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2

Abstract3

Variations in trend inflation are the main driver for variations in the nominal yield curve. Ac-4

cording to empirical data, investors observe a set of empirical models that could all have generated5

the time-series for trend inflation. This set has been large and volatile during the 1970s and early6

1980s and small during the 1990s. I show that log utility together with model uncertainty about7

trend inflation can explain the term premium in U.S. Government bonds. The equilibrium has two8

inflation premiums, an inflation risk premium and an inflation ambiguity premium.9

Keywords: Term premium, inflation ambiguity premium, model uncertainty, yield curve, multiple prior10

JEL classification: E43, E44, D53, G1211

1. Introduction12

Model uncertainty about trend inflation explains the upward sloping term premium of13

nominal U.S. Government bond yields. This result holds for an investor with logarithmic14

utility and low ambiguity aversion. The same model without ambiguity aversion fails to15

explain the upward sloping term premium.16
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1

The importance of trend inflation for modeling nominal yields is well established (Ang2

et al. (2008a) and Gürkaynak et al. (2005)). I proxy trend inflation with the median one3

quarter ahead inflation forecast from the Survey of Professional Forecasters (SPF). This real-4

time proxy is an unbiased forecast for realized inflation with an R2 of 65%. I assume this5

median forecast to be the reference (benchmark) model for trend inflation. Under rational6

expectations this has two implications. First, this reference model coincides with the data7

generating process for trend inflation. Second, investors fully trust the inflation model and8

require only an inflation risk premium for unpredictable inflation innovations that correlate9

negatively with consumption growth (Buraschi and Jiltsov (2005), Piazzesi and Schneider10

(2006)).11

12

I slightly deviate from rational expectations in the following way. The investor does not13

fully trust the reference model for trend inflation. I use SPF data to quantify the trust-14

worthiness of the reference inflation model. The investor monitors a set of inflation models15

that could all have generated the observed inflation and trend inflation data. Whenever the16

investor observes new inflation data, he applies a likelihood ratio test to quantify the trust-17

worthiness of the reference model. This paper shows that ambiguity about the underlying18

inflation model induces an inflation ambiguity premium on top of the traditional inflation19

risk premium.120

21

I assume that the worst expected instantaneous change in the trustworthiness coincides22

with a constant multiple times the cross-sectional variance of real-time SPF inflation fore-23

casts. This variance is high when investors disagree strongly about the model for trend24

inflation. On the other hand, it is zero, if all investors use the same model to forecast in-25

1This distinction between risk vs. uncertainty is in line with Knight (1921).
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flation.2 I estimate the multiple with a panel of bond yield and macro data. According1

to the empirical study of Patton and Timmermann (2010)), model uncertainty is the most2

plausible economic reason for the observed dispersion in macro forecasts.3

4

I analyze the effect of inflation ambiguity in a simple representative agent asset pricing5

model with the following key assumptions. First, trend inflation correlates negatively with6

trend consumption growth. This is supported in my data set and consistent with Piazzesi7

and Schneider (2006). Second, the investor faces inflation ambiguity. This implies that he8

does not fully trust his reference model. Both assumptions together imply that inflation am-9

biguity induces also ambiguity about trend consumption growth. Depending on the absolute10

magnitude of the correlation, the latter can be big or small. Min-max preferences make the11

investor want to find a worst-case inflation model within the set of potential models.3.12

13

In equilibrium, an unexpected increase of trend inflation leads to an unexpected fall of14

(i) the real value of nominal bonds, (ii) the trustworthiness of the reference model, (iii) the15

outlook on trend consumption growth. Implication (i) and (ii) make nominal bond yields16

carry a positive inflation ambiguity premium. This premium is new in the literature and the17

focus of my study. 418

19

I estimate the model with a rich panel of macroeconomic and bond data. The likeli-20

2The cross-sectional variance of real-time inflation forecasts explains 12% of variations in the first principal
component of nominal yields and 8% of variations in the slope of the nominal yield curve. The empirical
section contains more details on the data.

3The worst-case is defined in terms of minimal expected life-time utility.
4Goodfriend and King (2005) argue that rising long-term nominal bond yields during the monetary policy

experimentation of the late 1970s and early 1980s were created by "inflation scares". These are periods where
investors are not sure about the future inflation scenarios, and instead observe a wide range of future inflation
models. One can interpret my multiple prior inflation model as a general equilibrium asset pricing model
which supports that idea. Periods of incomplete central bank credibility in Goodfriend and King (2005) can
be interpreted as periods of high inflation ambiguity in my model.
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hood based estimation is set-up such that the degrees of freedom that model uncertainty1

adds to the econometrician are restricted dramatically. The estimated unconditional infla-2

tion ambiguity premium is 1.75% for a nine year bond and 0.3% for a two year bond. In3

contrast, the inflation risk premium is flat at around zero, as expected for a low risk aver-4

sion economy. The reason for the inflation ambiguity premium to be so steep is rooted in5

the high persistence of trend inflation. Robust distortions to trend inflation die out only6

slowly, which results in a steep accumulated ambiguity premium. The time variation of7

the inflation ambiguity premium matches with the time variation of the dispersion among8

SPF inflation forecasts. Times of increased dispersion characterize times of increased model9

mistrust. Inflation ambiguity tends to spike at the beginning of recessions. The ten year10

inflation ambiguity premium climbed to 2.6% in the mid 1970s and the beginning of 1981.11

12

The steep ambiguity premium provides an intuitive explanation for the shape of the yield13

curve during the monetary policy experimentation. The term structure of inflation expecta-14

tions (reference model) was strongly downward sloping, while the nominal yield curve was15

rather flat. The model attributes this to the high amount of model mistrust. Downward16

sloping inflation expectations were offset by an upward sloping inflation ambiguity premium.17

This means that although investors expected inflation to mean revert over the next years18

(reference model), investors priced bonds with a steep inflation ambiguity premium. The19

latter was required because investors mistrusted their reference inflation model. The implied20

detection error probability is 47.7%. This says that given the data on trend inflation and21

trend consumption growth, a likelihood ratio test would pick the wrong model with proba-22

bility 47.7%. Together with the steep inflation ambiguity premium this implies that a small23

amount of aversion against inflation ambiguity is suffi cient to generate an upward sloping24

nominal yield curve.25

26
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Inflation ambiguity has a marginal effect on the real side of the economy. The uncon-1

ditional quarterly trend consumption growth rate is 0.65% under the reference model and2

