Di; < Vi, j =1, ...,k: — 1, Pk = Vi,
partitions the customer types as described in Lemma 4.

b) Fizing the price vector as above, the optimal fill-rates for j =1,...,k, are given as follows:

C-x-! (2, Tm,) T 4 o iy
rj =min [ max =1 A Tmeno 1T , 0, H{;ll ( . > . (13)

i v —
Em:ij_l—t-lﬂ-m i, — Pl+1

The above observation holds at the optimal solution. Also, given an exogenously fixed price
vector p satisfying the monotonicity condition in Corollary 2, problem (6), (8)-(11) is solvable
in closed form. Formulation (6), (8)-(11) also leads to the following corollary, which relates the

optimal revenue with risk-neutral customers to optimal revenue with risk-averse customers.

Corollary 3 Let R(y) be the optimal revenue achieved for (6), (8)-(11) with risk-aversion
vector . Let 1 denote the N-vector of ones. Then R(y) > R(1), Vv < 1, where R(1) denotes

the optimal revenue achieved for (6), (8)-(11), for risk-neutral customers.

4 Computations

Problem (6), (8)-(11) appears hard, in part due to the bilinear objective, but mostly due to the
non-convex nature of the constraint (11) for v < 1. We next discuss two special cases where
it can be solved efficiently, and then relate them for our key computational and managerial

insight regarding the near optimality of two-product strategies in low risk-aversion settings.

4.1 Risk-neutral case

When customers are risk-neutral, objective (6) and constraint (11) can be simplified through

appropriate variable substitutions to lead into an equivalent LP formulation.

Proposition 2 Ifv; =1,i=1,2,....N, then (6), (8)-(11) can be reformulated as the following

11



LP: choose y;, z;, i=1,....N to

max LY, m z (14)
st. zi—zip1=v Yy, 1=1,2,...,.N—1, (15)
2 B v) m <G, (16)
vi Bl yi > z, (17)
0<z, 0<2N, y <1, (18)

where z; :== pyr; and y; :==1r; —riy1, t =1,..., N, yny1 := 0.

This LP gives us z; and y; as solution. However, yy = ry, and y; = r; — rj+1, SO we can obtain
r;, 1 =1,...,N. Next the relation z; = p;r; gives us the value of p;, i =1, ..., N. Proposition 2
implies that the firm’s problem is easy to solve in the case of risk-neutral customers. Our next
proposition shows that there exists a solution to (14)-(18) that involves offering at most two

distinct products, irrespective of the customer valuation distribution and available capacity.

Proposition 3 If v, =1, ¢ = 1,..., N, then the optimal number of products to offer to risk-
neutral customers, k, is at most 2. In particular, k = 1 if the capacity constraint is slack in the

optimal solution, and k = 2 if the capacity constraint is tight in the optimal solution.

The proof of the above proposition also leads to the following corollary, which states that under
our assumption that C' > mq, the highest fill-rate is always equal to 1 in the optimal risk-neutral

solution irrespective of the available capacity.

Corollary 4 For risk-neutral customers, under w1 < C, it is never optimal to set r1 < 1.

4.2 Two product case (k = 2)

For administrative reasons (“menu” costs associated with offering new products) or branding
considerations (the firm may not want to ration in multiple periods, so that customers that are
rationed our in an earlier period do not find the product to be available in a later period), the
seller may want to offer a small number of products, typically two. This section solves that
problem. The two products effectively partition the N customer types into 3 segments. The
first segment of customers from types 1 to ¢; buys product 1, the second segment of customers
from types i1 + 1 to iz buys product 2, and the remaining customer types, if any, do not buy
from the firm. Algorithm 1 outlines how to solve this problem efficiently in O(N?) time (the
proof is presented in Appendix B).

From Lemma 1, we know that at most two distinct products need to be offered in a market

with two customer types, and so it follows that we can solve the two customer type problem

12



Algorithm 1 To calculate two distinct product solution
R*=0
for iy, =1to N —1do
for ic =4, +1to N do
Ri i, =0
if v;; <1 then

ig Yi
. i ; 52, TVigYiy | To— ; ;
if ¢ > (5Lm)+ (E}iilﬂm)(—(zil 17:;)1(” Qv;))l T && (B m) (v, — vip) > (B2, TV i
i =i
then

Riy iy = (5L m)vr + (

i
(Eliil £17)VigYiy

< o oF
(SL 7)1 (vg —viy) TP

1
)T (R 1)

i ¥i
Ise if C 6 iz M 1*“/1711 && O i1 iz th
else1 < (ZLym) + (52, 41m) (= ) < (ZLym) + (52, 41m) then

(ZL 7)) (vig —vig)
i i C =i ™ L i C »i1 T
Riy iy = (Ezlzlm)vil - (Ezlzﬂl)(vn - Uiz)(ﬁ)ml + (Eziiﬁﬂz)viz(ﬁ
1=ip+171 1=ip+171
else if v;; =1 then
if C > (XL, m)+ (Z;iilﬂm) && (XL 1m)(vi1 — ) == (Ez i 4171)Viy then
Riy i = (S, m)ve , ,
else if C' < (X)L,m) + (82, ,,m) && (Z1 171'1)(1)11 vip) < (X2, 1171 Viy then
i i c-x1 =« c-x'1 =«
Riyip = (L m)vi, — (5L,m) (viy — Uu)(#ﬂ) + (Zl 11+17Tl)vl2(2+1l
1=iqg 4171
if R < R’il-,’iz then
R* = Ri, i
if R* =0 then
Not optimal to offer two distinct products

l=i1+1

as a special case of the two product problem. The two product solution provides a lower
bound to the optimal revenues attainable in problem (6), (8)-(11). Since the general problem
is hard to solve, this provides a heuristic solution to the problem. The next section show that
it is asymptotically optimal in settings with low risk-aversion, and its overall effectiveness is

evaluated numerically in section 6.

