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Abstract

It is standard in economics to assume that assets are normal goods and demand
is downward sloping in price. This view has its theoretical foundation in the classic
single period model of Arrow with one risky asset and one risk free asset, where both
are assumed to be held long, and preferences exhibit decreasing absolute risk aversion
and increasing relative risk aversion. However when short selling is allowed, we show
that the risk free asset can not only fail to be a normal good but can in fact be a Giffen
good even for widely popular members of the hyperbolic absolute risk aversion (HARA)
class of utility functions. Distinct regions in the price-income space are identified in
which the risk free asset exhibits normal, inferior and Giffen behavior. An Example
is provided in which for non-HARA preferences Giffen behavior occurs over multiple

ranges of income.
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1 Introduction

In the classic single period model with one risky asset and one risk free asset, where both
are assumed to be held long, Arrow [1] shows that the risky asset is a normal good (its
demand is increasing with income or wealth) if the Arrow-Pratt [1]-[12] measure of absolute
risk aversion is decreasing. Arrow also proves that a sufficient condition for the income
elasticity of demand for the risk free asset to be greater than one is that relative risk aversion
is increasing. Aura, Diamond and Geanakoplos [2] point out that these two results together
imply that both assets are normal goods.

While the assumption that the risky asset be held long is relatively harmless, the same
assumption for the risk free asset is far from innocuous. Consider the case of the widely
used HARA (hyperbolic absolute risk aversion)!' utility W (z) = 7%, where § > —1,
a > 0 and z denotes wealth (or end of period consumption). Optimal holdings of the
risk free asset will always be both positive and negative (corresponding to different income
ranges) so long as the risk preference parameter ¢ is above some minimum d.piticq;. Despite
the fact that this utility function satisfies the Arrow requirements of decreasing absolute
risk aversion and increasing relative risk aversion, when ¢ > §.iieq the risk free asset will
always be an inferior good over some income range. And it can even be a Giffen good,
where corresponding to an own price increase, the asset’s positive income effect swamps the
negative substitution effect resulting in increased demand.

More generally, inferior good and Giffen behavior occur for other members of the HARA
class and other forms of utility. If Arrow’s assumption that both assets are held long is
relaxed, the only member of the HARA class for which the risk free asset and risky asset
are both always normal goods is the very special constant relative risk aversion (CRRA)

form.2

For a number of examples, distinct regions in the price-income space are identified
in which the risk free asset exhibits normal good, inferior good and Giffen behavior. We
show that when the risk free asset is an inferior or Giffen good, it can only be held short
(long) if relative risk aversion is increasing (decreasing). A non-HARA example is given
for which relative risk aversion is non-monotone and Giffen behavior is shown to occur over
multiple income ranges. What is particularly surprising is that in contrast to much of the
classic demand theory literature where very special forms of utility need to be constructed to
produce Giffen behavior, in the case of financial securities it arises with perfectly standard
utility functions.?

Given that Giffen behavior can arise with relative ease for the commonly used HARA

'See [7] for a description of the HARA family of utility funcitons.
?Following Fischer [6], it is well known that the risky asset will be an inferior good in the case of quadratic

utility. But because this member of the HARA class exhibits increasing absolute risk aversion, it is rarely

assumed.
3In their recent paper [5], Doi, Iwasa and Shimomura observe that the existing demand theory literature

on Giffen behavior is void of examples based on conventional forms of utility. Indeed they too construct a

specific form of utility which, although nonstandard, is argued to be well-behaved in terms of its properties.



utilities, it is natural to wonder what implications this behavior might have for equilibrium
asset prices.* By applying a not widely known certainty result of Kohli [9], one can obtain
the surprising result that in a representative agent, distribution economy, Giffen behavior of
the risk free asset implies that the risky asset’s equilibrium price increases with its supply.®

In Section 2, we consider portfolios consisting of a risk free asset and a risky asset where
positive holdings of the former is not assumed. As is standard, the asset demand, or complex
securities, model is embedded in a contingent claims framework. Complete markets are
assumed.® We establish necessary and sufficient conditions for the risk free asset to be a
normal good and apply these conditions to a number of different classes of utility including
the HARA family. Section 3 examines when the risk free asset can be a Giffen good and
provides examples for a utility in the HARA class and for one outside the class. Section 4
considers selected extensions to a two period setting. The last section contains concluding

comments.