0.64999% under the worst-case model. In contrast, the unconditional quarterly trend infla-3

tion rate is 0.96% percent under the reference model, while it is 1.0675% under the distorted4

model. This indicates that inflation ambiguity can account for the term premium in nominal5

bonds, while leaving the real side of the economy practically unaffected.6

7

The paper is structured as follows. Chapter 2 presents the model, chapter 3 focuses on8

asset pricing implications, chapter 4 states the data and econometric methodology. Empirical9

results are summarized in chapter 5 and robustness and empirical fit are discussed in chapter10

6. Chapter 7 compares the model with the related literature and chapter 8 concludes.11

2. The Model12

Time is continuous over t ∈ [0, ...,∞). The complete filtered probability space (Ω,F ,F, Q0)13

describes the benchmark (approximate, reference) model for the economy. I denote expecta-14

tions under the benchmark model as E[.] instead of EQ0
. The distorted probability measure15

(worst-case measure) will be determined endogenously. I denote that measure as Qh and in-16

dicate expectations with regard to that measure as Eh[.]. All mathematical conditions from17

Chen and Epstein (2002) are assumed to be fulfilled and all Brownian motions are pairwise18

orthogonal.19

2.1. Benchmark Model for the Economy20

I work with an endowment economy where the consumption process solves

d ln ct = (c0 + zt)dt+
√
σ0c + σ1cutdW

c
t , (1)
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where c0, σ0c, σ1c are positive scalars. The process z is the time-varying trend component of

consumption growth and u captures heteroscedasticity in conditional consumption growth.

Both processes follow pair-wise orthogonal continuous-time AR(1) processes

dzt = κzztdt+ σ1zdW
z
t + σ2zdW

w
t (2)

dut = κuutdt+ σudW
u
t , (3)

where κu, κz, σ2z are negative scalars and σu, σ1z are positive scalars. Trend consumption1

growth, z, is subject to two pairwise orthogonal Brownian shocks, dW z and dWw. Shocks2

dW z are unique to z, while shocks dWw also affect trend inflation.3

4

I assume an exogenous process for the aggregate price level p. Its predictable component

is driven by trend inflation w

d ln pt = (p0 + wt)dt+
√
σ0p + σ1pvtdW

p
t + ρpc

√
σ0c + σ1cutdW

c
t , (4)

where dW p and dW c are two orthogonal Gaussian shocks. Note that p0, σ0p, σ1p are positive

scalars, while ρpc can be positive or negative. Trend inflation and inflation volatility follow

continuous-time AR(1) processes

dwt = κwwtdt+ σwdW
w
t (5)

dvt = κvvtdt+ σvdW
v
t , (6)

where σw > 0, σv > 0 and κw < 0, κv < 0. A small but negative σ2z, as observed in the5

data, captures a negative instantaneous correlation between trend consumption growth and6

trend inflation. An unpredictable increase in trend inflation lowers trend consumption growth7

below its expectation. This is supported in my data set and in Piazzesi and Schneider (2006).8
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1

Risk associated with the consumption stream is evaluated through a logarithmic utility

function u(ct) = ln(ct), i.e.

U(ct) = Et

[∫ ∞
t

e−ρs ln csds

]
, (7)

where ρ > 0 is the subjective time discount factor.2

2.2. Model Misspecification Doubts3

The beauty of the rational expectations assumption is that the investor knows the unique4

model that generates the exogenous processes in the economy. Relaxing this assumption ex-5

poses the investor to model uncertainty. Under model uncertainty, the investor is confronted6

with a set of several models, which all could be the data generating process of the exogenous7

processes in the economy.8

9

The investor copes with model uncertainty by comparing all potential models via likeli-

hood ratio tests. Such a likelihood ratio has a very convenient analytical characterization in

my model. Let aT denote the likelihood ratio between the worst-case measure Qh and the

benchmark measure Q0

aT :=
dQh

T

dQ0
T

= exp

(
−1

2

∫ T

0

h2
tdt+

∫ T

0

htdW
w
t

)
, a0 ≡ 1, (8)

where the process h characterizes the conditional expected value and conditional variance of10

the likelihood ratio.11

12

Such a likelihood ratio quantifies the statistical distance between both models. I therefore13

call aT the amount of relative entropy between the worst-case model Qh and the reference14
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model Q0. Finding endogenously the worst-case model form a set of potential models is1

equivalent to finding the worst-case distortion h within a set of potential distortions. The2

next subsection explains how the investor finds the worst-case distortion h.3

4

The growth rate of relative entropy is a martingale under the empirical measure

dat
at

= htdW
w
t . (9)

This implies that the investor does not expect to learn which model is correct. Changes5

in aggregate uncertainty coincide with changes in relative entropy. These changes are due6

to unpredictable innovations in trend inflation, dWw. An unpredictable increase in trend7

inflation coincides with an unpredictable increase in aggregate uncertainty. Said differently,8

the investor perceives the real and nominal economy as more ambiguous in times when trend9

inflation is higher than anticipated.10

11

An ambiguity averse investor has min-max preferences. As an equilibrium outcome, he

will evaluate his expected life-time utility under a worst-case measure Qh

Eh
0

[∫ ∞
0

e−ρt ln ctdt

]
. (10)

The next subsection explains how the min operator determines endogenously Qh.12

13

The last equation can be rewritten under the benchmark (empirical) measure

Uh(c0, a0) := E0

[∫ ∞
0

at · e−ρt ln ctdt

]
, (11)

where at can be interpreted as a Radon-Nikodym derivative between the worst-case and the14
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benchmark probability measure. The time-varying change in inflation ambiguity at can be1

regarded as an endogenously restricted multiplicative preference shock (Hansen and Sargent2

(2008) p. 54).3

2.2.1. Restricting Ambiguity4

The stochastic nature of the economy implies that the empirical log-likelihood ratio varies5

stochastically. The investor is averse against unpredictable variations in the empirical log-6

likelihood ratio. I assume that the expected worst-case change in the one period ahead7

log-likelihood ratio is smaller than a stochastic upper bound, UBt > 0.8

9

The investor pessimistically expects (worst-case) that the log-likelihood ratio changes10

over the next instant by less than UBtdt. If the realized change is larger, the investor mis-11

trusts his reference model even more. This means model uncertainty is more severe than12

expected. On the other hand, if the realized change is smaller than UBtdt, the investor13

trusts his reference model more. The aggregate uncertainty would fall in the economy.14