5 Low risk-aversion: offering two products is near-optimal

We now focus on the setting where customers have low risk-aversion, i. e., v close to 1. To that

> ...>xy > 0. We assume

. . 1—
end, we will rewrite v; = 1 — z;, where x; := 1_3;

that 71 < 1, else the problem involves risk-neutral customers only. We will consider a sequence
of problems indexed by n, where the n** problem is characterized by the risk-aversion parameter

vector 7", given by ;' =1 — 7% for i = 1,..., N. When n = we “recover” the original

_1
1—v1°
model parameters, or in other Words, the element in the above sequence that corresponds to

n= ﬁ is exactly the one we started with. We are interested in the case where v, T 1. 2

2Tt is also possible to consider the case where 4™ | 0, wherein the asymptotically optimal solution can be

characterized as follows. Let ¢ = min{i | ¥j_;m > C}. Then, pi — v;, 1 <", pf = v, ¢ >, ri — 1, i <",
o} i 1

i = y, =0,¢>4,r’ >ry > ..>rk% >0, and the optimal revenue converges to revenue

achievable with myopic customers. This case corresponds to extremely high risk-aversion, and we do not analyze
it in detail.
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We will denote the optimal solution to the problem with v" as the risk-aversion parameter
vector as (p",r"), and the optimal solution to the risk-neutral problem as (p,7). Following
Corollary 2, given price-vector p™, the corresponding fill-rate vector ™ is uniquely determined.
So, in what follows, we will often abbreviate (p™,r™) to p™ and (p,7) to p. We will also refer to
the problem with 4™ as the risk-aversion parameter vector as P™ and the risk-neutral problem
as P. We will denote the feasible set, given by equations (8)-(12), for P" as 8" and the feasible
set for P as S.

Asymptotic optimality of risk-neutral solution: We will make the following assumption
in the subsequent analysis.

Assumption 1: The risk-neutral solution (p,7) is unique.

Proposition 4 Under assumption 1, for any convergent subsequence {p"*}, p™ — p, and

R(y™) — R(1), as ny, T oo

The proof of Proposition 4 also shows that for n sufficiently large, the optimal risk-neutral
solution (p,T) is feasible for the problem with risk-averse customers, S", and that the optimal

solution p™ is “close” to a feasible risk-neutral solution p’ € S.

Perturbations around (p,7): With this knowledge, we will look at the perturbed solution to

P as a candidate optimal solution for P" for n sufficiently large. Specifically, for P", we will

consider solutions of the form (p + 0™,7 + p") for the risk-averse problem, where 6" := %, and
pr o= %, such that ¢" = p™ — p, and p" = r™ — 7. Suppose the optimal risk-neutral solution

partitions involves offering k < N distinct products, where the products partition the customer
types as in Lemma 4. If i < N, define j := 14 + 1, and set ; = 0, p; = v;, ¢ > j. Then, the

revenue-maximization problem P" can be written as follows.

max X% (p; + 67) (7 + o) (19)
st. SN m(F+pt) < C, (20)
(vi =D; = 6)" (i + p}') = (Vi = DPig1 — 041) " (Tiv1 + pi4e), i=1,.,N—=1, (21)

(vi —p; =6 )Ti+p;) >0, i=1,..,N—1, (22)

0f >0y, 1 ¢ {1, i, ity @<k, pf > piprs @ E {i1, 02, ik}, (23)
<0, pP<0, i=1,..i, (24)
<0, pr >0, i>j. (25)

Equations (19) and (20) represent the objective and the capacity constraint, respectively, for
the problem P". Equation (21) is the downstream IC constraint. Equation (22) ensures that
the IR condition is satisfied. Equation (23) ensures that prices and fill-rates are monotonically
non-increasing with respect to customer types. For n sufficiently large, we need to enforce this

condition only for indices i ¢ {i1, 42, ...,ix}. Equation (24) ensures that pj; cannot increase from

14



the optimal price p;, = v;,, for the risk-neutral case, and similarly that the fill-rate r{ cannot
increase from the optimal fill-rate 7; = 1 for the risk-neutral case (Following Corollary 4 and our
assumption that m; < C, the optimal solution involves setting 71 = 1). Finally, equation (25)
ensures that prices and fill-rates for types that were not being sold a product in the risk-neutral

case (indices 7 > j), if any, are all non-negative.

Characterization of the optimal perturbation around (p,7): Since 4" =1 — 7, in what
follows, we will use Taylor expansion and focus on the second-order terms. This will lead to a
LP in terms of x, § and p. This would imply that the price and rationing risk “corrections”
needed because customers are not risk-neutral are captured through a solution to a LP. We
proceed to derive this LP as follows.

The objective in (19) can be re-written as SN | (mp;7; + TP, pl* + 7 00T; + m;pP0T), wherein
we note that first term is objective is a constant, while the last term is O(n%)g’. Similarly,
equation (20) can be re-written as XY | (m;7; + mp?) < C. If the capacity constraint for P
is slack at the optimal solution (p,7), then this constraint can be dropped (since as n grows
large, the first-order term will dominate). If not, since the optimal risk-neutral solution was
capacitated, it can be re-written as Zi]\ilmp? < 0. Finally, using Taylor expansion, the 1C

constraint (21) can be written as
(vi = Pi)py = 07Ti — (vi — P)Ti(1 — 7)) log(vi — p;) + O (1/n?) > 26)
(Vi = Pis1)Pi1 — 6iaTiv1 — (Vi — P )i (1 — ;") log(vi — Piya) + O (1/n2) )

where we used that (v; — P;1)Ti+1 = (vi — D;)Ts, which follows from the tightness of the
downstream IC condition in the optimal solution to P, as shown in Proposition 1. We will

substitute this constraint by the following constraint.