2 Risk Free Asset: Normal Good Behavior

2.1 Preliminaries

Throughout this Section and the next Section, we consider a single period setting in which
a consumer with a given level of income selects asset holdings so as to maximize expected
utility for end of period random consumption. In Section 4, we consider the natural
extension to a two period setting where the consumer at the beginning of period 1 chooses
a level of certain current period consumption ¢; as well as asset holdings the returns on
which fund period 2 consumption, ca. The notational conventions and structure of the
current Section are designed to facilitate the simplest transition to the more general two
period problem.

Consider a risky asset with payoff E , where % is a random variable assuming the value &4,
with probability m2; and &,, with the probability mag = 1 —ma;. Without loss of generality,
let €91 > £99. It is further assumed that £5, > 0. Suppose there exists a risk-free asset

with payoff {; > 0. Let n and ny denote the number of units of the risky asset and risk
53
Pf
shown to imply that risky asset demand satisfies n > 0 for all I. In the current single

free asset, respectively. Throughout this paper, we assume that % > which can be

period setting, preferences are defined over random ¢; and satisfy the standard expected

4We thank one of the Referees for stressing the importance of connecting our demand theory results to
their equilibrium implications.

For a more general analysis assuming a representative agent, exchange economy in which the implications
of changing asset supplies on equilbrium asset prices and equity risk premia are examined in both one and

two period settings, see Kubler, Selden and Wei [10].
5Tt should be noted that our results, Theorem (i) and (iii), extend naturally to incomplete markets.

Although in general, Theorem 1(ii) does not extend, as one might expect, it does for HARA preferences

where markets are effectively complete (see [4]).



utility axioms where the NM (von Neumann-Morgenstern) index W (cy) satisfies W' > 0
and W” < 0.7 The expected utility function EW (¢3) given by

E[W (én + Enyg)] = maW(€an + Epny) + maaW (€gan + Epny) (1)

is maximized with respect to n and ny subject to the budget constraint

pn+pyny =1, (2)

where p and py are the prices of the risky and risk free assets and I is initial or date 1

income. Define the contingent claims co; and cos by

Cco1 = len—l—ffnf, Co2 = 522n+£fnf. (3)

The above complex or financial securities problem is equivalent to a contingent claim opti-
mization where

EW (c1,c22) = moaW (1) + ma2W (ca2) (4)

is maximized with respect to co; and cog subject to

p21C21 + p22ca2 = 1, (5)

where

o1 = (ffp—fmpf >0 and  py = §a1pf —ffp <0 (6)

a1 — €22)&; (§21 — &22)¢

are the contingent claims prices. The contingent claims FOC (first order conditions) can

be expressed as
Wien) _ m2pn

—_— =d ,I{;, 7
Wi(ess) mo1pn @)
Throughout we assume no arbitrage — it is easy to see that this is equivalent to
gﬂ > €7f > gﬂ (8)
p Py p

It should be noted that %g > Z—; is equivalent to ce; > cog oOr

22 P21
21 P22

k= <L (9)

Since we do not assume an Inada condition, a minimum level of income has to be
assumed to guarantee non-negative consumption. It is easy to verify that to ensure that

€21, c22 > 0, the minimum income level is given by

Tinin = { P21 (W) (B (0)) (W (0) # o0)

0 (W' (0) = ) (10)

"These single period NM preferences are extended in Section 4 to the two period expected utility
EW (c1,¢2) = Wi(e1) + EWa(c2) where the consumer is choosing over both ¢; and (n,ny). The NM

utility considered here can be viewed as corresponding to the two period Wa(cz).
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Figure 1:

This condition requires I > I, to ensure that optimal contingent claims demand is in the

positive orthant. The application of I ,;, will be illustrated for a number of specific utility
functions below. -
Although n > 0 is ensured by the assumption % > %, the condition for ny > 0 is far

from free as it imposes restrictions on the consumer’s preferences. Given that gﬂ defines the
21

slope of the risky asset payoff ratio in the contingent claims space, —% measures
™22 6521

the slope of the tangent to the indifference curve at its intersection with the ny = 0 ray.