15

I assume UBt has a time-varying component η2 and a scaling factor A. I assume η follows

a continuous-time AR(1) process

UBt := Aη2
t (12)

dηt = (aη + κηηt)dt+ σηdW
η
t , (13)

where A, aη, ση are positive scalars, while κη is a negative scalar.16

17

Formally, the investor seeks for each period t a distortion ht to the instantaneous trend in-

flation shock dWw that minimizes his expected life-time utility and that induces an expected
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growth in the log-likelihood ratio that is not larger than UBt

min
{ht}t

Eh
0

[∫ ∞
0

e−ρt ln ctdt

]
(14)

s.t.
1

2
h2
tdt ≤ Aη2

tdt (15)

s.t. dηt = (aη + κηηt)dt+ σηdW
η
t (16)

s.t. d ln ct = (c0 + zt)dt+
√
σ0c + σ1cutdW

c
t (17)

s.t. dzt = κzztdt+ σ1zdW
z
t + σ2z(dW

w,h
t + htdt), (18)

where 1
2
h2
tdt coincides with the expected instantaneous change (under the worst-case model)1

of the log-likelihood ratio between the worst-case and the approximate model, i.e. Eh
t

[
d ln

(
dQht
dQ0

t

)]
.52

The constraint in equation (??) is called growth rate constraint of relative entropy between3

the potentially correct trend inflation models and its reference model. This constraint quan-4

tifies the worst expected change in the log-likelihood ratio that the investor is prepared to5

observe with the arrival of the next data point.6

7

A negative conditional correlation between trend consumption growth and trend infla-8

tion (i.e. σ2z < 0) implies three things. First, the constraint on the entropy growth rate is9

binding in each period. This means that the investor chooses in t an instantaneous distor-10

tion to trend inflation shocks that are expected to produce an entropy growth rate of Aη2
t .11

The investor implements this by choosing the optimal distortion h to be ht =
√

2Aηt. For12

convenience, I define mh ≡
√

2A. Second, the optimal distortion h is positive, implying that13

the unconditional expected value of trend inflation is positive under the worst-case measure,14

5

ln

(
dQhT
dQ0T

)
= −1

2

∫ T

0

h2tdt+

∫ T

0

htdW
w
t

=
1

2

∫ T

0

h2tdt+

∫ T

0

htdW
w,h
t .
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while it is zero under the approximate measure. Third, unconditional trend growth in con-1

sumption under the worst-case measure is negative, while it is zero under the approximate2

measure.3

4

I stress three economic mechanisms that are crucial for understanding how a positive5

shock to trend inflation affects the inflation ambiguity premium. Assume dWw
t > 0. First,6

the realized relative change of the log-likelihood ratio, dat
at
, is higher than anticipated. This7

warns the investor that the realized data in t+ 1 gives more statistical weight to the worst-8

case model, compared to the investor’s reference model. As a result, the investor mistrusts9

more his reference model for trend inflation and trend consumption growth. In mathemat-10

ical terms this means, dat
at
− Et

[
dat
at

]
= htdW

w
t > 0. Second, realized trend consumption11

growth is lower than anticipated, i.e. dzt−Et[dzt] = σ2zdW
w
t < 0. Third, nominal bonds do12

not hedge the increase in model mistrust. The real payoff of a nominal bond is lower than13

anticipated if dWw
t > 0. To sum up, a nominal bond pays out less than expected (in real14

units), while the amount of model mistrust is higher than anticipated. An ambiguity averse15

investor requires an inflation ambiguity premium for holding nominal bonds.16

17

3. Asset Pricing18

Define Mt,t+∆ to denote the intertemporal marginal rate of substitution (MRS). It is

formally defined as

Mt,t+∆ := e−ρ∆U
h
c (ct+∆, at+∆)

Uh
c (ct, at)

, (19)
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where Uh
c denotes the partial derivative of U

h with regard to c. The MRS in the economy is

affected by changes in consumption growth and changes in inflation ambiguity

Mt,t+∆ = e−ρ∆

(
ct+∆

ct

)−1
at+∆

at
. (20)

1

2

The second term in the previous equation represents the log-utility consumption risk ker-

nel. The third term denotes the inflation ambiguity kernel. The MRS depends on (ut, zt, ht),

and it is driven by risk innovations dW c
t (consumption risk) and ambiguity innovations dW

w

(inflation ambiguity). This makes dW c the priced risk factor and dWw the priced uncertainty

factor.

Mt,t+∆ = e−(ρ+c0)∆−
∫ t+∆
t zmdm−

∫ t+∆
t

√
σ0c+σ1cumdW c

m × e− 1
2

∫ t+∆
t h2

mdm+
∫ t+∆
t hmdWw

m . (21)

Note, that I specify (z, u) exogenously, while h is determined endogenously as the solution

to (??) to (14). The real interest rate r is defined as rtdt := Et

[
−dM0,t

M0,t

]
and coincides with

rt = ρ+ c0 + zt − 0.5(σ0c + σ1cut). (22)

3

4

The nominal pricing kernel depends on the MRS and the aggregate price level. It is

formally defined asM$
t,t+∆ := Mt,t+∆

pt
pt+∆

. The model implies that the nominal SDF depends

multiplicatively on the consumption risk kernel, inflation and the inflation ambiguity kernel

M$
t,t+∆ = e−ρ∆

(
ct+∆

ct

)−1(
pt+∆

pt

)−1
at+∆

at
. (23)
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The nominal interest rate R is defined as Rtdt := Et

[
−dM$

0,t

M$
0,t

]
and coincides with

Rt = rt + (p0 + wt)−
1

2

(
ρ2
pc(σ0c + σ1cut) + σ0p + σ1pvt

)
− ρpc(σ0c + σ1cut). (24)

The first inner parenthesis on the right hand side coincides with expected inflation, the1

second denotes precautionary savings and the last one presents the inflation risk premium.2

