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Abstract

We investigate the stability of discrete-event systems modeled as
generalized semi-Markov processes with event times that satisfy
(max, +) recursions. We show that there exists for each event
a cycle time, which is the long-run average time between event
occurrences. We characterize the rate of convergence to this limit,
bounding the error for finite horizons. The main tools we use
are (max,+) matrix products, the subadditive ergodic theorem,
and martingale inequalities. We discuss connections with these
different fields, with the general theory of random matrix products,
and with recent results for discrete-event systems modeled as Petri
nets,

1 Introduction

Two seemingly unrelated areas of research in discrete-event sys-
tems have expanded to the point where they share some interesting
overlap. One avenue of work originates in the sample-path analysis
of stochastic systems, especially through perturbation analysis and
stochastic monotonicity results; the other originates in the subject
of deterministic (max, +)-linear systems. In one direction, the type
of structure used for perturbation analysis in Glasserman [6] and
for stochastic comparisons in, ¢.g., Shanthikumar and Yao [16] has
been further developed in Glasserman and Yao (7, 8, 9], and shown
in [9] to imply (min, max, 4 )-recursions for stochastic event times.
In the other direction, randomness has been introduced to the de-
terministic (max, +)-linear systems of Cohen et al. [3], for example
in Baccelli (1] and Olsder et al. [12]. What emerges from this inter-
section of techniques is a class of discrete-event systems covering
many examples and possessing many interesting properties.

In this paper, we build on the {(max, +) structure developed for
generalized semi-Markov processes (GSMP) in Glasserman and
Yao [9] and use it to establish stability results. Letting o denote
a type of event and letting Ta(n) denote the time of the n-th oc-
currence of that event, we give conditions under which the limit of
n~1Ta(n) as n — oo exists and is a finite constant independent of
initial conditions. This limit is the long-run average time between
occurrences of a, its cycle time, and is thus a key measure of per-
formance, reflecting a type of growth rate. We next examine the
rate of convergence of n~1Ta(n) to its limit, bounding the error
for finite n.

The (max, +) structure contributes to these results through the
subadditivity of max, making it possible to invoke Kingman’s [10]
subadditive ergodic theory. We use this theory together with re-
sults from the field of random matrix products. These matrix
products arise from vectorization of (max, +) recursions.

That connections exist among growth rates, subadditivity, and
random matrix products is not new. Kingman [10} includes prod-
ucts of random matrices as a key application of his subadditive
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ergodic theorem. Cohen [4] links various generalizations of ma-
trix multiplication {namely, (max,+), (min,+), (max, x), and
(min, X)) with examples from operations research, building in part
on deterministic models of Cunninghame-Green [5]. A specific
(max, +) application in [4] is the existence of a cycle time for in-
terconnected machines. In a deep further development of these
techniques, Baccelli [1] uses subadditivity to prove the existence
of cycle times in a class of stochastic Petri nets.

Our work differs from earlier results in several important re-
spects. Not least of these is the GSMP setting. GSMPs have
emerged as an important class of models for discrete-event sys-
tems, and identifying the right structure and conditions to apply
subadditivity is not altogether straightforward. In analyzing cycle
times, we derive some extensions of Cohen’s [4] results for ran-
dom matrix products to suit the more general class of matrices
we encounter; these are of independent interest. Also, we give a
complete characterization of the limiting matrix for our setting;
related but different limits are analyzed in Baccelli [1]. Our anal-
ysis of convergence rate uses a martinagle inequality in a method
developed for probabilistic analysis of combinatorial problems in
Rhee and Talagrand (15]; this method has not previously been
used with discrete-event systems or random matrices.

The rest of this paper is organized as follows. Section 2 intro-
duces the GSMP framework, then provides the necessary set-up
for (max, +) recursions. Section 3 includes a brief review of sub-
additive ergodic theory, then establishes necessary results on the
(max, +)-products of random matrices. These results are used to
establish the existence of cycle times. Section 4 examines the rate
of convergence, giving error bounds for finite horizons.

This paper is an overview of a full paper, which contains all
proofs (omitted here). There we also study the stability of delays,
i.e., differences between event times, and develop the connection
with stochastic difference equations.

2 Event Time Recursions

We use the framework of Glasserman and Yao [7, 8, 9]; further
references to the GSMP literature are given there.