(vi = Pi)pi’ — 03T — (vi — Py)Ti(1 — i) log(vi — py)+ = @)
(Vi = Pip1)Pi1 — 041Tiv1 — (Ui — Dy )Tir1 (1 — ") log(vi — Diy) + €,
where €; > 0, if ¢ € {i1,42,...,ik_1}, € = 0 otherwise. For n sufficiently large, feasibility of
constraint (27) implies feasibility of constraint (26). In what follows we will use the following

notation.
Ui = v — Dy, Wi = (v; — P;)Ti log(vi — b;), (28)
Uil = Vi — Dig1, Wiit1 = (v; — P;)Tilog(vi — Piyq)- (29)
The above discussion leads to the following first-order optimization problem.
max Zi]il(ﬂipipi + miTi0;) (30)
s.t. BN mip; <0, (31)

3g(z) = O(f(x)) denotes that lim,o % =c< o
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p; <0, i=1,..,i, 32

di, <0, 33

(32)
(33)
i > Oiy1, 1 & {inyio, ik}, @ <ik, pi > pit1, @ ¢ {i1,02, .0k, (34)
(35)
(36)

Ui iPi + Oip1Tik1 + Wi it 1Ti 2> Ui g1 Pie1 + 0T + Wi + €, 1=1,..., N —1.

Analyzing the dual of problem (30)-(36), verifying its feasibility and using strong duality for
LPs leads to the following proposition.

Proposition 5 The problem (30)-(36) is feasible and has a finite solution. Let k denote the
optimal number of products to offer for the risk-neutral problem S. Then,
i)ifk=1,p=06=0,i=1,..,N,

i) ifk=2,p=0,i=1,..,N, 86 =0 =..=08; = (Wi iy+1 — Wiy iy )Tiy — €iy, Oiy41 = . =
on =0, for €;;, > 0 sufficiently small.

Proposition 5 implies that as v T 1, it becomes asymptotically optimal to offer at most two
products. Following Lemma 1 and algorithm 1, the optimal one product and the optimal
two distinct product solution can be computed efficiently, and together with Proposition 5, this
implies that we can solve for the optimal prices and fill-rates for the low risk-aversion case. This
section has methodically showed when and why is a two product solution, i. e., offering the
product at two price points at different fill-rates, near optimal. This allows justification for this
practical heuristic, and allows one to circumvent the intractability of the general formulation (6),
(8)-(11). It also lends credibility to numerous papers that have restricted attention to two
product models but without any theoretical justification, highlighting the conditions under

which it is suitable to do so.

6 Numerical Results

We conclude with some numerical results that study the performance of the two-product heuris-
tic. We consider a market with seven customer types (N = 7), with uniform valuations
v, =8—14, 1 =1,..,7. Type i population-size is sampled from a normal distribution with
mean p;, and variance o2, where 1 = 1, po =3, pu3 =2, pug = 1, pus = 3.5, ug = 5, p7 = 3,
and o; = 0.2u;. Correlation is assumed to be 0, though it can be easily added. For ; =0, i =
1,...,7, this corresponds to a bimodal distribution of customer valuations. Other valuation

distributions, e.g., uniform, geometric, lead to similar results and are therefore not included.

C
Efilm

also a simulation input. The risk-aversion parameter varies between (0, 1] and is a simulation

Capacity is fixed at 1, while the capacity to market-size ratio varies between (0, 1] and is
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Figure 2: This figure shows how the two-product solution compares to the k-product solution as a
function of risk-aversion for different capacity to market-size ratios. Figure (a) shows that the two-
product solution approaches the optimal solution as risk-aversion parameter approaches 1. Figures (b)
and (c) show how the proportion of cases where it is optimal to offer two products, and the optimal
number of products to offer, respectively, varies with the risk-aversion parameter. These results are
averaged over 50 demand scenarios. Figure (d) examines one such demand scenario in detail and shows
that the k-product revenue decreases monotonically and approaches the two-product revenue as risk-
aversion approaches one. The maximum revenue is obtained with myopic customers, followed by the
k-product, two-product and one-product revenue.

input. 7o, ...,y are assumed to be order-statistics of random samples drawn uniformly from
the interval [y1, 1], so that 73 < 5 < ... <~y < 1. Given 7, and a fixed capacity to market-
size ratio, 50 scenarios are generated, wherein for each scenario, the risk-aversion parameters
Y2, ..., YN are generated randomly as described above, and the customer population size 7 is
sampled from a normal distribution with the parameters given above. Negative demand, if any,
is truncated to zero, and the resulting customer population sizes are scaled proportionately to
achieve the given capacity to market-size ratio. For each scenario, the optimal one-product,
two-product and k-product solutions are computed. These are averaged over scenarios to obtain

results corresponding to a data point in Figure 2.

Figure 2 (a) shows how the two-product revenue compares with the k-product revenue for

different capacity to market-size ratios as «y; varies between zero and one. We observe that as v;
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approaches one, the two-product revenue approaches the k-product revenue. Even when ~; is
small and not close to 1, the two-product revenue achieves within 8% of the k-product revenues
on average, therefore serving as a useful approximation and lower bound. (As described in
Footnote 1 in section 5, as v | 0, the optimal number of products may grow large.) Figure 2
(b) shows how the fraction of scenarios where it suffices to offer at most two products varies
with ~1. We observe that this fraction is non-monotonic, but the overall trend suggests that it
increases as <) increases. It equals one in the limit of risk-neutral customers, but for other risk-
aversion values, it can be much less than one. From Figure 2 (a), we know that the two product
revenue is close to the k-product revenue, and together this implies that even though the two-
product solution might be suboptimal in a large fraction of cases, the two-product solution is
close to the k-product solution and hence the suboptimality gap is small. Figure 2 (c) shows
the optimal number of products to offer as a function of «;. Again, while non-monotonic, the
overall trend suggests that this number decreases as y; increases. For the risk-neutral case,
this number lies between one and two, consistent with our result that at most two products
need to be offered in this case. Figure 2 (d) shows the one-product, two-product and k-product
revenue as a function of 7; for the case where capacity to market-size ratio is fixed at 0.75. It
also plots the optimal achievable revenue if the customers were all myopic. We observe that
the highest revenue is achieved when customers are myopic, followed by the k-product solution,
the two-product solution, and the one-product solution, respectively. Both the revenue with
myopic customers and the one-product revenue do not depend on customer risk-aversion. The
k-product revenue dominates the two-product revenue, and approaches it as v; approaches one.
Also, the k-product revenue decreases as 7 increases, and as expected, exceeds the revenue

with risk-neutral customers.
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Appendix A

Proof of Lemma 1 From (1), all type ¢ customers select the same product variant, x(i,p, ).