The following Lemma states that for ny > 0, the consumer’s preferences must be such that

the MRS (marginal rate of substitution) at this ray is always less than the absolute value

of the slope of the budget line for any ca. See Figure 1.

LEMMA 1 The risk free asset holdings satisfy ny % 0 for all 1 iff% § k for any ca.
€91 2

In standard demand theory, a commodity is assumed to have positive demand and is
said to be a normal good if its derivative with respect to income is positive. Given that

Lemma 1 allows for the risk free asset to be held short, we next generalize the normal good
definition to allow for borrowing.



DEFINITION 1 The risk free asset is said to be a normal good if and only if ®

ony

— > 0. 11
nfar (11)
. . .. Ony
When ny > 0, we obtain the traditional normal goods definition v > 0. Ifny <0 the
0
asset will be held short, and e < 0 indicates that as income level increases, the investor

ol

will increase the borrowing and borrowing can be viewed as a normal good. It should be
noted that —nfaaijf is the standard income effect in the Slutsky equation. If n fag—lf < 0,
the risk free asset is an inferior good and the income effect will become positive. This can
result in g%: being positive if the positive income effect dominates the negative substitution
effect.

In the analysis that follows, we will make use of the critical income level I* which serves
as the boundary along the risk free asset Engel curve dividing normal from inferior good

behavior.

DEFINITION 2 An income level I is said to be a critical income I* if it satisfies

ony

arya 1: =0. (12)

I*
Throughout this paper we will require I* > I, to ensure that optimal consumption will

be in the positive orthant. Clearly, I* corresponds to either ny = 0 or %LI = 0. Moreover,

as we will see, there can exist multiple I* values.

2.2 Normal Good Behavior: The Canonical CRRA Case

To illustrate the role of the Lemma 1 restriction on preferences, we next consider the case
of CRRA utility.

EXAMPLE 1 Suppose the NM index takes the classic CRRA form

W(ca) = —%C;i (13)

where 6 > —1. Will the risk free asset be held long or short? From the FOC for CRRA

preferences, using eqn. (7), the contingent claims expansion path is given by
caz = carkt/H0) (14)

and is linear passing through the origin with slope of k/(49)  Straightforward computation of

the condition in Lemma 1 shows that ny > 0, if and only if k > (%)H‘s. If we define

5. o _ Ink
eritical In(&92/€21)

8This same definition will be used for risky assets as well.

~1, (15)




we have the following restriction on preferences

> >
nyg = 00 = Ocritical (16)

where k is defined in terms of the state prices pa1 and pag which in turn depend on the asset
payoffs and prices following eqn. (6). Since k < 1, the linear expansion path will rotate
clockwise as & decreases because its slope kXt will decline. If § falls below the critical value
given by the right hand side of eqn. (15), we have ny < 0 and the expansion path will be below
the % (or ny =0) ray. Given that the Arrow-Pratt ([1]-[12]) relative risk aversion measure

TR =gdef —C W(ca)
R —def 2 W’(Cg)

=541, (17)

one obtains the very intuitive interpretation for eqn. (16) that if & > Scritical, the consumer
is sufficiently risk averse that she will only hold the risk free asset long. Since for CRRA
preferences, the expansion path is linear and pass through the origin, ny and %Llf always have

the same sign, which implies that the risk free asset is always a normal good.

2.3 Generalization of the Classic Arrow Theorems

Denoting the Arrow-Pratt ([1]-[12]) measure of absolute risk aversion by

B WI/<C2)
TA(C2) =def — Wica) "

(18)

we next extend the Arrow [1] result to a contingent claims setting in which shorting the

risk free asset is allowed.

THEOREM 1 For the contingent claims problem corresponding to eqns. (4) and (5), optimal

asset demands satisfy

(i) g’;zo ifr
oS e > €
(ii) azf =0 ff&‘(gi) =
>
<

(iii) nf/I —O/fTR 0.