A GSMP is based on a generalized semi-Markov scheme
(GSMS), denoted by G = (S, A, £,p) and consisting of the fol-
lowing ingredients: a countable state space S; a finite set A of
events; a mapping £ from elements of 8 to subsets of A; and
a collection p = {p(:;s,a),s € S,a € £(s)} of probability mass
functions on S. The elements of S represent physical states of a
system and the elements of A are events that potentially change
the state. The active events in state s € S are the elements of the
event list £(s) C A. We always assume that

Ac e, (1)
aES
so A contains no extraneous elements. Upon the occurrence of

event o in state s, a € £(s), the systemn moves to state s’ with
probability p(s’;s,«). In this paper, we treat only schemes with



deterministic routing; these are schemes in which each mass func-
tion p(+; s, ) is concentrated on a single point. In this case, we
replace p with a function ¢, where ¢(s, o} = s’ if p(s’;s,a) = 1.

A GSMS is made dynamic through the introduction of clock
times. This is a sequence w = {wa(n),a € A,n =1,2,...}, where
wa(n) > 0 represents the n-th lifetime associated with event o. If
the system starts in state 39, then at time zero clocks are set for the
first occurrence of the events in £(s%), the initially active events.
If o € £(s°) then the clock for o is set to wa(1). Clocks run at
unit rate; when a clock runs out, the corresponding event occurs
triggering a state transition. Just after each state transition, new
clocks are set for any newly active events: at the n-th activation of
event B, its clock is initialized to wg(n). Clocks for events active
in the previous state that are also in the event list of the new state
continue to run. A previously active event that is no longer active
(other than the event that triggered the transition) is said to be
interrupted.

Through this mechanism, we obtain from w the sequence T =
{Ta(n),a € A,n =1,2,...} where Ta(n) is the time of the n-th
occurrence of event a. If o fails to occur n times, Ta(n) = oco.
We also set Ta(n) = 0 for n < 0 and Ta(oo) = oo. K we
put a probability measure on the set of w's, then T becomes
stochastic. For emphasis, to indicate random clock times we use
¢ = {€a(n),a € A,n = 1,2,...} and to indicate a particular
realization we use w.

2.1 Structural Conditions

A string of events is a finite sequence of elements of A. A string
g =oal...a™ s called feasible in state 30 if there are states
s1,...,s" Y witha' € £(s*1),i=1,...,n, and

p(sl; so,al)p(az;sl,a2) ---p(a"_l;a"—z,a"-l) > 0.

Thus, a feasible string is just a possible sequence of events. With
the initial state s fixed, we denote the collection of all feasible
strings by £ and call it the language generated by the GSMS.
By convention, £ contains the empty siring. In a scheme with
deterministic transitions, we extend ¢(s’,-) from £(s%) to all of
L in the obvious way: if ¢ € £ is non-empty, then d)(ao,o') is
the state reached from s® through the sequence of events o, and
#(s°,) applied to the empty string returns s%. For any string o
{feasible or not), we denote by [o] the vector ([¢]s, o € A) where
[¢]a Tecords the number of occurrences of o in ¢. The vector [o]
is called the score of o.

With this notation, we give the following structural conditions:

Definition 2.1 A scheme with deterministic transitions is
(i) non-interruptive, if {a, 8} C £(s) implies B € £(¢(s, @)), for
all s € S and all o, 8 € A;
(ii) permutable, if [o!] [¢2] implies E(d(s%,0'))
£(4(s°,02)), for all !, 02 € £;
(iii) strongly permutable, if [0}) = [0?] implies ¢(s%,0!) =
#(s°%,02), for all ¢¥,02 € L.

In a non-interruptive scheme the occurrence of one event cannot
deactivate other events; a clock, once set, always runs out at its
scheduled time. Permutability requires that changing the order
of events (while preserving feasibility) not change the event list
reached. Strong permutability is indeed stronger, requiring that a
change in the order of events not change the state reached. Taken
together, properties (i) and (iii) are equivalent to the commuting
condition of Glasserman [6], and properties (i) and (ii} are equiva-
lent to condition (M) of Glasserman and Yao [8]. Various alterna-
tive formulations of these conditions (and their consequences) are
discussed in {7].

For the present analysis, the most important consequence of
these structural conditions is a set of recursions for the event times.
To develop these, we need to introduce the score space associated
with a GSMS, which is just the set of scores of feasible strings.
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Let m = |A|. By ordering the elements of A, we can identify any
score {o] with an element of Z7*. The score space is then

N:{xez:‘:fweﬁ,[ﬂ:x}.

The elements of A" are called feasible scores.