Since there are N types, there can be at most N distinct products that generate non-zero

demand. Hence, it suffices to offer at most IV distinct products. [J

Proof of Lemma 2 We first show that higher prices are associated with higher fill-rates. IC

o\ .
conditions for types i and j (that prefer product ¢ and j, respectively) imply that, (M> >4

Vi —Pj -
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o\ , i .
and (%) ! > :—;, respectively. There are three cases to consider. 1) Suppose p; = p;: then,

from the IC condition we obtain r; = rj. 2) p; > p;: then, the IC condition for type i implies

i~ Dj
can verify that higher fill-rates are associated with higher prices.

. o\ Vi . . . o
that % < (%) < 1. So, rj; <. 3) pi < pj;: this case is symmetric to 2). Similarly, one

Next we show that “higher” types prefer higher priced products. Suppose that there exist
o\ Vi
i < j, such that p; < p;. IC conditions for customer types i and j imply that (%ﬁ;) >

. N . .

r Yj—Pi . . . .3 Vi—Pi Vj—Pi : . .

T—i > (ﬁ) . Also, p; < p; and v; > v; imply that 1 < vimp; < vj_p]_, and since v; < vj,
o\ p. \ VI . . .. .

(;’?fg?) < (%ﬁf) ’. The latter implies that the IC conditions cannot hold, and this leads
G J J J

to a contradiction. [

Proof of Lemma 3 The proof comprises of two parts. First we show that customer type ¢ —1
would rather make the choice made by type ¢ than by ¢+ 1. Then we show that customer type
i+ 1 would rather make the choice made by type ¢ than by ¢ — 1. Together they imply that IC

conditions are transitive.

Step 1: We will show that if type ¢ chooses product ¢ over product ¢ + 1, then type ¢ — 1 will

also choose product i over product ¢ + 1. Following Lemma 2, p;—1 > p; > p;+1. Consequently,
Vi—1—Pi Vi —Pi : : Vi—1—Pi Yi-1 Vi —Di i

1> > and so v;—1 < ; implies that | ——=———- > (-] . The IC

= Vi—1—Pi+1 — Vi—Pit1’ Vi—1—Pi+1 Vi —Pit1
condition that guarantees that type i customers choose product ¢ over product ¢ + 1 implies

vimpi )\ s i - o .
that > ==, thereby leading to the desired inequality.

Vi—Pi+1
Step 2: Similarly, one can show that if type ¢ chooses product ¢ over product ¢ — 1, then type

i + 1 will also choose product ¢ over product i — 1 (details are omitted). [

Proof of Lemma 4 Suppose the seller decides to offer only £ < N products. Then, we will
show that if customer types ¢—1 and 741 choose product [, then customer type i chooses product
[, this would imply that offered products partition the customer types into contiguous sets. IC

conditions for type i —1 and type i+ 1 customers imply that, for any m # [, (--=-LL)%i-1 > Im

Vi—1—Pm - n

. _ Yi4+1 . _
and (M) > %” Consider all products m s.t. v; > p,, > p;. Then, 1 < Z=1"PL

Vit1—Pm Vi—1—Pm

_ L O\ ,
LicPL - Next ;-1 < «; implies that (M) > = and so type i customers also prefer

Vi—Pm Vi—Pm T’

product [ over all products m with v; > p,, > p;. Now consider all products m s.t. p,, < p;.

S = . . o Vi .
Then, 1 > %P > PFl7PL - Next ~; < ;41 implies that 1 > <M> > . so that type i

Vi—Pm Vi+1—Pm Vi—Pm

customers also prefer product [ over all products m with p,, < p;.

Parts a) and b) of the Lemma proceed as follows. a) Since p1 > pa > ... > p; follow-
ing Lemma 2, setting r; to the highest possible value is optimal. This is min { 1, ch>
1=ig+171

b) Suppose in a given optimal solution (p,7), p; < v;; where j = max{1 <[ < k|r; > 0}. Define
1

a new price vector as follows: p’; = v;;, p; = v;, — (v, —p;H)(”T—*Il)ﬁ, 1 <1< j. Observe that
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vy, > p; > p, 1 <1< 4, and none of the customer types that were buying a product switch

classes or discontinue to buy the product. The solution (p/,r) is also incentive-compatible and
feasible, and results in a greater revenue. Hence p; < v;; cannot hold in an optimal solution. [

7 )
k=17

customer types 1,..,4 buy product 1. Also the optimal price to offer the product at when up to

Proof of Corollary 1 From Lemma 4, we know that r* = r; = min (1,%), where

type ¢ are being served the first product is v;, and hence we can search for the optimal value of

1 by evaluating the revenue at each of the N possible price points vy, v, ...,vn. O

Proof of Proposition 1 Suppose the optimal solution to formulation (6), (8)-(12) involves of-
fering £ < N distinct products, where the products partition the customer types as in Lemma 4.
Given this partitioning, it suffices to impose downstream IC constraints for types i1, 49, ..., i1
and upstream IC constraints for types i1 +1,i2+1,...,9_1 + 1. Just as in the case of individual

customer classes, transitivity across groups also holds.

