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This paper considers undiscounted two-person, zero-sum sequential games
with finite state and action spaces. Under conditions that guarantee the
existence of stationary optimal strategies, we present two successive approx-
imation methods for finding the optimal gain rate, a solution to the optimality
equation, and for any € > 0, e-optimal policies for both players.

HIS PAPER considers two-person, zero-sum stochastic games with

finite state space £ = {1, ---, N} and in each state i € &, two finite
sets K(i) and L(i) of actions available to player 1 and 2, respectively. The
state of the system is observed at equidistant epochs. When the system
is observed to be in state i, the two players choose an action, or a
randomization of actions out of K(i) and L(i), respectively. When the
actions k2 € K(i), I € L(i) are chosen in state i, then P¥' = 0 denotes the
probability that state j is the next state to be observed (Y-, P%' = 1) and
g#" is the one-step expected reward earned by player 1 from player 2.

If the payoffs are discounted at the interest rate r > 0, the stochastic
game is called the r-discounted game. The existence of a value and of
stationary optimal policies in the r-discounted game goes essentially back
to Shapley [22]; in addition it is easily verified that value-iteration
converges to the value of the game, in view of the value-iteration operator
being a contraction mapping on E”, the N-dimensional Euclidean space.

In the undiscounted version of the game, i.e., when the long run
average return per unit time is the criterion to be considered, one or both
players may fail to have optimal stationary policies, as follows from an
example in Gillette [11]. Both for this model and for the case of more
general state and action spaces, recurrency conditions with respect to the
transition probability matrices (fpm’s) associated with the stationary
policies have been obtained under which the existence of a stationary
pair of equilibrium policies (AEP) is guaranteed (see Federgruen [7],
Hoffman and Karp [13], Rogers [18], Sobel [23], and Stern [24]).

So far, very little attention has been paid to the actual computation of
both the asymptotic average value g* and of a solution v* to the average
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return optimality equation (see Section 1), under conditions that guar-
antee the existence of a stationary AEP.

In view of the fact that the value of (both the discounted and undis-
counted version of) the game does not necessarily lie within the same
ordered field as the parameters of the problem (see Bewley and Kohlberg
[2]) we cannot expect to find a finite algorithm in the sense that it
involves a finite number of field-operations.

Two algorithms were given by Hoffman and Karp [13] and Pollatschek
and Avi-Itzhak [17]. It was shown that the first algorithm converges to a
stationary AEP, if the tpm of each pure stationary policy pair is uni-
chained and has no transient states. Although the second algorithm
seems to compare favorably with the first one, as far as net running time
and the required number of iterations is concerned, it is still unknown
under which conditions its convergence is guaranteed.

In this paper, we provide two successive approximation methods for
locating optimal policies for both players. In both algorithms, we obtain
in addition at each step of the iteration procedure, upper and lower
bounds for the asymptotic average value which converge to the latter as
the number of iteration steps tends to infinity.

The first algorithm is an adaptation of a “modified” value-iteration
method as introduced by Bather [1] and as generalized by Hordijk and
Tijms [14]. Its convergence is guaranteed whenever condition (H1) below
is satisfied.

(H1): (a) a stationary AEP exists.
(b) the asymptotic average value g* is independent of the initial
state of the system.

The second algorithm is based upon the more elementary value-itera-
tion method, and may successfully be applied whenever condition (H2)
below holds:

(H2): the tpm of each of the pure stationary policy pairs is unichained.

Note that (H2) = (H1) (see e.g. [7], Theorem 3). Under (H2) we obtain
in addition lower and upper bounds for the fixed point v* of the optimality
equation which in this case is unique up to a multiple of 1, where 1 is the
N-vector with all components unity.

At each step of the procedure, both methods merely require the
solution of N relatively small linear programs (the size of which is
determined by the number of actions in K(i) and L(i), ¢ € ). Especially
for large scale systems, i.e., when N >> 1, this compares favorably with
the techniques used in [13] and [17] which require at each step of the
procedure the solution of a system of at least N equations.