For any « € A and any n = 1,2,..., consider the set of strings
leading to the n-th occurrence of «; these are the strings o for
which [0]a = n — 1 and a € £(4(s%,7)). This set may be empty
(if @ cannot occur n times) and may consist only of the empty
string (if n = 1 and o« € £(s%)). Denote by Na,n the set of
scores of these strings. We say that an element X of Af,,,,, is
minimal if there does not exist Y € Nan withy # X and y < X,
where < denotes the usual componentwise partial order. Each
non-empty Na,n contains a finite number of minimial elements
x'(a,n), i = 1,...,Ja,n. If Na,n is empty, set Ja,n = 1 and
Xp(a,n) = oo for all § € A. From [9], we have

Theorem 2.2 In a non-interruptive, permutable scheme, for all
w the event times satisfy

Ta(n) = wa(n) + lsfg.i}]mn

/!;;ai{Ta(xfe(a,n))}- (2)

The indices on the right do not depend on w.

This seemingly complicated expression has a simple interpreta-
tion. Each x! (o, n} represents an alternative set of precedents for
the n-th occurrence of a, in the sense that once every event 3 has
occurred xfs(oz, n) times, o is activated for the n-th time. This
happens at the maximum of Tp(ng(a,n)), B € A. However, o
is activated for the n-th time as soon as the first complete set of
precedents is met; hence, we take the minimum over the alterna-
tive sets indexed by i = 1,..., Ja,n. Finally, in a non-interruptive
scheme, event a occurs wa(n) time units after the n-th activation
of a.

We obtain some simplification through the following:

Definition 2.3 A deterministic scheme is irreducible if for every
pair of states s and s’ there exists a string o with ¢(s,0) = s’.
The scheme is event-irreducible if for every state s and event o
there exists a string o with o € £(¢(s,0)).

It is easy to see that under our standing assumption (1), ir-
reducibility implies event-irreducibility. Moreover, under event-
irreducibility, every Non is non-empty. Therefore, In an event-
irreducible scheme, all indices in (2) are finite, for all o and n.

We turn, now, to a class of systems for which the (min,max,+)
recursions in (2) simplify to (max,+) recursions. Clearly, this sim-
plification occurs when Na,n contains just one minimal element,
in which case the min becomes superfluous. As shown in (9], the
score space A and its subsets Na,n are automatically closed under
componentwise maximum (denoted by V) if the scheme is non-
interruptive and permutable; this is but one manifestation of the
antimatroid property that comes from these structural conditions.
If each Na,n were closed under componentwise minimum (denoted
by A), it would have a unique minimal element. So, the key addi-
tional property we need is closure under A. For that we have the
following condition from [9].

(CX) If ¢!,02,02 € L, then [03] > [0!] A [0?] implies
[E(8(s° o)) N E(d(s°, a?)I\A C E((s°, %)),
where 4 = {a: [03]a > [01]a A [02]a}.

From (9] we also have

Theorem 2.4 In a scheme satisfying (CX), V' and every Ay n
are closed under A. Consequently, the event times satisfy
Ta(n) = wa(n) + max {Tg(xg(c,n))}, (3)

peA

where X(c, n) is the (unique) minimal element of Nq n.



Later, we will need what might be considered an explicit solu-
tion to the recursion (3). This alternative representation of the
the event times depends on a notion of longest patk to a pair
(ayn), a € A, n = 1,2,.... A path to (,n) is a sequence
{(ﬂuvku)v ’(ﬁu,»kn,)} Wlth kll =1, §, € 8(‘ )' ﬁ-.. = o
and ki, = n, in W, the ki;-th occurrence of i, activates event
ﬁ. , for the I=. -th tlme, i=1,...,r=1 More formally, the
actwa.t-lon cond.lhon is

[ﬂi; "'ﬁi,’] x(ﬁi,’+.;”i,‘+.)
[Biy-+Bijoa) 2 X(Bijyrrkizg,)

A path corresponds to a iriggering seguence in [6].