We next determine the necessary conditions that the optimal prices and the fill-rates must
satisfy. Since k distinct products are offered, 0 < v;, <p; <w;;, j=1,..k—1,71; >0, j =
1,...,k, and the Lagrange multipliers with the associated bounding constraints v; > p;, ¢ =
1, ip—1,p; >0, i=1,..,ig, 1 >ry, i=1i1+1,...,0k, 7, >0, i =1, ..., i are zero. Moreover,
since the solution is optimal, py = v;, and r; = 1, so that we have 2k - 2 optimization variables.
We can write the Lagrangian as follows (fulfilment of the constraint qualification condition is

shown in Appendix B):
i k— i i
L=35 (5L, qm)pjry + 2520 (0 = p) 7 — (v = pjn) 97j41)

_ _ - (37)
+ Z;t%(j ((vi;41 — pj41) " g1 — (Vi1 — py) "9 ) + MC — 29?:12;]:%17717“;')-

Note that p;¢; = 0, since exactly one of the respective constraints is tight; otherwise we

can increase revenues by changing the price or the fill-rate. Differentiating with respect to p,

we obtain
g]’i = Zflzﬂz — p1iy (v —p1)%1*1 + C17iy+1 (Vig +1 _pl)wlﬂ—l -0,
implying that uq > 0,{; = 0. Differentiating with respect to p,, we get that
gpl; = (S ™Tu — Vi, (Wi, = Pa) ™ " a1y (Vi — Pa) Ty

—Cu1Viu1 41 Wiy 141 — Pu) T Ty 4 G Vit (Vi1 — Pu) T Ty = 0,
Now using the induction hypothesis that j,—1 > 0, (,—1 = 0, we find that p, > 0,¢, = 0. This
implies that all the downstream constraints are tight, while all the upstream constraints are
slack. Hence, given any partitioning, we can drop the upstream constraints. Moreover, we can

set the downstream constraints to be tight. Since, the choice of partitioning does not matter,
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this holds for all partitions, and in particular the optimal partition, and hence formulation (6),

(8)-(11) leads to the same optimal solution as formulation (6), (8)-(12).

Proof of Corollary 2 a) This follows directly from Lemma 4. b) The expression for r follows
from the tightness of constraint (11) in formulation (6), (8)-(11), the second part of Lemma 4,
and the non-negativity of fill-rates. [

Proof of Corollary 3 Note that the risk-aversion parameter enters formulation (6), (8)-(11)
only via constraints (11). Next, denote the optimal solution to formulation (6), (8)-(11) when
customers are risk-neutral by (p,7). Then <%>% > (%) > F;—:l, and hence (p,T)
is feasible for formulation (6), (8)-(11) with ~ as risk-aversion parameter vector. Hence the
revenue with (p,7) serves as a lower bound for the optimal revenue to the risk-averse problem.
(Note that (p,7) might not be feasible for formulation (6), (8)-(12) with v as risk-aversion
parameter vector.) Similarly, one can also show that the optimal revenue with risk-aversion

parameter 7 serves as a lower bound for revenue with risk-aversion parameter v/, if v/ <~. 0O

Proof of Proposition 2 Define z; := p;r;, i = 1,..., N, and y; :==1; — 1541, ¢ = 1,..., N —
1, yv = ry. Then the IR condition (equation (8)), the IC condition (equation (11)), and
the capacity constraint (equation (9)) can be written as vizfiiyz >z, 2z — zig1 < vy and
SN (ZN.y)m < O, respectively, while the objective (equation (6)) becomes LY | 7;2;, which

are all linear in the variables z;,y;, thereby leading to an LP. [

Proof of Proposition 3 Suppose customers are risk-neutral and the firm decides to offer k > 1
distinct products such that they partition customer types as in Lemma 4. Using Proposition

1, we can write the Lagrangian as
k Lj k-1
L =355, m)piry + X515 (0, = pi)rs — (viy = D))

ko s (38)

Using Lemma 4 and diﬁe?entiating with respect to p; yields Zflzlwl — w1 = 0. Differentiating
with rgspect to p; gives E;j:ij,ﬁlm — i +pj—1 =0, j=2,...,k—1. Together these imply that
= Z;ilwl. Differentiating with respect to r; and using the above we get pjvi; — pj—1vi;_, —

)\E;iij_lﬂm =0,j=2,...,k— 1. Using puj = £;°,m gives (E;iij_1+lﬂl)vi,j — (525 m) (vi,_, —

)\ _ . .
vi;) )‘El:z’j,l 417 = 0. There are two cases to consider.

a) XL muy, = X2 mui, = ... = X5 mu;,, when capacity is unconstrained and k > 1,
. ; B B ; i1
2 v, —Sk muy, 53 muig— 52 mu SE  mv, =S5 g, . o
b) A = STl TEn My B MU T En Tty | st s k=1 > (0, if capacity is
X2 T X1 El:ik_1+17l'z

scarce and k > 2.

The remainder of this proof verifies (details are omitted) that the revenue in a) is given

by E?:lmvil, and is achieved by offering a single product at price p; = v;,, r1 = 1, and that
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the revenue in case b) is given by Eflzlﬂlvil + AC — Ef;lm), and is achieved by offering two

distinct products at the following prices and fill-rates. Define u := max{;j | E?: ™ < C}, then

c-xi m C-x" m
— . . . =1 — — . — =1
pl - U’Lu - (U’Lu - U’Lu+1> Tut1 9 = 17 p2 — Uzu+1 and ro = Tyt 1 . D
1™ I=iq+171

Proof of Corollary 4 Suppose r; < 1. There are two cases to consider.