Inflation ambiguity does not increase precautionary savings.6 It also does not affect the spot3

nominal interest rate. Both results apply because neither consumption nor inflation shocks4

are ambiguous. Ambiguity about trend inflation enters the term structure of nominal bonds5

through the investor’s worst-case expectation of what inflation will be in the future. This6

is consistent with the notion that long-term bond yields are risk and ambiguity adjusted7

averages of expected future short rates.8

9

Marginal utility has several attractive properties. First, trend inflation is a priced un-10

certainty factor. The investor therefore, requires an inflation ambiguity premium for unpre-11

dictable changes in trend inflation (relative entropy). Second, Cochrane and Hansen (1992)12

point out that the low correlation between the real return of assets and consumption growth13

is an important reason for many empirical asset pricing puzzles. Accounting for inflation14

ambiguity breaks the tight link between consumption growth and marginal utility, which15

would otherwise exist in standard CRRA models. Third, the real return on nominal assets16

varies if consumption changes, inflation changes, or if aggregate inflation uncertainty changes.17

18

6Maenhout (2004), Liu et al. (2005), Leippold et al. (2008), Kleshecheslski and Vincent (2009), Gagliardini
et al. (2009) have a model uncertainty set-up where risk and uncertainty increase precautionary savings.
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3.1. Term Premium1

Let Nt(τ) denote the price of a τ -maturity nominal bond. It is formally defined as

Nt(τ) := Et
[
M$

t,t+τ$1
]
. The bond price contains an inflation premium which accounts for

inflation risk and for inflation ambiguity, i.e.

Nt(τ) = Et [Mt,t+τ ]Et

[
pt
pt+τ

$1

]
+ covt

(
Mt,t+τ ,

pt
pt+τ

$1

)
. (25)

The inflation risk premium is the traditional explanation for the term premium (Piazzesi

and Schneider (2006), Wachter (2006), Buraschi and Jiltsov (2005)). It is positive if inflation

is bad news for future consumption.7 It is known that a frictionless log-utility economy

cannot reconcile the upward sloping term premium. Introducing inflation ambiguity provides

an additional economic reason for a positive term premium

covt

(
Mt,t+τ ,

pt
pt+τ

$1

)
= e−ρτcovt

(
ct
ct+τ

at+τ
at

,
pt
pt+τ

$1

)
. (26)

The inflation ambiguity premium is required in equilibrium because changes in aggregate2

ambiguity correlate with changes in the real value of a nominal bond. This means that an3

unpredictable positive shock to trend inflation reduces the real payout of a nominal bond at a4

time when the investor becomes more pessimistic about the quality of his reference inflation5

and consumption model. The inflation ambiguity premium is orthogonal to the inflation risk6

premium. The inflation ambiguity premium can be large, even if the inflation risk premium7

is zero.8

9

7There are mixed empirical results on the empirical magnitude of the inflation risk premium. Hördahl and
Tristani (2010) find evidence for a positive but low inflation risk premium. An inflation ambiguity premium
could still explain why the nominal term premium is significantly positive and upward sloping.
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The inflation premium in bond prices from equation (26) simplifies to

e−ρτcovt

(
Ā(τ)e

∫ t+τ
t hmdWw

m , $1B̄(τ)e−
∫ t+τ
t (κw

∫m
t wkdk+σw

∫m
t dWw

k )dm
)

(27)

Ā(τ) ≡ e−c0τ−
∫ t+τ
t zsds+

∫ t+τ
t

√
σ0c+σ1cu(s)dW c

s− 1
2

∫ t+τ
t h2

sds (28)

B̄(τ) ≡ exp (−(p0 + wt)) τ . (29)

The term
∫ t+τ
t

hmdW
w
m stands for unpredictable changes in inflation ambiguity and−σw

∫ m
t
dWw

k1

stands for unpredictable changes of the real value of a nominal bond. Shocks to trend in-2

flation drive both components. Their correlation is negative. As a result, nominal bond3

prices are lower compared to a world without inflation ambiguity. Said differently, inflation4

ambiguity increases the yields of nominal bonds.5

6

The endogenous distortion to trend inflation shocks, ht = mhηt, governs the time-series7

behavior of the inflation ambiguity premium. The slope of the term premium depends on the8

persistence of trend inflation, κw. Trend inflation is persistent in the data. Small instanta-9

neous distortions, σw ·mh · ηt, to trend inflation affect also long-term inflation forecasts. An10

increase in persistence leads to a steepening of the inflation ambiguity premium. In contrast,11

the inflation risk premium depends on the persistence of trend consumption growth and the12

magnitude of the correlation between inflation and consumption.13

14

3.2. Term Structure of Real and Nominal Bonds15

The exponentially affi ne MRS implies an affi ne term structure for real yields

yrt (τ) = −1

τ

(
Ar(τ) +Br′(τ)St

)
, St ≡ (ut zt ht)

′
, (30)
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where Ar(τ) and Br(τ) are deterministic functions of the structural parameters. The ana-1

lytical solution follows directly from Duffi e et al. (2000).2

3

Real yields depend on trend consumption growth z, consumption volatility u and the4

worst-case distortion to trend inflation shocks h. Ambiguity about trend inflation has hardly5

any impact on the term premium of real bonds. This can be seen from covt

(
ct
ct+τ

, at+τ
at

)
. The6

conditional covariance depends on σ2z and the persistence of trend consumption growth.7

Although σ2z is negative in the data, its magnitude is small. I later show that my empirical8

estimates suggest that trend consumption growth under the distorted measure is only mar-9

ginally smaller than trend consumption growth under the benchmark measure.10

11

The nominal pricing kernel M$ is also exponentially affi ne. Nominal bond yields are

affi ne in the state variables

y$
t (τ) = −1

τ

(
A$(τ) +B$′(τ)Xt

)
, Xt ≡ (ut vt wt zt ht)

′
, (31)

where A$(τ) and B$(τ) are deterministic functions of model parameters. The analytical12

solution follows directly from Duffi e et al. (2000).13

14

The model is expected to explain the nominal term premium because changes in inflation15

ambiguity, dat, covary negatively with the real return on nominal bonds.16

4. Data and Econometric Methodology17

I estimate the equilibrium term structure model with a panel of macro and bond yield18

data. The estimation methodology is set up such that it ties the hand of the econometrician.19

First, the ambiguity process is restricted to follow an observable continuous-time AR(1)20
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process. Second, I do not allow for other inflation shocks, besides shocks to trend inflation,1

to be priced. Third, I restrict the macro parameters of the observable processes to not be2

tweaked by the large bond yield panel. The last point is explained below in more detail.3