One might wish to extend these methods to the more general stochastic
renewal games-model (SRG) in which the state of the system is not
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necessarily observed at equidistant epochs. In the SRG-model we make
the more general assumption that when the actions 2 € K(i) and 7 € L(3)
are chosen in state i, the period of time until the next observation of state
is a random variable with finite and positive expectation T% (i € Q; k €
K(@i), I € L(@)). In the one-player case, this model reduces to a Markov
renewal program (MRP) (see Denardo and Fox [6] and Jewell [15]). The
value-iteration methods that were developed for the discrete-time or
Markov decision problem -(MDP) case, could easily be extended to the
MRP-model, due to a data-transformation which was introduced in
Schweitzer [20] and which turns every undiscounted MRP into an equiv-
alent MDP. In the two-player case, the analog of this data-transforma-
tion, will generally fail to work. The only exception is provided by the
case where the expected holding times T# (i € @, k € K(i), I € L())
satisfy the separability assumption:

(SEP)T# = o8/ with &, B/>0; i€Q,ke€K(@),l€L3G). (1)

This will be shown in the appendix, Section 4. (1) holds e.g. in case the
transition time between two successive observations of the state of the
system merely depends upon the current state, possibly in combination
with the action chosen by one of the two players. Establishing an efficient
algorithm for the general SRG-case remains, however, an outstanding
problem.

In Sections 2 and 3 we present our two methods, and in Section 1 we
give some notation and preliminaries.

1. NOTATION AND PRELIMINARIES

For any finite set A, let || A || denote the number of elements it contains.
If A =[Ay] is a matrix, let | A| = max,;| A;| and let val A indicate the
value of the corresponding matrix game. Note that for any pair of
matrices A, B of equal dimension:

|val A — val B| <|A — B|. 2)

(Let (x*, y*) and (x?, y®) be equilibrium pairs of actions in the matrix
games A and B; the min,; (4, — B;) < x%(A — B)y* = x%Ay* — x®By4
<val A — val B = x*Ay®? — x*By® = x*(A — B)y® < max,,;(4, — By).)
For all i € ©, and any set of numbers {c*' |k € K(i), I € L(i)}, [cI]
denotes the || K(7)|| x| L ()| matrix, the (&, )-th entry of which is ¢}’

For all » > 0, let V(r) denote the vector, the ith component of which
denotes the value of the r-discounted game, with initial state : € Q.
Bewley and Kohlberg [2] recently showed that V(r) may be expressed as
a real fractional power or Puiseux series in r, for all interest rates r,
sufficiently close to 0. More specifically, there exists an integer M = 1
such that:
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Vi(r)y =g*/r + ¥ a®r M 3)

We call g* the asymptotic average value vector.

A player’s policy is a rule which prescribes for each stage t =1, 2, .- .
which (randomized) action to choose, depending upon the current state
and the entire history of the game up to that stage. A policy is said to be
stationary if it prescribes actions which depend merely upon the current
state of the system, regardless of the stage of the game, and its history up
to this stage. Note that a stationary strategy f(h) for player 1(2) is
characterized by a tableau [ fiz]([hu]) satistfying fir = 0 and Yjrexo fir =
1(hi = 0 and Yierwha = 1), where fir(ha) is the probability that the kth
(Ith) alternative in K (i) (L(i)) is chosen when entering state i € Q. We let
(V) denote the set of all stationary policies for player 1(2). We associate
with each pair (f, o) € ® X ¥ a N-component reward vector g(f, h), a
holding rate vector T'(f, ) and a stochastic matrix P(f, h):

q(f, h)i = Yrekw) Ly faq ' ha; 1€Q
T(f, B)i = Yrekw Yaera fiT ha; ASRY/ 4)
P(f, h)y = Sreki) Yierw fuP% hi; i, JE &

Finally we define for any pair (f, h) € ® X ¥ the stochastic matrix
I1(f, h) as the Cesaro limit of the sequence { P"(f, h)}»-1. Since we employ
the long run average return per unit time criterion, we evaluate any pair
(¢, ¥) of (possibly nonstationary) policies for players 1 and 2, by consid-
ering the gain rate vector g(¢, ¥):

&, V)i = lim o (Eyy Yim1 00/ (Epy Y1 7); TEQ (6))

where p,(7,) denotes the payoff to player 1 (the length of the period) in
between the (n — 1)-st and the nth observation of state. E,, indicates the
expectation given the players’ policies ¢ and . A number of equivalent
criteria have been formulated in [4]. g(¢, ¥); equals the limit as ¢ — o, of
the expected average cost incurred by time ¢ (see Theorem 7.5 in Ross
[19)).