Let IT(o,n) denote the collection of all paths to (a,n). In an
irreducible scheme, every I1(a, n) is non-empty. It follows from (3)
by a simple inductive argument that we have

b d

Proposition 2.5 In an irreducible scheme satisfying (CX), the
event times satisfy

Tn(")-—.ﬂE‘E(a:.n) Z wp(k).
(B.k)En

(4)

If we think of wg(k) as the length of step (8, k) in a path 7, then
(4) states that Ta(n) is the length of the longest path to (a,n).
For any pair (6,k), 8 € A, k= 1,2,..., define Hg x(a,n) = {=' =
(Biys kiy) - (Biyr ki) : xx' € H(a,n)for some » € II(B,k)}.
Thus, the elements of I1g x(r,n) are the tails of paths to (a,n)
that pass through (6,%). This set is empty if and only if k >
xg(a,n). If k < xg(a,n), then some path to (o, n) passes through
(8,k), 30

!
Ta() 2 To(k) +  jmax 3 wpls).
(B k!)Ex

We do not have equality because the longest path to (o, n) may
not pass through (8,k). However, if we can identify a set of
pairs (87, k7), ..., (B k) such that every pu:h in (o, n) passes
through at least one of the (8?,k?), i = 1,...,m, then in partic-
ular the longest path must pass through one of these points and
we obtain equality:

Corollary 2.6 Suppose {(3°, k‘),z' = 1,...,m} have the prop-
erty that for every = € l'lza n) them is some (B!,k!) € =,
i=1,...,m. Then

- . ’
Ta(n) = .'.';:?.m{Tﬂi' () + .en:?:f(a n)(ﬁ‘kz')e,, war(K')}
(5)

with a max over an empty set taken to be —oo.

The minimal score X{a, n) provides a set of pairs through which
every path to (o, n) must path: take the set {(8,xs(a,n)),8 €
A}. For this choice, (5) simplifies to (3).

2.2 Homogeneous Minimal Elements

The availability of recursions like (3) is a powerful tool in analyzing
the convergence of Tq(n)/n, but (3) by itself is not quite enough.
In a stochastic setting, the dock times {{a(n),a € A,n =1,2,...}
should stabilize (we will assume stationarity), and the minimal el-
ements X(a, n) should also, in some sense, stabilize as n increases.
To see what can happen with arbitrary indexing, consider the fol-
lowing scheme:

a B a a B B a a a a
The lengths of runs of each event are powers of two. This scheme
trivially satisfies (CX) and its event times can be represented as
sums of clock times. Connecting this with (3), we have Xa(a,n) =
n—1and

Xp(e,2™) = -+ = Xp(a, 2" — 1) = 2" = 1.
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Suppose all clock times are identically equal to 1. Then Tq(2") =
2"+l and To(2"+! —1) = 2"+ 42" -2, solimsup Ta(n)/n = 2
whereas lim inf Ta(n)/n = 1.5. This discrepancy is a consequence
of the increasingly long runs of a’s and 's. To rule out this type
of behavior, we introduce a condition on the minimal elements
which, in any case, appears to be satisfied in most applications:

Definition 2.7 A GSMS satisfying (CX) has komogeneous min-
imal elements if forall v, € A and alln = 1,2,...,

Xg(o,n) = max{xs(a,n+ 1) - 1,0}. (6)
A more straightforward condition would be Xg(a,n + 1) =
Xga(a,n) 4+ 1, but this version does not account for the possibility
that xs(a,n + 1) = 0. Most queucing models that satisfy (CX)
have homogeneous minimal elements. From a practical standpoint,
the only potentially interesting models ruled out by (6) are those
that require, say, exactly two occurrences of § between occurrences
of a. Such a model could be incorporated by replacing the —1 on
the right side of (6) with —2 or, more generally, —k. That option
complicates the exposition so we do not pursue it further.

It follows from (6) that, for all o« and 8, either Xg(a,n) = 0
for all n, or else there exists an integer u,g such that Xg(a,n) =
n ~ uqg for all sufficiently large n. To unify these two cases, we
set

uqp = sup{n — Xg(a,n)}.
n>1

Recalling our convention that Ta(n) =
it to n = —oo, from (3) we get

0 for n £ 0 and extending

Corollary 2.8 In a scheme satisfying (CX) with homogeneous
minimal elements, the event times satisfy

Ta(n) = wa(n) + max{T(n - vas)} ™

We next obtain a compact representation of the above recursion
using (max,+) algebra, as in the work of [1, 3, 4, 5, 11}. For real
numbers a, b define a b = max(a,b) and a®b = a +b. Extend R
to include —oo with a@® —o0o = a for all a. Clearly, a ®0 = a for all
a. If v is a (row) vector over RU{—c0} and A is a matrix, define
v @® A by replacing +, X in ordinary vector-matrix multiplication
with @, ®; more specifically,

(v®A4) = Q’}(u,- ® Ay:) = max(v; + Ajq).
Extend this to matrix multiplication in the usual way.