4

The estimation frequency is quarterly and the estimation length is first quarter 1972 to5

second quarter of 2009. The macro panel consists of the Federal funds rate, realized GDP6

growth, GDP implicit price deflator, one quarter ahead forecast on GDP growth and one7

quarter ahead forecast on inflation.88

9

Real GDP growth, the GDP implicit price deflator and the Federal funds rate are from10

the St. Louis Fed database (FRED). The quarterly forecasts on GDP growth and inflation11

coincide with the corresponding median forecast from the Survey of Professional Forecasters12

(SPF). For each quarter, I determine the dispersion in inflation forecasts, η2, as the cross-13

sectional variance among SPF’s inflation forecasts.14

15

The data panel also contains for each time point ten continuously compounded U.S. gov-16

ernment bond yields of maturities one year to ten years. This data is from the first quarter17

1972 to the second quarter 2009. I also use continuously compounded yields from U.S. Trea-18

sury Inflation Protected Securities (TIPS) with maturities of five years to ten years. This19

data is from the first quarter 2003 to the second quarter 2009. All bond data is from the20

Board of Governors of the Federal Reserve System.21

22

I discretize the Gaussian state processes, and realized inflation and GDP growth by an23

Euler-Marujama scheme. The quarterly transition density of theses discretized processes is24

8The SPF publishes forecasts for GDP growth but not for consumption growth. I therefore work with
GDP data.
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Gaussian. The resulting estimation is a Quasi Maximum Likelihood (QML) method.1

2

I match w with the demeaned median one quarter ahead inflation forecast. Ang et al.3

(2007) find that the median SPF inflation forecast constitutes the best out-of-sample predic-4

tor for inflation. Accordingly, I match z with the demeaned GDP growth forecast. I fix c05

to coincide with the sample mean of GDP growth and p0 to coincide with the sample mean6

of inflation.7

8

For each quarter, I identify the upper boundary on the expected entropy growth rate,9

Aη2
t , by the dispersion of inflation forecasts. The dispersion corresponds to the cross-sectional10

variance among one quarter ahead inflation forecasts scaled by a positive constant A. The11

process η2 is fixed throughout the estimation, while A is estimated as an ambiguity prefer-12

ence parameter during the QML estimation. An observed increase in η2
t maps directly into13

an increase in inflation ambiguity. My modeling choice is consistent with Anderson et al.14

(2009) and Patton and Timmermann (2010). The latter use a term structure of GDP growth15

and inflation forecasts to show that dispersion in forecasts do probably not arise from het-16

erogeneity in information, but rather from heterogeneity in models.17

18

A preliminary look at the data reveals that η2 explains 12% of variations in the first19

principal component of nominal yields and 8% of variations in the slope of the nominal yield20

curve. This provides first evidence that changes in the cross-sectional variation of inflation21

forecasts explains variations in the term structure of yields. An additional first look at the22

data reveals that trend inflation explains 60% of variations in the first principal component23

of nominal yields. Trend inflation is a persistent process. Ambiguity about a persistent24

process of such high importance for the yield curve will probably have a significant impact25

on the yield curve itself.26
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1

Before I run a QML estimation, I first perform ols regressions on the observed macro-2

economic processes. This includes the time-series of (w, z, η). These estimations provide3

parameter estimates on (κw, κz, κη, aη) and4

(σw, σ1z, σ2z, ση) and their empirical confidence intervals. For the QML estimation that5

follows, I fix aη to coincide with its estimated sample counterpart and constrain the other6

parameters to lie within the 99% empirical confidence interval. This procedure ties the hands7

of the econometrician because it does not allow the large bond panel to tweak these macro8

parameters.9

10

The heart of the estimation is a QML estimation. There are 18 parameters to be estimated11

and 22 identifying likelihood restrictions that come from the five state equations, a panel of12

eight nominal yields, six real yields, Federal funds rate, realized inflation and realized GDP13

growth. For a given parameter vector θ, I invert the affi ne nominal yield relationship for14

the one year and ten year yield to obtain ut and vt. This is consistent with a huge body of15

empirical term structure models (Ang and Piazzesi (2003), Chen and Scott (1993)).16

5. Empirical Results17

The equilibrium term structure model is estimated for the entire period of 1972 to 2009.18

I use sample averages of the state variables to infer implied average yield curves and implied19

average term premiums for particular subsamples.20

5.1. Inflation Ambiguity explains the Term Premium21

The model provides the first empirical evidence in the literature that model uncertainty22

together with log-utility can account for the nominal term premium. Figure (1) and Table23

(3) present the estimated term structure of the inflation ambiguity premium. The aver-24
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age ambiguity premium is strongly upward sloping. The average premium for ambiguity1

on trend inflation has been 0.3% for the two year yield and 1.75% for the nine-year yield.2

This premium has been higher during the monetary policy experimentation (1979-1983) and3

lower during the Great Moderation (1984-2007). The model captures this result through a4

stochastic aversion against inflation ambiguity.5

6

The stochastic upper bound of the expected change of relative entropy has been higher7

during the period of the monetary policy experimentation. This leads to higher equilibrium8

distortions, σw ·mh · ηt, to trend inflation. With all else equal, this leads to a more negative9

conditional covariance between the uncertainty kernel and the real return on nominal bonds.10

Trend inflation is persistent (Table (1)). This explains why pessimistic distortions to trend11

inflation accumulate to sizeable inflation ambiguity premiums for long-term nominal bonds.12

This equilibrium channel for the term premium distinguishes the model from stochastic risk13

aversion, like habit formation (Buraschi and Jiltsov (2007)) and Wachter (2006), or models14

with recursive preferences and learning about a single inflation prior (Piazzesi and Schneider15

(2006)).16

17

The inflation premium has two components. An upward sloping inflation ambiguity18

premium and a flat inflation risk premium. Table (3) shows that the inflation ambiguity19

premium accounts for the entire upward sloping term premium. Other components of the20

nominal yield curve are trend inflation and the real yield curve. One year inflation expecta-21

tions are 3.8% and 3.4% for a nine year forecast horizon under the reference model (empirical22

measure). The real yield curve is flat at 2.2%.23

24

Accounting for inflation ambiguity provides an explanation for high long-term nominal25

bond yields and strongly downward sloping inflation expectations during the early 1980s.26
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The lower panel of Table (3) shows that during the monetary policy experimentation, infla-1

tion expectations (empirical measure) were on average 10.8% for a two year forecast horizon2

and 8% for a nine year forecast horizon. The nominal yield curve has been only slightly3

inverted during this period. My model attributes this to a strongly upward sloping inflation4

ambiguity premium. The set of potential inflation models, or equivalently, the amount of5

model mistrust, has been high during this period. An ambiguity averse investor distorts his6

subjective forecast for trend inflation and trend consumption growth more pessimistically.7