A pair of stationary policies (¢*, Y*) is called an AEP, if and only if for
every policy pair (¢, ¥)

g, v*)i=g@* ") =g(9" ), foral i€Q. (6)

One easily verifies (see e.g. [2] and [8] that if (f*, h*) is a stationary
AEP, g(f*, h*) = g*.

In [8], we showed that a pair of optimality equations arises when
considering the average return per unit time criterion, and we investigated
the interdependences between the existence of a stationary AEP and a
solution to this pair of optimality equations.
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In the case where g* = (g*), 1 € @, i.e., when the asymptotic average
value is independent of the initial state (see condition (H1)), this pair of
optimality equations reduces to the single equation:

vi + g =vallgh' + ¥, Pby], i€EQ (7)

LEMmMA 1 (see Corollary 2.5 in [8]). Assume that g* = (g*), i € Q. Then
the following statements are equivalent: (I) a® =0, k=1, ..., M — 1
(see (3)), (II) there exists a stationary AEP, and (III) (7) has a solution
pair (g, v).

In addition, under either one of (I), (II) or (III), any solution pair (g, v)
has g = g%, and any policy pair (f*, A*) € ® X ¥ which satisfies the
equation (7), i.e., which attains the NV equilibria in (7) simultaneously for
some solution pair (g, v), is an AEP.

Finally, let V= {v € EV|(g*, v) satisfies (7)}.

2. A MODIFIED VALUE-ITERATION TECHNIQUE

Throughout this section, we assume (H1) to hold, which implies in
view of Lemma 1, the existence of a solution pair (g*, v*) to the optimality
equation (7). We investigate the behavior of the scheme

yn+1)i=vallgh—g*+ QA +r)" Y, Pymn)], i€Q (8

with y(0) a given N-vector. It follows from the proof of Theorem 2.3 in
[8] that lim, ..y (n) = a'¥, provided that the sequence {r,};- satisfies

1—=ry) - (1—r)—0, as n— o 9)
S (L =ry) oo (L=rp)|r}™ = riM> 0, as n—ow (10)
where (a'”, g*) is a solution pair to the optimality equation (7).

LeEmMA 2. Conditions (9) and (10) are satisfied for any choice: r, = n™°

with0<b=1.
Proof. Note using the mean value theorem that n® — (n — 1)* < 1 for
alln =1, 2, ... and use this inequality in order to verify that:

_ @ =) (n-1' -1 @-1)_2-1
(l—rn)...(l—r2)_ nb (n_l)b e 2b < nb

which proves (9). Next we apply the mean value theorem to verify that

o (I =ry) -o- 1=r)| P —r¥)
: (n”—l)‘ . (*=1)

= bM™! e )M
EZ p 75 (/=1
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< bM—ln—b - <b(1-M~1)—1
&7
=bM'n"? f xPOMH1 gy
1
_ bn"%In(n), ilf M=1
(M—-1)"a, otherwise

which proves (10).

Remark 1. For the MDP—i.e., one player—case, Lemma 2 indicates a
larger range of permitted values for b, than the one that was obtained in
[14] (p. 206 remark) using a different analysis.