; i1 i ,
. . . »lom . C=Xi (B, T
a) k > 1: Consider setting r; = min <1, = l), = min | rj, ———u-l -

1> 1

J J
l=ij_q+17

and increasing p} s.t. the downstream IC constraint (v;, — p})r] > (v, — ph)rh for type iy
customers is tight. Then, no type chooses to buy a different product, but the revenues strictly
increase. This leads to a contradiction. If ] < 1, then it implies that only one product is being
offered and hence this reduces to case b).

b) k = 1: Suppose r; < 1. This implies that Eflzlm > C and mv; < Cv;; < (Eflzlm)vil.
Consider the following two-product offering: pj = v1 — (v1 —p2)r2, 7 =1, Py =1, 15 =

E;m' Then, the new revenue equals mv; +

Ez:z‘1+17rl (2;1:27”)
that the original one product revenue was suboptimal, thereby leading to a contradiction. [

(2;1:171'1 YViy —T1v1

(C —m) > Cv;y, again implying

Proof of Proposition 4: We will first prove the following;:
i) There exists M € N sufficiently large s. t. (p,7) € S",Vn > M
ii) There exist pt € S, M € Ns. t. [p? — p}| < ¢(1 —~1),Vn > M, where c is a constant

i) Suppose the optimal risk-neutral solution involves offering £ < N distinct products, where
the products partition the customer types as in Lemma 4. Then, following Proposition 1, (p,T)

satisfies the following constraints.
(Uij _ﬁ])Fj - ('Uij _ﬁj—i-l)?j-l-h ,] - 17 7k - 27
(Vij+1 = Djp1)Tj41 > (Vij41 —P;)T5, J=2,..,k—1.
The feasible sets S™ and S of problems P™ and P, respectively, only differ in their IC constraints.

Hence, in order to establish claim i), it suffices to show that (p,7) satisfies the IC constraints

of P, for n sufficiently large. Note that

Vi, —D; o Ui —D; T
1> (i Pj Vi > Y Pi _ Tyt

— —_ ?
Vij = Pj+1 Vi; =Pj+1 Ty

implying that the downstream IC condition for problem P" is satisfied by (p,7). If (v;;+1—p;) <
0, the upstream IC condition is satisfied as well, otherwise, consider the following. Define
€j, Jj=2,....,k — 1 such that

€T j4+1(Viy+1 — Dj) = (vi;41 — Dj)Tj+1 — (vig41 — B;)T; > 0.
We want to show that for sufficiently large n,
)%nﬁla

_ R _
(Vij+1 = Pjy1) 7 Tp1 = (Vi1 — B T
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- (vijﬂ —pj+1>7ij+1 T <U¢j+1 —Pj+1) .
- —_— - — - — — &5
Vij4+1 — Py j+1 Vij+1 — Pj

Substituting 'yz.”j 41 = 1—x;,;41 and using the Taylor expansion, this condition can be written as
Vij+1 — Pjt1 Vij+1 = Pj+1
(”]> — c1zi,41 + O((w4;,41)%) > <w> —¢j,
Vij+1 — P Vij+1 = Pj
where c; is a constant. The latter is satisfied if c12;; 41 < ¢; +O((a:ij+1)2), from which it follows
that for any €; > 0, there exists a M sufficiently large such that for all n > M, (p,7) satisfies

both upstream and downstream IC constraints, and this completes the proof of claim 1i).

ii) Suppose the optimal solution (p™,r™) involves offering k& < N distinct products, where
the products partition the customer types as in Lemma 4. Since (p",7") is the optimal solution

for P, it satisfies the following constraints

(vi, — D} m) g = (v, —p) T, G=1,k— 1 (39)
(U’Zj+1 _pj+1),y +1 ]+1 > (U’L]-l-l pj )71 +17“;7', ,] = 27 7k — 1. (40)

We will construct a new solution (p/,7’) € S, where r’ = ", and

(v, = Py)rs = (vi; = P [= (vigpa = plp)rfn > (Ui — ph)rjl,
such that [p? —p;| < ¢(1—~1), for n sufficiently large and some constant c. Consider the k — 1t
downstream IC constraint. From (39), it follows that

n

(Vip_y = Pr—1)Th—1 < (Vi_y — PE)TE

Set pi. = P}, Py = DPr_q — €k—1, €k—1 > 0, s.t.
/ / / /
(Vi = Pr—1)Tk—1 = (Vip_y — D)7k

This requires that

/

(vlk 1 pk 1)

/
k:
f}/'."‘
Vig_1 Pk 1) k-1 n
U'Lk 1 ( - (vik_l _pk—1)7

Vigp_1

€k—1 = (’Ulk 1 pk)

=cp—1(1 - ’Yik,l) + O((l - ’yikfl)Z)’

following a Taylor expansion, where c;_1 is a constant. Note that e;_q > 0 since pr_1 > pg.

Next consider the k — 2t downstream IC constraint. Set Ph_o =DR_o — €k—2,€k—2 >0, s.t.
(Vig_y = D272 = (Vig_y — Ph—1)Th—1-
This requires that

€p—2 = (Uik 2 pk 1) (Uik—Q - pZ—Q)a

7"1@2
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‘ no O\ Vi

o / Vig_o — Pp—2 b2 . n

= (Vij_y — Pr—1) v — — (Viy_y — Pk—2);
tk—2 k—1

Vi - pz 2 =
k— _
= (Viy_p — Di—1 + €k—1) ] : n — (Viy_» — Pi—2);
Vip_o = Prp_q
= o1 = ) + ol =i )+ O((1 =70 )*) +O((1 =7 )%,

< cpa(1 =7 ,) +O0((1 =5 )%,

following a Taylor expansion, where ci_o, c,lc_2 and cz_Q are constants. Note that e;_o > 0.
Proceeding in a similar fashion, one can construct pi, ..., pj_5 as well, wherein p; — p' < ¢;(1 —
vi) + O((1 - i1)?), ¢ constant. Finally pj > p > ... > p| is ensured if ¢ < pI' — pl' |,
i = 1,..,k — 1, which is guaranteed for n sufficiently large. Hence [p} — p;| < c(1 —}),

i =1,..,k, and this completes the proof of claim ii).

We will now prove the statement of the proposition. Denote the feasible set in equations (7),
(8)-(11) for the problem with risk-aversion parameter 7, as 7", and for the risk-neutral case
as 7. Following Proposition 1, p"* € 7™ and (p,7) € 7. Consider n > m so that v <
~". We will show that 7" C 7™. Consider any p € 7". Then it satisfies constraint (11).

. o\ i o\ o )
However, ™ < ~™ implies that 1 > (%) > (%) > Tr—tl implying that p € 7T™.
This implies {p"}n>m C T™. T™ is a compact set, implying that there exists a subsequence

{netken CNym <np <ng < ...st. p"* —p, peT™.