The high persistence of trend inflation makes instantaneous positive distortions to trend in-8

flation die out slowly over time. The result is an upward sloping inflation ambiguity premium9

in nominal bond yields.10

11

Piazzesi and Schneider (2006) use recursive preferences and parameter uncertainty to12

amplify the inflation risk premium to account for that period. My methodology, on the13

other hand, provides a framework on how fear of inflation misspecification gives rise to a14

steep inflation ambiguity premium. The inflation ambiguity premium is present in equilib-15

rium because the payoff profile of long-term nominal bonds makes these assets the worst16

possible hedge instrument against inflation ambiguity. Periods of increased model mistrust17

are periods in which nominal bonds pay out less in real terms.18

19

The time-variation of the inflation ambiguity premium stems from the time-varying dis-20

persion of inflation forecasts. This dispersion has been volatile during the 1970s, which21

induces a volatile inflation ambiguity premium. Figure (2) confirms the intuition that the22

set of potential inflation models has been strongly time varying during the monetary pol-23

icy experimentation. The model mistrust for trend inflation and subsequently the inflation24

ambiguity premium have increased at the beginning of the last four NBER recessions. Both25

fall sharply at the middle of recessions. In the mid 1970s and the beginning of the 1981 and26



Inflation Ambiguity and the Term Structure of U.S. Government Bonds 22

1991 recession, the one year inflation ambiguity premium peaked at 0.45%. The ten year1

ambiguity premium peaked at the same time at 2.6%.2

3

The negative correlation between trend inflation and trend consumption growth is sup-4

ported in the data and important for the upward sloping inflation premium. Piazzesi and5

Schneider (2006) point this out for the inflation risk premium. Figure (4) makes the same6

point for the inflation ambiguity premium. Keeping all estimated parameters and state vari-7

ables fixed and changing only the sign of σzz shows that the yield curve would slope down-8

wards because of a downward sloping inflation ambiguity premium. Although this would9

not happen in a full estimation, it provides intuition for the importance of the negative10

correlation.911

6. Robustness of Empirical Results12

My empirical results show that model misspecification doubts about trend inflation can13

account for the steep slope in nominal U.S. Government bond yields. Analogously to risk14

aversion and risk premiums it is crucial to know how much uncertainty is necessary to15

generate the term premium. Anderson et al. (2003) suggest the usage of detection error16

probabilities in order to quantify the amount of model uncertainty.17

6.1. Detection Error Probabilities18

Detection error probabilities examine whether after seeing the entire sample of the state19

vector, an econometrician can tell whether the state variables follow the distorted (worst-20

case) or the reference (empirical benchmark) dynamic. More formally, an econometrician21

9Unreported estimation results show that if an econometrician estimates the model with the counterfactual
restriction σ2z > 0, the inflation ambiguity premium would be close to zero, because a downward sloping
premium produces large pricing errors for bond yields, without adding anything positive to the overall
model fit. The numerical optimizer would prefer to rather work without the ambiguity state variable than
to generate big pricing errors.



Inflation Ambiguity and the Term Structure of U.S. Government Bonds 23

looks at the ratio between the likelihood that the state vector has been generated by the1

worst-case model compared to the likelihood that it was generated by the reference model.2

3

My explanation of detection error probabilities is related to page 215 in Hansen and4

Sargent (2008). I denote LA to be the likelihood that the observed sample of trend inflation5

has been generated by the worst-case model. In contrast, LB stands for the likelihood that6

the observed realization of trend inflation was sampled from the approximate model. The7

log-likelihood ratio is defined as ln LA
LB
. A likelihood ratio test selects model A when ln LA

LB
> 08

and vice versa.9

10

When model A (worst-case) generated the state vector, the likelihood of a model detection

error is pA = Prob
(

ln LA
LB

< 0|A
)
. When model B (approximate) generated the data, the

probability of a model detection error is pB = Prob
(

ln LA
LB

> 0|B
)
. The magnitude of both

probabilities depends on the estimated mh =
√

2A. The investor puts the same prior weight

on both detection errors and determines the probability of detection error by

p(mh) =
1

2
(pA + pB). (32)

Hansen and Sargent (2008) suggest to set p(mh) to a number bigger than 0.1 or 0.2 and11

then to invert p(mh) to find a plausible mh. I deviate from that suggestion by directly es-12

timating mh in the QML with the panel of bond and macro data. Having estimated mh, I13

plug the estimate into p(mh) and find that the corresponding probability of detection error14

is 47.7%. This says that the econometrician faces a 47.7% chance of choosing the wrong15

model for trend inflation and trend consumption growth. Said differently, there is a huge16

amount of ambiguity about whether trend inflation and trend consumption growth follow17

the worst-case or the reference model.18
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1

My model implies a stochastic log-likelihood ratio between the worst-case and the ap-

proximate model

ln

(
LA
LB

)
= ln

(
dQh

T

dQ0
T

)
= −1

2
m2
h

∫ T

0

η2
tdt+mh

∫ T

0

ηtdW
w
t , (33)

where I plugged in the equilibrium outcome ht = mhηt.2

3

The previous equation reveals that the magnitude of the detection error probability de-4

pends on the scaling parametermh =
√

2A, the observed process η2, and the realized Brown-5

ian shocks to trend inflation dWw. The latter shock is the reason for realized uncertainty6

(realized relative entropy) to deviate from the expected uncertainty (expected relative en-7

tropy). The derivation of the detection error probability for the model follows Anderson8

et al. (2003) and Maenhout (2006).9

10

There are two reasons for the estimated detection error probability to be so high. First,11

the observed time-series of trend inflation under the worst-case and under the approximate12

model are close to each other. Figure (3) visualizes this. This says that on a quarterly13

horizon, realized worst-case inflation expectations are only marginally higher than inflation14

expectations under the reference model. Second, trend inflation is persistent. The estimated15

parameter that controls the speed of mean reversion, κw, is −0.07 (Table (1)). Besides16

inflation volatility, trend inflation is the most persistent macro variable in the sample. The17

result is that although expected future instantaneous distortions are small (high detection18

probability error), since past distortions die out slowly, the accumulated distortions add up19

to a sizeable ambiguity spread.20
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6.2. Estimation Fit1