Observe that the sequence {y(n)}; cannot be computed in view of g*
being unknown. We circumvent this numerical difficulty as in White [25],
i.e., we define the sequences {y(n)}s-1 and {G(n)},-1 by:

yn+1);=yn+1);—yn+ n
= vallgt' + (1 + )7 5 Pi(n),] - Gn + 1); (1n
1EQ n=012 ...
G(n + 1) = vallgi' + (1 + ro) ' Y, PEY(n););

(12)
te€Q; n=0,12...
where y(0); = y(0); — y(0)n; i € 2.
THEOREM 1. Foralln=1,2, ... let:
D(n + 1) = min{vallg?' + (1 + r.) ' 3, PE9(n),]
— (1 + ra)7'y(n)) (13)

Un + 1) = max,{val[g?' + (1 + r,) "' Y, PE5(n),]
= (1 + ) 9(n)).

(a) Let (f*, h*) be a stationary AEP and for anyn =1, 2, - .. let (f.,
h,) € ® X ¥ be any pair of policies which attain the N equilibria to the
right of (11) simultaneously. Then

(1) D(n) = G(n) = U(n), n=12 ...
(2) Dn+1) =g(fu, h*)i=g8* = g(f*, hn)i = Uln + 1); e

(b) If {r.}n-1 satisfies (9) and (10), then:

lim,..D(n) = lim,_..G(n) = lim,..U(n) = g*

lim._.y(n) =a” — (aW)1l €V
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where 1 is the vector all of whose components are unity.

Proof. (a) (1) Note from (11) that y(n)y =0 foralln =10,1,2, ...,
hence D(n) < val[g#’ + (1 + r,) "' Y, Pky(n),]1 = G(n) = U(n).

(2) The inner inequalities are immediate from the fact that (f*, A*)
is a stationary AEP. We next prove the most left inequality D(n + 1) <
&(fn, h*), the proof of g(f*, h,) = U(n + 1) being analogous. Note that for
alli € Q

Din+1) + (1 +r) %(n); < vallgh + (1 + r)™ ' Y, P4y(n),]
= q(fu, B*)i + (1 + 12) " 'P(f, B*)¥(n);,

and multiply both sides of this inequality by II(f,, A*); = 0 and sum on ¢
€ Q.

(b) Recall that lim,..y(n) = a® € V. Next we observe that if v € V
then so is v + c1 for all scalars ¢. Hence,

lim,_..y(n) = lim,_.y(n) — (y(n)m1l=a® — (a1 EV

This in combination with the fact that the “val”-operator is (Lipschitz)
continuous (see (2)) imply using (7):

lim, ...D(n) = min;{val[¢?' + ¥; P%'a}"] — a{”}
= ming* = (g*) = max;{val[¢* + ¥, P¥'a/"] — a{”}
= lim, ., U(n)
which together with part (a)(1) completes the proof of (b).

Remark 2. When taking r, = n™" for some b, with 0 < b < 1, the
approach to the limits in part (b) of the above theorem, exhibits a
convergence rate which is of the order

{O(n-blnn), if M=1

0(n="M7), otherwise

as follows from the proof of Lemma 2 and Theorem 2.3 in [8]. We note
that the bounds for g* in part (a)(2) generalize the bounds Odoni [16]
and Hastings [12] obtained for the MDP-case.

We summarize this section by specifying an algorithm which approxi-
mates g*, as well as a solution v € V, and which finds for any € > 0, e-
optimal policies for both players:

Algorithm 1

Step 0. Fix a sequence {r,},-: satisfying (9) and (10), e.g., take r, = n™"°

with 0 < b =<1.Set n =0, fix y(0) € E~ and € > 0.
Step 1. Calculate y(n + 1), D(n + 1), G(n + 1) and U(n + 1) from y(n),
using (11), (12) and (13).
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Step 2. If U(n + 1) — D(n + 1) < e determine a stationary policy pair (f»,
h.) which attains the N equilibria to the right of (11) simultane-
ously; use f.(h,) as an e-optimal policy for player 1(2); G{n + 1)
as an e-approximation for g* and y(n + 1) as an approximation
for a solution v € V. Otherwise increment n by one and return to
Step 1.