Suppose p € S and p # p. Then Ve > 0, IM s.t. Vk > M, |pi* — p;| < e. This implies
that the optimal revenue for problem P", R™(p™) < R(p) + ce, where R™(-) denotes the
revenue with risk-aversion parameter v* and R(-) denotes the revenue for the risk-neutral case
(under feasible price vectors). Now since the optimal solution to the risk-neutral problem P is
unique, R(p) > R(p) and for € small enough, R(p) > R"™ (p"*). However, this would violate the
optimality of p™*, since for nj large enough, p is feasible for S™. Then, from assumption 1, it

follows that p€ S = p=7p.

Now suppose p ¢ S. Then let § = min,, 5 [[p — P'||2 > 0. Note the for k large enough,
[lp™ — pll2 < €1, and Fp' € S s.t. [[p"™ — p|]2 < e2. Now using the triangle inequality,
llp™ —Dll2 = [P —P|l2 — ||[p™ — p'||2 = 6 — €2. Hence choosing €1, €5 to be such that €1 + €3 < 0,
we will achieve a contradiction. Hence p € S and consequently p = p. In a similar fashion,
it is also possible to show that {p™} has a unique limit point. Moreover, this directly implies
that R™ (p™) — R(p) (Actually we know that R" (p"*) > R(p) since p € 8", for k large, or
alternatively, by using Corollary 3 directly). O

Proof of Proposition 5 It is easy to verify that the following assignment,
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5il—1+1 = 5iz_1+2 = .= 5il;l =1,2,...,k,

8 =041 = ... = 0y =0,
5iz+1fl+1 + Wiy 145, — Wiy 3, Tiy — €
51: - : 7 7l:1727"'7k7
l

is feasible for the LP (30)-(36). Constraints (31)-(32) and (34)-(36) are tight, while §;, = — <k

Tk

implies that constraint (33) is also satisfied.
We will next show that (30)-(36) has a finite optimal solution by establishing that its dual
is itself feasible. The dual to (30)-(36) can be written as follows.

min Zz:k:l,ui[(wi,iﬂ — Wi )T — &)+ Eij\glﬂi(—ﬁi)

41
42
43

44

st >0, i=1,2 ., N—1,1>0,i<ig, 0; >0, i<i,

A>0, a,...,0 20, B, >0, ¢5,...,0N8 >0, vj,..ux >0,

mMA —u11p1 — mlygr + a1 =mpr,

A — Wiifhi + Wim1ifhi—1 — Niligr + mic1li_1g¢7 + qili<iy = mipi, 1 =2,3,..., i — 1, (45
Tig A = Wiy ig, Wiy, + Wip—Lip Hig—1 + Mip—11i, —1¢1 + 0y Lip <iy = iy Dy, 46
TiA = Uj iy + uj-1,45-1 — @5 =0, 47
TN — Uity + U1 ipi-1 — ¢ =0, i=j+1,..,N—1, 48
TNA+un-_1,NpUN—1 — ¢N = 0, 49
50
51

52

pary — O1lygp = miry,

— pi—1ri + piri + 0io11l g — Oiligr = miri, i =2, .0 — 1,
— Wip—1Ti + Wiy iy, + 0i 11y, _1g¢1 — iy Liygr + B = mi iy,
0i—11;_1¢1j-1<ip TV =0, 53

(
(
(
(
(
(
(
(
(
(
(
(
(
(54

)
)
)
)
)
)
)
)
)
)
)
)
)
)

v; =0, i=j+1,..,N.

Here ) is the dual variable associated with the capacity constraint (31), u; is the dual variable
associated with constraint (36), ¢ = 1, ..., N—1, n; is the dual variable associated with constraint
i > piv1,t = 1,..., N—1, 0; is the dual variable associated with constraint §; > d;11,7 =1, ..., ig.
«; is the dual variable associated with the constraint p; <0, ¢ =1,...,41, 3 is the dual variable
associated with the constraint d;, < 0, ¢; is the dual variable associated with the constraint
pi > 0,1 =737+1,...,N, and v; is the dual variable associated with the constraint §; < 0,
t=7,7+1,...,N.

Following Proposition 3, without loss of generality, we restrict attention to the case where
the optimal number of products to offer to risk-neutral customers k& < 2. By brute-force once

can verify that the following assignment of variables is feasible for (41)-(54), and therefore that
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(30)-(36) has a finite feasible solution (details are omitted):

95
56
57

MZ:Z;‘:17TI7 ’izl,...,N,

0; =0, i=1,...,.N —1,

I/i:O, i:j;j+17~--7Na ﬁ:()?

Q; — 1 = = AT + Vi — fli-1Vi-1 — Ni—1, 0 >0, 0; >0, a;m; =0, 1<i <1y, 59

iy = 07 Q4 = _)‘ﬂ-h + Miq Uiy — Mg —1Vi—1 — Tip—1, 60

(55)
(56)
(57)
m =0, ar=m(v1—A), (58)
(59)
(60)
(61)
(62)

M = ME]_s, 41m) + 05 — pevi, G < i < g, 61
(Zsi:)\ﬂ-i—i_,uf’i—l(vi—l_vi% Z:j7j+177N7 62
0, if k=1,
A= (Z;ilﬂl)?h*(z:;l:lﬂ'l)vil if k= 2. (63)
E;Q:il‘f’lﬂ—l )

We next compute the optimal solution to (30)-(36). We consider the one-product and the two-
product case separately.

i) k = 1: In this case, w; ;+1—w;; =0, i = 1,..., N—1. Also, ¢, =0, i = 1,..., N—1 would ensure
that the IC conditions are not violated. Together these imply that zero is feasible revenue for
the dual problem (41)-(54). However, this is also attained by setting §; = p; =0, i = 1,..., N
in the primal problem. Hence by strong duality, this must be the optimal solution.

ii) k = 2: In this case, w;;+1 —w;; =0, i = 1,...,4y — 1,41 + 1,..., N — 1. Also, we can set
€ =0,79=1,....,40 — 1,41 + 1,..., N — 1. This implies that a feasible dual revenue is given by
(I ) [(Wiy iy 41 — Wiy iy)Ti, — €i,]. However, this is also attained by setting 8; = g = ... =
0ii = (Wiyi+1 — Wiy 4,)Ti, — €y, 6; =0, © >4y, p; =0, i =1,...,N, in the primal solution.