The average pricing error across all nine fitted nominal yields is five basis points per2

quarter. Table (2) shows that the average pricing error on real bonds is fourteen basis points3

per quarter. I proxy real bond yields with yields on Treasury Inflation Protected Securities4

(TIPS). Liquid data on TIPS is only available since the early 2000. The mean fitting error5

per quarter is 4.4 basis points for consumption growth and 0.7 basis points for inflation. The6

empirical identification strategy implies a perfect fit to trend inflation and trend consump-7

tion growth.8

9

The model estimates imply an unconditional quarterly trend inflation rate of 0.96% under10

the reference model and 1.0675% under the worst-case model. The analog for the uncondi-11

tional quarterly trend GDP growth rate is 0.65% for the approximate model and 0.64999%12

for the worst-case model. These statistics show that ambiguity about trend inflation has a13

negative but tiny effect on the real side of the economy. The effect on the nominal economy14

is sizeable. In steady state, the inflation forecast under the worst-case model is 0.1075%15

higher per quarter.1016

7. Literature17

My paper is closest related to a set of equilibrium models that try to explain why long-18

term nominal bond yields are higher than the short-term counterpart. Current research19

focuses nearly exclusively on the inflation risk premium.11 Piazzesi and Schneider (2006)20

and Buraschi and Jiltsov (2005) share the insight that a meaningful inflation risk premium21

10The unconditional expected value for quarterly inflation under the worst-case measure is p0 +
limt→∞Eh[w(t)] and analogously c0 + limt→∞Eh[z(t)] for expected consumption growth.
11Piazzesi and Schneider (2006) use a recursive utility investor with a unique inflation prior who faces

parameter uncertainty. Their set-up amplifies the inflation risk premium to realistic values. Buraschi and
Jiltsov (2005) show that a log utility framework with taxes can account for a meaningful inflation risk
premium.
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requires inflation to be a predictive carrier of future bad consumption news. Buraschi and1

Jiltsov (2007), Wachter (2006) and Rudebusch and Swanson (2008) show that habit for-2

mation can be useful in amplifying the inflation risk premium. In contrast to this work,3

my model shows that a log-utility investor can account for the nominal term premium in4

U.S. Government bonds, once one controls for the empirically observed model misspecifi-5

cation doubts on inflation. The key driver of the term premium is an inflation ambiguity6

premium instead of an inflation risk premium. This has the advantage that dispersion in7

professional inflation forecasts provide a useful proxy for the amount of inflation ambiguity8

that an investor faces. My model maps the observed dispersion into an ambiguity premium.9

Moreover, recent empirical evidence suggests that the inflation risk premium might be rather10

small (Hördahl and Tristani (2010)).11

12

It is surprising that ambiguity about the inflation model has been overlooked in the13

literature. Previous research has collected mounting evidence on the importance of trend14

inflation for the modeling of bond yields. Furthermore, the SPF reveals that macroecono-15

metric experts differ on their preferred model for trend inflation. Ang and Piazzesi (2003),16

Ang et al. (2006), Duffee (2007) and Joslin et al. (2009) show the importance of inflation and17

business cycle factors for the nominal yield curve. These papers assume that the investor18

observes a unique prior. This is a simplifying assumption. In the data, as the SPF illustrates,19

investors are confronted with a set of potentially correct inflation models. Ang et al. (2007)20

find that the median forecast for inflation, published by the SPF, is the best out-of-sample21

inflation forecast. This cross-sectional dispersion in these SPF forecasts is time-varying over22

the business cycle. Patton and Timmermann (2010) analyze the term structure of dispersion23

in forecasts of inflation and GDP growth and provide evidence that dispersion is generated24

by model heterogeneity.25

26
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There is no theoretical model in the literature that provides a pricing framework for an1

investor who does not observe the underlying data generating process for trend inflation,2

but who instead observes a set of multiple inflation models. My model closes this gap in3

the literature. I propose an equilibrium term structure model for real and nominal bonds4

that takes into account that investors face model uncertainty about trend inflation. One can5

regard uncertainty about trend inflation as a result of an imperfectly understood conduct6

of monetary policy. Evidence for the latter is provided by Ang et al. (2009), Clarida et al.7

(2000), Ang et al. (2008b), Cogley and Sargent (2002), and Goodfriend and King (2005).8

9

Early contributions on multiple prior general equilibrium models are Gilboa and Schmei-10

dler (1989), Epstein and Wang (1994), Epstein and Schneider (2003), Chen and Epstein11

(2002), Epstein and Miao (2003). All of these papers focus on a set of multiple priors on12

consumption risk.12 Inflation expectations and a multiple prior for trend inflation has not13

been analyzed so far. My paper focuses explicitly on the modeling of inflation ambiguity14

and its impact on the nominal term premium. This also extends current research on model15

uncertainty, which traditionally focuses on equity markets.1316

8. Conclusion17

This paper finds that a small concern for inflation ambiguity explains the upward sloping18

term premium in nominal U.S. Government bond yields. Nominal bonds are not only a19

bad hedge against consumption risk, they are also a bad hedge against inflation ambiguity.20

Periods in which the investor looses trust in his reference inflation and consumption model21

12An alternative tool for handling model uncertainty is Anderson et al. (2003), Cagetti et al. (2002), Hansen
and Sargent (2008), Hansen and Sargent (2005), Hansen et al. (2005), Maenhout (2004), and Maenhout
(2006).
13Some recent research is Garlappi et al. (2007), Uppal and Wang (2003), Liu et al. (2005), Drechsler

(2009), Sbuelz and Trojani (2002), Maenhout (2004), Leippold et al. (2008), Dow and Werlang (1992),
Trojani and Vanini (2004), Cao et al. (2005), Miao and Wang (2009), and Chen et al. (2009). Kleshecheslski
and Vincent (2009) and Gagliardini et al. (2009) study the impact of dividend uncertainty on real bonds.
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coincide with periods in which nominal bonds pay out less in real units.1