3. VALUE-ITERATION; A SUFFICIENT CONDITION FOR

CONVERGENCE
In this section, we discuss the asymptotic behavior of the sequence:
v(n + 1); = Qu(n);, 1EQ (14)

where the operator @: EV — EV is defined by Qx; = val[g}’ + ¥,
P%x,],i € Q, and where v(0) € E" is a given N-vector.
Note that the @ operator is monotonic, and satisfies the basic proper-
ties:
Q(x+cl)=Qx+cl forallscalars ¢; x€EY (15

(X = Y)min = (Qx — @Y)min = (@x — @Y )max = (X = ¥)max;
x,y € EN (16)

where (16) is easily verified by applying the @-operator to both sides of
the inequalities y + (x — ¥)minl < x and x < y + (¥ — ¥)maxl, using its
monotonicity as well as (15).

Note that v(n); may be interpreted as the value of the n-stage game
when starting in state i and given some final amount v(0); is earned by
player 1 from player 2, when ending up in state j.

Whereas we still have lim,_..v(n)/n = g* (see Bewley and Kohlberg
[2], Theorem 3.2) the difference {v(n) — ng*}7-1 does not need to be
bounded, in sharp contrast to the behavior in the one player-model (see
Brown [5], Theorem 4.3).

In fact, Bewley and Kohlberg [3] proved the existence of a number B
> 0 and a Puiseux series in n,

W(n) = ng* + V=1 ey kM
such that |v(n) — W(n)|<Blog(n+1),n=1,2, ...
LEMMA 3. {v(n) — ng*}i-1 is bounded under condition (H1).

Proof. Note from Lemma 1, that (H1) implies the existence of a solution
v € V. Next, use (2) in order to conclude that:

|v(n) — ng* — v| < |vallg¥ + ¥; P¥v(n — 1),]
—val[g? + ¥, P (v + (n — DgH) ]/ |<|vin—1) — (n — 1)g* — v|.
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It is known from Markov decision theory that even in case {v(n) —
ng*}n-1 is bounded, the sequence may fail to converge if some of the
tpm’s of the pure stationary policy pairs happen to be periodic (in [21],
Schweitzer and Federgruen obtained for the MDP-case the necessary
and sufficient condition for {v(n) — ng*};-1 to converge for all v(0) €
EM).

In this section we first apply a data-transformation which turns our
stochastic game into an equivalent one, in the sense that the two sto-
chastic games have the same gain rate vector for any stationary pair of
policies, and hence the same asymptotic average value vector and the
same set of stationary AEPs. We next analyze the behavior of (14) under
condition (H2) which is a stronger version of (H1) (see the introduction).
The data-transformation is analogous to the one employed in Schweitzer
[20]:

Gt = q¥ 1EQ kEK(®),LE LQU), 17)
P = (P} — 8;) + 8y LIEQ RE KG),le L) (18)
where 0 < 7 < 1 and where §; represents the Kronecker-delta function.
Verify that P%' = 0, 3, P%' = 1, with the gain rate vector of each pair of
policies in ® X ¥ remaining unaltered by the data-transformation.

In addition, each of the tpm’s of the stationary policy pairs in the
transformed model, has a positive diagonal, which obviously implies
aperiodicity. Let @ be the value iteration operator in the transformed
model, and define V as the solution set of its optimality equation (7).
Finally let {6(n)}r-1 = {@"v(0)}7-:.

LEMMA 4. (a) V= {v € E"|rv € V}, and (b) If (f*, h*) € ® X ¥ satisfy
the optimality equation (7) in the original [transformed] model for some

v € V[0 € V), then they will satisfy the optimality equation in the
transformed [original] model for v~ 'v[0] as well.

Proof. Consider an arbitrary two-person zero-sum game [c/] for some
i1 € Q. Then for any constant a and positive number b:

() val[c? + a] = val[c?] + a 19)
(ii) val[bc®'] = bval[c]

with the set of equilibrium pairs of action remaining unaltered, both by
the translation, and by the (positive) scalar multiplication. Use (19) while
rewriting (7) as

0=vallgt—g*+ 3, (Pt —8)v], i€ or
0 = val[gt' — g* + 3 7(PE — 8,) (7 'v)], LEQ

Next, we restrict the analysis of the @-operator on the N-1-dimensional
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subspace EV = {x € E"|xy = 0}, considering the following reduction @
of the @-operator:

QEN > EV:x—> Qx — < Qxn> 1.