Proposition 2.9 In a scheme satisfying (CX) with homogeneous
minimal elements, the sequence {T'(n),n > 0} satisfies

Tn) = T(n - 1) ® A(n — 1) ®
for a sequence of matrices {A(n),n > 0} that have the following
property: if w' denotes the shifted sequence defined by w/,(n) =
wa(n + 1), then A(n 4 1,w) = A(n,w’)

Note that since for all « and k we have Ta(k) > Ta(k—1) +
wa(k), the matrices {A(n),n > 0} may be modified so that every
diagonal entry is equal to some clock time and therefore greater
than —oo.

As an in tandem with finite inter-
mediate buffers. Node 1 dmw; new jobs from an infinite supply;
jobs completed at node m leave the system immediately. The
buffer between nodes i and i +1,i=1,...,m ~ 1, has room for k;
jobs, including one in service at node i + 1. If upon completion of
service at node i a job finds the downstream bufler full, it remains
at node ¢ which then becomes blocked. This and more general
blocking mechanisms are consistent with (CX), as discussed in [7].

The dynamics of this system are conveniently summarized
through the matrix u, where

1 )

1+ kipa+---+kj, i<3;
ui; =4 L i=j;
0, i> 5.



For i < j, ui; bounds the number of jobs that may be completed
by node i but not yet by node j; server i becomes blocked when
the limit u;; is reached for some j =i+ 1,...,m.

Let 3; denote service completion at node ¢,7 =1,...,m. Then,
taking s° = (0,...,0), we have Xg,(0;,n) = n - u;j, and

T, (n) = wg; (n)
+ max{Tg,_,(n),Tg;(n - 1),ng(n —uij)i=i+1,...,m}

Since the n-th service completion at node j precedes the n-th
service completion at node ¢ whenever j < 1, and since u;; = 0 for
7 < 1, we may rewrite the above as

Tp,(n) = wg,(n) + max{Tg;(n — ui;),5 = 1,...,m},

which has precisely the form of (7) with ug, 5, = ui;. Using the
fact that upstream service completions always precede downstream
service completions, we obtain

max
j=k,...m

{Ta;(n - us) + Y _wr(m)}.

r=k

Toi(n) = k;‘:ax i

3 Subadditivity and Stability

We now use the framework of GSMPs satisfying (CX) with homo-
geneous minimal elements to establish the existence of cycle times,
i.e., of limp —co Tn(a)/n. We use the linear recursion (8) together
with subadditivity in a stochastic setting.

3.1 The Subadditive Ergodic Theorem

For background, we include in this section a statement of King-
man’s subadditive ergodic theorem. Before doing so, we state
an elementary result. A sequence {a;,a2,...} of real numbers is
called subadditive if
am4n £ am +an, mn=12,....

If {an,n > 1} is subadditive, then {a,/n,n > 1} has a limit as
n — oo, possibly equal to —0co. Cohen [4] includes a proof, citing
an exercise in Pélya and Szegd [13].

Kingman's {10] result is formulated in terms of subadditive
processes. These are processes X = {Xmn,m = 0,1,...,n
m+1,m + 2,...} satisfying the following conditions:

(S1) If i < j < k, then X < Xi; + Xji, as.

(S2) The joint distributions of the process {X,n41,n41,n > m}
are the same as those of {Xmn,n > m}.

(S3) The expectation gn = E[Xon] exists and satisfies gn > —cn
for some finite constant c and all n = 1,2,....

A consequence of (S1), (S3) and the elementary result given
above is that v = limp—co gn/n exists and is finite. We can now
state Kingman'’s subadditive ergodic theorem:

Theorem (Kingman [10]). If X is a subadditive process, then the
finite limit
¢= lim Xon/n
== 00

exists almost surely, and E[(] =~

Condition (S2), on the shift {Xmn} — {Xm41,n41}, is a sta-
tionarity condition. If all events defined in terms of X that are
invariant under this shift have probability zero or one, then X is
ergodic. In this case, as discussed by Kingman [10, p.885], the
limiting random variable ¢ is almost surely constant and equal to
~. It is this version of the result that we will use. Notice that the
limit provided by Kingman's theorem holds in expectation, as well
as almost surely: limp—o0 n~1E[X0,] = E[¢].
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3.2 Products of Random Matrices

Cohen [4] gives an excellent account of connections between sub-
additive ergodic theory and products of random matrices, and con-
siders, among other settings, the case of (max, +) matrix multipli-
cation. For purposes of reference and comparison, we paraphrase
his Theorem 4:

Theorem (Cohen [4]). Let {A(n),n = 1,2,...} be a stationary
and ergodic sequence of random d X d real matrices and let

P(m,n)=A(m+1)Q---® A(n), m+1<n (9)
If —o0 < E[Ai;(n)] < oo for all 1 < 4,5 < d, then the finite limit
lim n"P(O, n)iy =+
n— 0o
exists almost surely, is a constant, and is independent of ¢ and 3.