2

It is an equilibrium result, that the investor requires a positive inflation ambiguity pre-3

mium for holding nominal bonds. This premium is time varying and high during periods4

of high uncertainty. It has increased during the monetary policy experimentation and sub-5

sequently fallen during the Great Moderation. The estimated detection error probability6

of 47.7% shows that the likelihood ratio between the worst-case and the reference inflation7

model is so high that an econometrician cannot judge which model has generated the ob-8

served time-series of inflation and consumption.9

10

The high persistence of trend inflation makes small instantaneous differences in the in-11

flation models accumulate to a sizeable difference for long horizon forecasts. The impact on12

the real economy is negative and small in terms of economic magnitude. The analysis con-13

cludes that accounting for inflation ambiguity explains why long-term nominal bond yields14

are higher than their short-term counterpart.15
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Table 1: PARAMETER ESTIMATES (Standard Errors)

Panel A: State Variables
Drift, κ Volatility, σ

ut -0.127 (0.004) 0.082 (0.006)
vt -0.012 (0.0005) 0.083 (0.01)
wt -0.070 (0.001) 0.003 0.00006)
zt -0.269 (0.00007) 0.004 (0.0004) -7.14e− 7 (< 0.00001)
ηt -0.300 (<0.00001) 0.006 (0.0006)

Panel B: Growth and Inflation
c0 0.0065 (fixed)
p0 0.0096 (fixed)
aη 0.0013 (fixed)
ρ 0.001 (fixed)
σ0c 1.059e-8 (0.00004)
σ1c 0.023 (0.0005)
σ0p 1.21e-8 (0.00008)
σ1p 0.036 (0.0002 )
ρpc 0.994 (0.02)
mh 5.85 (0.1 )

Note: The table presents parameter estimates and their standard error (in parenthesis).
The asymptotic standard errors are determined based on the score of the log likelihood.
The second column that corresponds to row zt represents the estimate for σ1z, the estimate
for σ2z is given in the third column.
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Table 2: Yield Curve, in %, per quarter

Nominal Yields
Maturity Model Data
R 1.5383 1.6
4 1.5822 1.5822
8 1.5679 1.6391
12 1.5962 1.6819
16 1.6247 1.7159
20 1.6643 1.7453
24 1.7081 1.7717
28 1.7583 1.795
32 1.8099 1.8154
36 1.8463 1.8327
40 1.8484 1.8484

Real Yields
Maturity Model Data
20 0.5999 0.3782
24 0.5931 0.4109
28 0.5879 0.4400
32 0.5838 0.4650
36 0.5805 0.4859
40 0.5778 0.5014

Note: The table compares data and model implied continuously compounded government
bond yields. Numbers are in % and per quarter. The upper panel is devoted to nominal
bond yields and the Federal funds rate R. The estimation contains nominal bond yields
from 1972.I to 2009.II. The lower panel focuses on Treasury Inflation Protected bond
yields (TIPS). The estimation contains real bond yields from 2003.I to 2009.II.
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Table 3: Components of Nominal Yield Curve, in %, annualized

1972-2009
Maturity r E[π] IAP 1.0e+ 3 · IRP y$

8 2.2080 3.7844 0.2793 0.0293 6.2716
12 2.2083 3.7313 0.4453 0.0613 6.3850
16 2.2087 3.6767 0.6243 0.0747 6.5098
20 2.2089 3.6229 0.8253 0.0720 6.6572
24 2.2091 3.5704 1.0530 0.1013 6.8325
28 2.2092 3.5194 1.3045 0.0933 7.0332
32 2.2094 3.4698 1.5604 0.1387 7.2396
36 2.2095 3.4212 1.7545 0.1547 7.3853

1979− 1983
Maturity r E[π] IAP IRP y$

8 1.6343 10.8476 0.3502 0.4451 13.2773
12 1.8132 10.2297 0.5211 0.5456 13.1097
16 1.9155 9.7144 0.7089 0.6061 12.9449
20 1.9784 9.2758 0.9223 0.6424 12.8189
24 2.0197 8.8956 1.1659 0.6643 12.7454
28 2.0485 8.5602 1.4378 0.6775 12.7241
32 2.0697 8.2606 1.7192 0.6854 12.7349
36 2.0858 7.9896 1.9454 0.6902 12.7109

Note: The table decomposes the model implied nominal yield curve into its components.
The upper panel focuses on 1972-2009. The lower panel focuses on the monetary policy
experimentation (1979-1983). Column maturity is in quarters. The abbreviations mean: r
(real interest rate), E[π] (trend inflation (reference model)), IRP (inflation risk premium),
IAP (inflation ambiguity premium), y$ (model implied nominal yield). The last column is
the sum of column 2 to column 5. The data is annualized and in percent.
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Figure 1: Inflation Ambiguity Premium in Different Sup-Periods
This figure presents the inflation ambiguity premium in nominal bond yields for several time-
periods. The model is estimated over the entire sample 1972 to 2009 and sample averages are used
to construct the premium for different periods. The different sample periods are the monetary policy
experimentation (1979-1983), the Great Moderation (1984-2007), and the entire sample 1972-2009.
The x-axis presents bond maturities in years. The y-axis is in percent and annualized.
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Figure 2: Cross-Sectional Dispersion in Inflation Forecasts and Inflation Ambigu-
ity Premium in Nominal Bond Yields, 1972.I - 2009.II
This figure shows the time-series of the model implied ten-year and one-year inflation ambiguity
premium, together with the data implied cross-sectional standard deviation of SPF inflation fore-
casts. The model is estimated with macro and bond yield data from 1972 to 2009. The x-axis
presents the time-horizon. The y-axis is in percent and annualized.
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Figure 3: Empirical vs. Robust One-Quarter Ahead Inflation Forecast, 1972.I -
2009.II
This figure plots the time-series of quarterly trend inflation for two different models. The solid blue
line coincides with the reference model, while the red ∗ line corresponds to the worst-case model.
The x-axis presents the time-horizon. The y-axis is in percent and annualized.
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Figure 4: Average Nominal Yield Curve for Different Values of Inflation Non-
Neutrality, 1972.I - 2009.II
This figure shows that different assumptions on the non-neutrality of inflation can change the sign
of the slope of the yield curve. The estimated model implied term structure of nominal bond yields
corresponds to the upward sloping curve. The underlying correlation between trend inflation and
trend consumption growth, σ2z is negative. All estimates are fixed and only σ2z is varied. If it
is set to zero, the corresponding nominal yield curve would be slightly downward sloping. On the
other hand, if σ2z > 0, the resulting yield curve would be strongly downward sloping. The model
is not re-estimated. The x-axis presents bond maturities in years. The y-axis is in percent and
annualized.
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