Accordingly, define o(n); = 6(n); — 6(n)x = Qu(n — 1), i € Q. (Note the
similarity with the reduction in White [25] and of {y(n)}y-, to
{¥(n)}r-1in (11)).

We call a function A(x) on a vector space X, a Lyapunov function with
origin x* € X, if:

(1) A(x) 1is continuouson X (20)
(2) A(x) =0 and A(x) =0e x = x*.

We have not been able to obtain a straightforward analysis of the
behavior of {v(n)}y-1 or {0(n)}r-:. However, the study of difference
equations of the type (14) may be greatly facilitated with the help of
Lyapunov functions, as is shown by the following lemma.

LEMMA 5. Let A(x) be a Lyapunov function on a vector space X, with
origin x*. For n = 2, 3, --. let A" denote the n-fold application of an
operator A:X — X i.e., A""'x = A(A"x). Then,

lim, . A"x = x*, forallx €X, if
(1) A(Ax) = Ax), forallxe X (21)

(2) there exists an integer J = 1 such that A(A7x) < A(x),
for all x # x*.

Lemma 5 is an immediate adaptation of Theorem 10.4 in Zangwill [26].
In the context of Markov decision theory, the use of Lyapunov functions,
and in particular of Lemma 5, was first pointed out in [9].

Now, under (H2), the solution to the optimality equation (7) is unique
up to a multiple of 1, as was shown in [6], Theorem 3.1, i.e., on EV there
exists a unique solution v* € V.

We next observe that both Ai(x) and A:(x) are Lypapunov functions
on EY with v* as origin, where

M) = ||z = v* [
Ao(x) = | Qx = xlla = §x — x|,

with || x ||« = max; x; — min; x; (see Bather [1]). Ai(x) obviously satisfies
both conditions in (20); Az(x) = 0 is immediate as well, its continuity on
E" follows from the continuity of the ‘“val”’-operator (see (1)) and
| @x — x]la = 0 © there exists a scalar g, such that @x — x = (g) l & «x
eVNEYN e x=0*).
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No_tg that As(x) has the advantage of being computable at each point
x e E”.

We next recall that in the transformed model, and as a consequence of
assumption (H2) the tpm’s of all stationary policy pairs are unichained,
and in addition have all diagonal entries strictly positive. In Theorem 4
of [10], Federgruen, Schweitzer and Tijms showed that this implies the
following “scrambling-type” condition for all pairs of N-tuples of pure
policy pairs {(fi, ~1);- - -;(fn, An)} and {(f, b)); - -5 (f/, An)}:

SN, min[P(fw, An) -+ - P(fi, h1)ijs P(fa', ha') -« < P(fY, hi')ip;] > 0
for all i; # 1. (22)

Observe that for all i;, i € Q the expression to the left of the above
inequality is a continuous function on [X, ® X ¥]* which can be
embedded as a compact subset of a Euclidean space. Hence there exists
a uniform scrambling coefficient a > 0, such that

SN, min[P(fw, An) - - - P(f1, h1)ij; P(f8', Ba') -+ - P(f(, b))l > @
forall i #i; (fp,h) and (f,A)EDPXY¥(I=1,-..,N). (23)

This enables us to prove the convergence of {17(1})};‘{;1 under (H2). Let
d(n + 1) = [Q0(n) — 0(n)]min and~ u(n + 1) = [Qi(n) — (n) max for all
n=20,1, ---. Define g(n + 1) = [QU(n)]n.