If the matrices in the recursion (8) satisfied the hypotheses of
Cohen’s theorem, we would immediately be able to conclude that
lim n~'T(n) = lim 2710 ® (A(0)® -+ ® A(n —1)) = [4],

n=—+00 N~ 00
where 0 is the zero vector and [} is a vector with all entries equal
to 7. Unfortunately, even if the matrices in (8) are stationary and
ergodic, we have seen that they typically include entries equal to
—o00 required to effect a permutation of certain entries of 'f'(n)
Permutations were required to obtain a first-order recursion. So,
we need a generalization of Cohen's result for the types of matrices
arising in our setting.

To carry out this generalization, we need some properties of
ordinary (non-random) matrices in (max, +) algebra. All of these
are straightforward analogs of results for non-negative matrices
under standard matrix multiplication (as in Chapter 2 of Pullman
[14]) with —co playing the role usually played by 0. We write A®"
for the n-fold ®-product of A with itself.

Definition 3.1 The d x d matrix A is reducible if d > 2 and if
there exists a permutation of the rows and columns of A under

which it has the block form

B C
—-c0 D

where B and D are square matrices. Otherwise, A is irreducible.

In particular, every 1 X 1 matrix is irreducible.

Lemma 3.2 The d x d matrix A, d > 2, is irreducible if and only
if for all i and j there exists an n such that A8 > —co.

Definition 3.3 The d x d matrix A, d > 2 is periodic if its rows
and columns can be permuted to give it the block form

Bl

-0 —00 —co
-0 -c0 B? —o0
—00 =00 -00 Bk-1
B¥* - -00 -0

Otherwise, A is called aperiodic. Every 1 x 1 matrix is aperiodic.

Lemma 3.4 If A is irreducible and aperiodic, and A is not the

1 X 1 matrix (—o0), then for some n, A,-J-" > —oo for all 4, 3.

Lemma 3.5 Through a permutation of its rows and columns, any
matrix A can be put in the block form
Al *
A2
, (10)

AK

where A!,..., AKX are irreducible, the entries below the block di-
agonal are —co, and the entries above the block diagonal are ar-
bitrary.

—00



It is not hard to see that in multiplying matrices with (max, +)
algebra, the location of —oo’s in the product depends only on the
location of ~00's in the matrices multiplied. (The same is true of
0’s when we multiply non-negative matrices in standard algebra.)

We now impose some stochastic conditions:

(A1) The matrix sequence {A(n),n > O} is stationary and er-
godic.

(A2) For each 1, j, the entry A;;(0) is integrable on the event that
it exceeds —oo; i.e., E[|4i;(0)]; Aij(0) > —o0] < oo.

(A3) For each i, the probability that A;;(0) = —co is zero or
one.

Condition (A3) ensures that the location of —oo's is the same
among all {A(n),n > 0}; results for powers of a single matrix,
concerning the location of —oc’s, therefore extend to products of
the {A(n),n > 0}. Given (A3), condition (A2) simply states that
each entry not identically equal to —co is integrable.

We can now prove a preliminary generalization of Cohen’s [4]
Theorem 4. Let P(m,n) be as in (9).

Lemma 3.6 Assume (A1)-(A3). Suppose the matrix A(0) is ir-
reducible and aperiodic. Then

Iim ﬂ—IP(O, n.).‘_,' =

n =00
exists almost surely and is independent of ¢ and j. The limit is
finite unless A(0) is the 1 x 1 matrix (~o0).

Lemma 3.6 allows matrix entries equal to —oo, but it is not yet
adequate for the types of matrices arising in (8); the irreducibility
condition is too strong. To obtain a sufficiently general result, we
need. to look more clesely at the matrix decomposition (10).