Hence, by strong duality, this must be the optimal solution. [

Appendix B

Existence of optimal solution and constraint qualification: For completeness, we justify
the use of the Lagrangian approach. We observe that the objective (6) is continuous, and the
feasible sets (7), (8)-(12) and (7), (8)-(11) are compact. Hence, following Weierstrass theorem,
a maxima exists. Suppose the optimal solution to formulation (6), (8)-(12) involves offering
k < N distinct products, where the products partition the customer types as in Lemma 4.
Define a; = i, (vi, — 1)~ 1y, by = i, (i, — pig) 0 rigns o= (vi, — ), dip = (vi, — prga) ",
Il =1,...k—1. Also define ¢ = E?

differentiating the £ — 1 downstream IC conditions and the capacity constraint is given as

l:il,1+17rl7 I = 1,...,k. Then the matrix obtained by
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follows.

—a by 0 0 ... 0 —dy 0 0 ... 0 0
0 —an b2 0 ... 0 C2 —d2
0 0 0 0 ... —Aakp—1 0 0 0 ... Ck—1 _dkfl
0 0O 0 0 ... 0 —es —eg ... —ep

The first £ — 1 rows in this matrix correspond to the k — 1 downstream constraints, and the
k" corresponds to the capacity constraint. The first k — 1 columns correspond to the variables
D1, .-y Pk—1, While the next k—1 columns correspond to variables ro, ..., 7. Note that this matrix
has rank k (since there are k linearly independent rows (the matrix is in row-echelon form, and
can easily be converted into reduced row-echelon form with k& non-zero rows)), and hence the
constraint qualification condition is met for the Lagrangian in equation (38). In case we also
add the upstream constraints to the Lagrangian, as in equation (37), we observe that either
the upstream or the downstream constraint can be tight, but not both, and since the derivative
of any upstream constraint would lead to the same non-zero entries as the derivative of the

corresponding downstream constraint, the constraint qualification condition would be met.

Proof of algorithm 1: For risk-neutral customers, the required conditions are obtained from

the proof of Proposition 3. For risk-averse customers, the Lagrangian can be written as follows:
L= (E;lzlm)pl + (E;;Q:il_,’_lﬂ'l)UiQTQ +u (v, —p1)7 — (v, —v,) 1) + A (C’ — E;'l:lm — (E;iil+l7rl)r2> .
Differentiating with respect to p; and 7y respectively, yields the following:

(S, m) — iy (viy, — 1)1t =0,

(Zfiilﬂm)vh — A(Zfiilﬂm) — p(v, —v,)" = 0.

There are two cases to consider: A =0 and A > 0. A = 0 implies that

’Yil

; 1 A
(EZi vy | (Z, a™)vipyi | T
P1 =i — ( Ty = : : | '

E?:ﬁﬁ)(”h - vi2)%1 Eflzﬂl)(vh — Uiy

The conditions p1 > v, and C' > (Z/L,m) + (Efiilﬂm)rg require that

. iy
(2;2:1‘1+17T1)Ui27i1 !
(2;1:17[7)(”1'1 - UiQ)

(SPLm) (Vi = viy) > ¥y (B2, 1 ™)Vips C > (S0 m) + (512, 1 m) (
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under which the optimal revenue is given by

. 1 . 1
; . 222_ T )VioYi 1=y ) EZQ_ ) Vis Vi 1=vi;
R = (Z;Lﬂl)% _ (2;1:17”) ( ( l=i1+1 ) 2 Vi1 > +ou, (2;221'14_1”[) (( l=i1+1 ) 1o Vi1 .

(S ym) (i, — vy ™1 (Vi — Vi)
and which exceeds the one product revenue at price v;; and v;, under the sufficient condition
(Z?:ﬂl)(vil — Vi) > (Efiilﬂm)vb. A > 0 implies that

. 1 .
C_Bhm® ot
(2;2:11+17rl> (2;2:@'1+17rl)

The conditions p; > v;, and C < (E;lzlwl) + (E;ii1+17rl)r2 require that

b1 = v — (Uil - Ui2) (

"/z'l

12 T—~;
(El:i1+17rl)vi27i1> i

C< (T m)+ X2 . .m), C< (L m)+ (T2 .« .
( =1 l) ( l=i;+1 l) ( =1 l) ( l=i1+1 l) (E;;1WI)<Ui1 _vig)

under which the optimal revenue is given by

. L ,
; ; C—(ZLm)\™ ; C—(XL,m)
(L m)vi, — (Z3Lym) (v, — viy) ((z:zzll) + (B, 1) (Zm—u) ’
1=iy+171 1=y +171
and which exceeds the one product revenue at price v;; and v;,.

That the constraint qualification condition is met follows from 6. To see that the proposed

solution is indeed a maxima, write the Lagrangian as

i1 — Vig Uiy — Uiy

i i Viy — i i i Viy — T
L= (3 m)p1 + (52, 1m)viy (N) 1A <C — i m — (52, ,m) <1p1> > '

Differentiating with respect to p;, we obtain that

(302,17 Vin Yy (Vi — pr) ¥~ + A m) i, (0, —pr1)n !

=0.
(v1 — i) ! (v1 — i)V

(Eélzlwl) -

If A = 0, then it is easy to verify that p; is the same as obtained earlier and the second
derivative with respect to p1 is negative. If A > 0, the tightness of the IC condition implies that
we obtain the same solution as before. Solving for A and substituting to calculate the second
derivative with respect to p;, we find it to be negative, implying that the method does yield

revenue-maximizing solution.
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