THEOREM 2. Assume a data transformation (17)-(18) is employed. (a)
Both Ai(x) and Ax(x) satisfy (21) with J = N; hence lim,_... 0(n) = v* for
allv(0) EEN:; b) dn) =d(n+ 1) =gn + 1) =un + 1) < un) for all
n=12 .- lim, .. dn) = lim,... g(n) = lim,.., u(n) = g*; and (c) let
(f*, h*) € ® X ¥ be an AEP, and for alln = 1,2, - - let (fu, hn) € P X
¥ be any pair of policies which attain the N equilibria to the right of
(14) simultaneously. Then l(n + 1) = g(f., h*) = g* = g(f*, hn) =
u(n + 1).

Proof. (a) We merely show that A;(x) satisfies (21), the proof for A»(x)
being analogous. Use (20) to verify that A,(Qx) = || @x — v*|la = || @x —
Qu* ||a = || x — v*||a = Ai(x). Next we obtain part (2) of condition (21) by
showing that:

A(@%x) = Mi(@Vx) < 1 — a)As(x), forallxEX (24)

where the proof of (24) goes along lines with the proof of Theorem 5 in
[8], using (23).

(b) The proof of d(n + 1) = m(n + 1) = u(n + 1) is analogous to the
proof of part (a)(1) in Theorem 1; next note that d(n + 1) = [Qi(n) —
(1) Join = [@(QT(n — 1)) — QD(n — 1) Jmin < [QU(n — 1) — T(n — 1) Jmin =
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d(n), where the inequality part follows from (16). The monotonicity of
{u(n)} »-1 is shown in complete analogy.
(c) See proof of Theorem 1 part (a)(2).

Observe that (24) is stronger than condition (20)(2), since the latter
does not require the existence of some integer J = 1, for which sup.ex
AA7x)/A(x) < 1.

In fact (24) shows that the approach to all of the limits in parts (a) and
(b) of the above theorem exhibits a geometric rate of convergence, which
is considerably better than the rates we obtained in Section 2, for
Algorithm 1 (see Remark 2). In this particular case, it is even possible to
show (along lines with the proof of Theorem 5 in [10]) that @ is an N-
step contraction mapping on EV, ie., | @"x — @y« = (1 — a) | x — ¥ 4>
for all x, y € EV and the latter leads to the following bounds on v*:

onN +r); — o« (1 = V[ o(N) — v(0) |« < v* <
o(nN + r)i + « (1 = N[ o(N) = v(0) ||a; (25)
1€ Q; n=12 ... r=0,..-N—1

(for a proof see [10], Theorem 6 part (a)).

Finally we conclude this section by specifying as in Section 2 an
algorithm which approximates g* as well as some v € V, and for any ¢
> 0, e-optimal policies for both players:

Algorithm 2

Step 0. Fix 0 < 7 <1 and transform the stochastic game into an equivalent
one with (¢g¥'; P%') as the parameter set using the transformation
formulas (17) and (18). Set n = 0; fix v(0) € EY and € > 0.

Step I and Step 2. As in Algorithm 1, merely replacing y(n), D(n), G(n),
U(n) by 0(n), d(n), g(n), and u(n);n=1,2, -...

Note that in this case (25) may be used as a stopping criterion for

getting e-approximations for v*.

4. APPENDIX: ON REDUCING UNDISCOUNTED SRGs TO
EQUIVALENT UNDISCOUNTED STOCHASTIC GAMES

In the introduction, we pointed out that in the one-player case, succes-
sive approximation methods for Markov renewal programs could be
obtained by transforming the MRP-model into an equivalent undis-
counted MDP-model. When trying to obtain a similar reduction for the
SRG-case, thereby establishing an algorithm to solve the undiscounted
version of this game, it is tempting to consider the natural extension of
the data-transformation that is used in the one-player case (see [20]):
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gtt=qt/TH; 1€ k€K@, I€L()
P =08, + (r/THPG' = 85}, L,j€EQ  kEKW); (26)
1€ L)
TH=1, i€Q keK@); [€L).
with
0<7=<min{l/(1-P:)|i€Q, @
kE K@), l€L@E) with Pk <1).

Note that as a consequence of (27) P%' =0 and ¥, P4 = 1foralli,j€
Q, k € K(i), l € L(i) such that it is possible to define a (related) discrete-
time stochastic game which has {¢*} as its one-step expected rewards
and {P%'} as its set of one-step transition probabilities.