This decomposition of a d X d matrix A partitions the in-
dices {1,...,d)} into K classes corresponding to the K irreducible
submatrices on the block diagonal. Denote these classes by
S1,...,5k. For fixed A, let us say that there is a path from ¢
to j if for some n, Ag" > —co. Thus, for d > 2 an irreducible
matrix is one in which there is a path between every pair of in-
dices. The condition AS" > —oo corresponds to the existence of a
sequence ky,...,kny1 With k) =4, kny1 = j, and Ak,k,..tl > —00
forr = 1,...,n. Let us say that there is a path from i to j through
S, if, for some k € Sy, Ag:” > —oo and Ak;" > —o00, for some

ny, n2. We now have

Lemma 3.7 Suppose that in the decomposition (10) of A the sub-
matrices Al,..., AKX are aperiodic (as well as irreducible). Then
A has the following property: there exists an n, such that

As-"‘>-oo = A3">-wformn2n.;
Ag"':—oo => Ag":—oofordlnzn..

To extend this to products of random matrices, observe that
if {A(n),n > 1} satisfy conditions (A1) and (A3), and if A(0)
satisfies the condition in the lemma, then the conclusion of the
lemma applies to all P(m,m+n), n > n,, for some (deterministic)
ne. This, again, follows from our remark on the location of —co’s.
For each i,3, let p(i, j) consist of those classes.S; for which some
(hence all) k € S, satisfies P(0,n4);x > —co and P(0,n4)s; >
—00. Thus, S¢ € p(i,j) means that there are arbitrarily long
paths from'{ to j passing through S,. We can now establish

Theorem 3.8 Suppose (A1)-(A3) hold and that in the decompo-
sition (10) of A(0) the submatrices A2(0),..., A%(0) are aperiodic
(as well as irreducible}. Then the matrix Jimit

lim n~'P(0,n) =
n=—s00
exists, almost surely. The entries of I" satisfy
P oli,j) =9
Lij= maxs, gq(i,j) V¢, otherwise, ()

where ~; is the constant attached to {A’(n),n > 1} by Lemma
3.6.
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Note there are three cases covered by (11). If i and j belong to
the same class, then p(i, j) consists of at most that class and the
result reduces to Lemma 3.6, If the class containing ¢ has a higher
index than that containing j, then there is no path from i to j
and the limit is —co. If j's class has a higher index than i's, then
for large n the longest path from i to j spends most of its time
cyding through the class S;, £ € p(4,j) with the largest average
cycle length ~,.

As discussed in the related settings of Baccelli (1] and Cohen
[4], the constants +; appearing in (11) are analogs of Lyapunov
exponenis in ordinary products of random matrices. In [1] and
{4], a corresponding connection is made with Oseledec’s multi-
plicative ergodic theorem. Oseledec's theorem (and its analog in
f1]) is concerned with the action of random matrix products on
individual vectors. It includes a partial characterization of cer-
tain random subspaces for the limiting product associated with
the Lyapunov exponents. In our (more specialized) setting, we
give, instead, a complete characterization of the limiting matrix I’
jtself, and show that the corresponding subspaces (corresponding
to the block structure of I') are non-random.

3.3 Cycle Times

We now combine the representations of Section 2.2 with the con-
vergence results of Section 3.2 to establish the existence of cycle
times. To apply Theorem 3.8, we need to verify the aperiodic-
ity condition. In general, a sufficient condition for an irreducible
matrix to be aperiodic is that it have at least one diagonal entry
greater than —co. From this we get

Lemma 3.9 The matrices in Proposition 2.9 may be selected to
have upper-triangular representations with aperiodic, irreducible
submatrices on the diagonal.

To apply Th m 3.8, we
{€a(n),a € A,n = 1,2,...} are stationary, meaning that {£a(n+
1),a € A,n =1,2,...} has the same joint distributions as ¢, and
ergodic, meaning that any shift-invariant events have probability
zero or one. This gives

that the clock times ¢{ =

Theorem 3.10 Consider an irreducible GSMP whose scheme
satisfies (CX) with homongeneous minimal elements. Suppose the
clock times are integrable, stationary and ergodic. Then the finite
limit
Ya = lim n"Ta(n)
N 00

exists almost surely for each o € A and is independent of the
initial state s°.

It is a simple consequence of this result that cycle times ex-
ist in the tandem-queues example of Section 2.2. More precisely,
suppose the service times are integrable, stationary and ergodic.
Then the finite limits

lim 'n—ngi(n) =7, i=1,...,m,
= OO
exist almost surely and are independent of the initial state. More-
over, if 1 < j then ¥ < v;; if ui; < 0o, meaning that node i may
be blocked by node j, then «; = «;.