We recall from (2.14) in [8] that, under (H1), the solution of our SRG-
model reduces to the problem of finding a vector v € E” that satisfies the
functional equation (see also (7) and Corollary 2.5 in [8]):

v, =vallgt' — g*TH + Y, Pt v], i€ (28)

Lemma 6 below shows that the above proposed reduction method works,
in case the holding times T’ satisfy the separability assumption (SEP)
in (1). Let V denote the set of solutions to (28) and let V be the set of
solutions to the optimality equation in the transformed model. Likewise,
all other quantities of interest in the transformed model will be marked
off by a (~)-symbol.

LEMMA 6. Suppose (H1) and (SEP) in (1) hold. For each pair of policies
fE® and h € V define f, fE ® and h, h € ¥ by:

fir = faci®/Yrexi frai'; 1E€Q, k € K(i)
fir = firla?) "/ Yrekw firla) ™ IEQ, kREKG) (29)
hi = haBi/Yrerwy hiB; 1EQ, le L@)
ha = ha(BH ™/ Srerm hil B 7Y LEQ, LE LQ).
Then,
(a) g(f,h) =&(f,h) and &(f,h) =g(f, k)

i.e., if (f, h) is an AEP in the original [transformed]| model, then (f, k)
[(/, A)] is an AEP in the transformed |original] model. In other words,
there exists a computationally tractible one-to-one correspondence be-
tween the sets of stationary AEPs in the two models.

(b) V={weE"|weV}.
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Proof. We first consider an arbitrary matrix game [c¢/’] for some i €
Q, in relationship with its “transformed” version [c?’/T#']. Assuming
that val[c?’] = 0, we prove the following two properties

val[c?!/T#] = 0. (30)
If x* € #(i) is an optimal action in the original {transformed} matrix
game, then
i = [x*a/Yr %% ek

{and £ = [x:*(@®) /Y 0% (@) ek}

is an optimal action in the transformed {original} model. A similar one-
to-one correspondence exists between the sets of optimal actions for
player 2.

First, let K(i) = {x € EV¥@1| x = 0, Y4571 x, = 1} denote the set of all
randomized actions available to player 1 in state i. Similarly L(i) = {y
€ EV0l|y = 0, 1591 5, = 1} indicates the set of all randomized actions
available to player 2 in state i € Q.

Part (b) then follows by rewriting (28) in a homogeneous way, i.e.,
0 = val[g¥' —g*T* + Y, r(PE — 8,)(r7'v);], i € Q, invoking (30). The
proof of part (a) follows from (31) and the observation that in the system

0=[P(f,h) —Ilg (32)
0={q(f, h)i—gT(fh):+[P(f,h)—Iv}, i€

the g-part is uniquely determined as g(f, h).
This leaves us with the proof of (30) and (31). Let (x*, y*) be a pair of
equilibrium actions in the original matrix game. Then, for all y € £(i):

S S0 & (c¥/al By
= (X285 Cr x*a))Yr Yexn*e? [y Ty-B{1=0

where the inequality follows from x* being optimal in the original game.
Likewise, with ¥ = [ y,*8//Y,3-* B/ licLy we obtain

Zk Zz xk(c?'l/aikﬁi’)yz =0 forall x €& .#(i) (34)
such that (30) and (31) follow from the combination of (33) and (34).

(31)

(33)

We conclude that g*, v € V and e-optimal policies for both players
can be computed by applying Algorithm 1 under (H1), or Algorithm 2
under (H2) to the transformed model and by exploiting the one-to-one
correspondences exhibited by Lemma 6. Note in addition, that by
choosing 1 strictly less than the upperbound in (27) the transformation
in step 0 of Algorithm 2 becomes superfluous.

The above described reduction fails, if the expected holding times fail
to satisfy (SEP). This is due to (30) and (31) breaking down in general,
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examples of which can easily be constructed. As a consequence, estab-
lishing an algorithm for the general SRG-case remains an outstanding
problem.
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