4 Rate of Convergence

The subadditive ergodic theorem guarantees the exist of a
limit for a (normalized) subadditive process, but says nothing
about the rate of convergence. All ergodic theorems may be viewed
as generalizations of the strong law of large numbers; convergence
rates and error bounds for strong laws are provided by central limit
theorems. In this section, we develop bounds to complement the
convergence of sequences {n")Tq(n),n > 0}. These bounds are
formally similar to Gaussian approximations but are not based



on central limit theorems (which are not generally available for
subadditive sequences). Instead, they follow from a martingale
inequality. The main additional assumptions we need are that the
clock times are i.i.d. and bounded. Our use of this method fol-
lows the application in Rhee and Talagrand (15] to bin-packing
and traveling-salesman problems.

Throughout this section, we consider the event times of an ir-
reducible scheme satisfying (CX) with homogeneous minimal ele-
ments. Our first step bounds the difference Ta(n) ~ E[T«(n)) for
any o and n. Write £(j) for the vector of clocks {£a(j),x € A).
Define

Fi = o-algebra generated by {£(s)),5 =1,...,i},

and let Fy be the trivial o-algebra. Clearly, {¥n,n > 0} is an
increasing family. For fixed a and n, define

D; = E[Ta(m)|Fi] - E[Ta(n)|Fica], i=1,...,n.  (12)

We always have E[To,(n%|fo] = E[Ta(n)); if, in addition, Ta(n)
is Fn-measurable, then E[Ta(n)|Fn] = Ta(n) and, by telescoping
the sum we get

ED; = Ta(n) - E[Tx(n)).

i=1

(13)

This expresses the total error Ta(n) — E[Ta(n)] as the sum of
individual errors D;.

For this decomposition to be useful, the D;'s must have some
structure. The relevant property is this:

Definition 4.1 Random variables {Y,,7 > 1} form a martin-
gale difference sequence (MDS) with respect to an increasing fam-
ily {Fn,n > 0} of o-algebras, if each Yy, is Fpn-measurable and
E(Yn|}-ﬂ_1] =0.

By its very definition, each D; in (12) is F;-measurable. More-
over, from (12),

E[D.' [Fical = E[Ta(n)lf.'_ll - E[Ta(n)lf,'_ll =0,

so {D;,i=1,...,n} is an MDS. The MDS representation becomes
useful through the following result:

Lemma 4.2 Let {D;,i = 1,...,n} be an MDS. Then for each
t>0,

P()_Dil>t) < 2exp (—t’/(2ZIIDaII?,o)> . (4
=1

i=1

where ||D;||oo is the essential supremum of D;.

This result is stated in Rhee and Talagrand [15], where a refer-
ences to a proof also appears. With this lemma we have a way to
bound Ta(n) — E[Tq(n)] using (13) if we can bound the D;'s.

We impose the following assumptions:

(B1) The vectors {¢{(n),n > 1} are i.i.d. and integrable.

(B2) There exists a constant c such that P(£a(1) < ¢) = 1 for all
a€A.

(B3) Forall o,f € A, uag 2 0.

Condition (B1) strengthens our earlier assumption of stationar-
ity and ergodicity of the clock times, but still allows dependence
among the components of {(n) for each n. Condition (B2) re-
quires that the clock times be bounded. Condition (B3) ensures
that Tq(n) is completely determined by {£(i),i < n}, i.e., that
Ta(n) is Fn-measurable. Under (B3), (13) holds. We now have

Theorem 4.3 If (B1)-(B3) hold, then for any t > 0,
P(ITa(n) - E[Ta(m))l > ) < 2exp(—12/(3n|APA)),

where c is the constant in (B2).

The main result of this section is the following;:
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Theorem 4.4 Suppose in addition to the conditions of Theorem
3.10 that (B1)-(B3) hold. Then for all ¢ > O there exists an ng <
such that for all n > no,

P(In"'Ta(n) = 7al > €) < 2exp(-nc*/(2JALP)).  (15)

The bound in (15) is useful in estimating «va through simulation.
It can be used to construct a confidence interval for -y that is
valid for all sufficiently large n, not just asymptotically. Moreover,
using (15) obviates the sometimes difficult task of estimating an
asymptotic variance: the (known) constant |A)?c? replaces the
variance. Of course, when {\/n(n~1Ta(n) — va),n > 0} satisfies
a central limit theorem, we would expect |A]?c? to be an upper
bound on its variance constant. Confidence invterval halfwidths
provided by (15) are O(n=1/2) just as with a central limit theorem.
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