REMARK 1 Given that Eé > ff

implies n > 0, condition (i) of Theorem 1 coincides exactly
with Arrow'’s result. Cond/t/on ( iii) is equivalent to Arrow'’s second result relating to increasing

relative risk aversion. To see this, note that

on
ol 12

and assuming ny > 0, Arrow’s income elasticity result follows immediately from

8(?}/[) 0 W > 1. (20)



Arrow’s assumption that both assets are held long clearly implies that %Llf > 0 and the risk
free asset is a normal good as asserted by Aura, Diamond and Geanakoplos [2]. But from the
application of Lemma 1 in Example 1, we see that actually for ny > 0, one must assume that
the consumer is sufficiently risk averse to satisfy eqn. (16). Moreover, it follows from Example
1 that it is unnecessary to assume as in [2] that ny > 0 in order for both assets to be normal

goods.

How should one interpret the critical %? It is straightforward to show that this
ratio is in fact the slope of the tangent to the contingent claims expansion path at any point
(c21, c21) along the path. Theorem 1(ii) can be viewed as requiring for n¢ to be increasing
with income that the tangent to the expansion path must have a slope steeper than that
of the ny = 0 ray defined by the risky asset payoff % It should also be noted that if
over an interval of income values the tangent to the expansion path has the same slope as
the cog = %cm (ng = 0) ray, then for that range of incomes ny is invariant to changes in
I. Tt can be shown that in the case of multiple risky assets, condition (ii) in Theorem 1
generalizes to a comparison of the angle between the tangent vector of the expansion path
in the contingent claims setting and the normal vector of the ny = 0 hyperplane and 90°.

Hence condition (ii) is the generic result, rather than the widely quoted Arrow condition

(i).

2.4 Canonical Inferior Good Case: HARA Preferences

The following example illustrates several important implications of Theorem 1 for a widely
used form of HARA utility.

EXAMPLE 2 Preferences are defined by the widely used HARA form
1 5
Wie2) = —5(e2+a), (21)

where a > 0, 0 > —1. For this utility, we have 7'y < 0 and 7'y > 0. Therefore, the risky asset
is always a normal good. The expansion path is given by

Co2 = klﬁ‘l*‘s(cm +a) —a. (22)

Figure 2 illustrates expansion paths associated with different values of §, where as is standard,
each point along an expansion path has the same price ratio but different levels of income, I.
(The expansion paths in the Figure are solid and the n = 0 and ny = 0 rays are dashed.) It
follows from eqn. (10) that the minimum income level I,y to avoid bankruptcy is given by

apa1 <1 - kﬁ)

1
k1+s

(23)

Imin =

Because ' > 0, it follows from the Arrow result that the risk free asset is also a normal good
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ifny > 0. However, as we show below, for the HARA utility (21) it is impossible for ny > 0 to

be satisfied for all income levels. It follows from Theorem 1 that if

S22 o pods _ Tale) (24)
€21 Ta(c22)
which is equivalent to
Ink

6 < 6critical = - 17 (25)

In(€92/821)

we have % < 0. Since ny < 0 when I =0, the risk free asset is a normal good for all income
levels in the sense of borrowing. On the other hand if § > 0cpitical, then we have %Llf > 0.
Since ny < 0 when I = 0, the risk free asset cannot be a normal good for all income levels.
To illustrate this more explicitly, fix the parameters as follows: a =2, p =py =1, {5 =1,
€y = 1.2, &5y = 0.8 and ma1 = 0.7. Then dcpiticar = 1.09. We plot the asset Engel curves
for 6 = 0.5 < O¢riticar in Figure 3(a) and § =5 > opiticar in Figure 3(b) and indicate I, in
each case. It can be seen that when & < Ocritical, the investor will always short the risk free
asset. When the income level increases, she will borrow more, which implies that the risk free
asset is a normal good in the sense of borrowing. When § > O.riticai, the investor will only
short the risk free asset at the low income levels. But since %Llf > 0 for all the income levels,
the risk free asset fails to be a normal good for the low income levels (Definition 1). Moreover,
it is clear from Figure 3(b) that we can find the critical income level I* such that for I > I*,
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ny > 0 and the risk free asset becomes a normal good. To find I*, note that in Figure 2 the
expansion paths corresponding to 6 > Ocriticai all cross the ny = 0 ray. Thus for any such ¢,

based on the intersection point one can determine I* as follows:

1
* _ a(€91p21 + Egopa2) (1 — kET+9)
- 1
£2lk1+5 - 522

In Figure 3(b) where 6 = 5, we have I, = 0.30 and I* = 1.09. [t can be verified that

1

. (26)

% < 0. Thus as the relative risk aversion parameter § decreases, the critical income level I'*

increases. When 6 — O.piticar from above we have I* — oo and the risk free asset becomes an

inferior good for virtually all levels of income.

REMARK 2 In addition to eqn. (21) and the CRRA (13), the HARA class includes negative
exponential, logarithmic and quadratic utilities (e.g., [7], p.26). Each member other than the
CRRA case can generate expansion paths where the risk free asset exhibits both normal and
inferior good behavior over different income ranges.’

Tt should be noted that for the negative exponential case, the expansion path will always have a slope
equal to 1. For quadratic utility, the expansion path always has a slope greater than 1. It follows from
Theorem 1 that %Llf > 0 for all the income levels. Given that %Z > %, ny will be negative at sufficiently
low income levels. Therefore, the risk free asset can never be a normal good for all the income levels for

these two types of utility functions.

10



2.5 Risk Free Asset Engel Curve Properties: Critical Role of 77

We next establish an important link between 7/, and inferior good behavior for the risk free

asset and then illustrate our conclusions with a series of examples.

THEOREM 2 Assume the general NM utility (1), and complete markets with one risk free asset

and one risky asset.

(i) If T’y > 0, the risk free asset can become an inferior good only when ny < 0.
(i) If 7'y < 0, the risk free asset can become an inferior good only when ny > 0.

(iii) If the sign of T’ changes over its domain, the risk free asset can become an inferior good
for both ny < 0 and ny > 0.

REMARK 3 In terms of Theorem 2, condition (i) is illustrated by Example 2 (above), (ii) by
Examples 3 and (iii) by Example 4.

We begin by modifying the Example 2 utility to investigate the impact of assuming

decreasing rather than increasing relative risk aversion.

ExAMPLE 3 Assume

W(es) = (2 —a) ™, (21)
where a > 0, 0 > —1. For this utility, we have %y < 0. The same parameters are assumed as
in Example 2. Figure 4 illustrates expansion paths associated with different values of §. Since
we require that ca1, cos > a, Imin = apa1 + apas = agﬂ.w When § > d.ritical, Where Sepitical 1S
defined by (15), the risk free asset is a normal good. (See Figure 5(b).) When 6 < Ocritical,
aailf < 0. Since ny starts from i where n = 0, the risk free asset is an inferior good at low

income levels and when ny < 0, it becomes a normal good. (See Figure 5(a).)

REMARK 4 When one makes the reasonable assumption that ny can be either negative or
positive, a comparison of Examples 2 and 3 would seem to weaken Arrow’s argument for assuming
increasing rather than decreasing relative risk aversion. In Example 2 where 77, > 0, if § >
Ocritical the consumer with low levels of income, I* > I > Iy, initially shorts the risk free
asset to finance investment in the risky asset. Whereas if one assumes exactly the same setting
except that 77, < 0, we see in Example 3 that for § > Ocritical the consumer initially holds the
risk free asset long at low levels of income and then reduces the holdings as income increases.'!
For us at least, the latter case is a priori more reasonable. The property of decreasing relative

risk aversion has received attention in empirical and experimental papers (e.g., Calvet and Sodini

10Tn this case unlike the other examples, Imin arises from the "subsistence" requirement ¢z > a rather

than from the no bankruptcy requirement ca1, ca2 > 0.
1t should be noted that deriticq; can take on a range of values based on different assumptions of the

underlying parameters such as asset returns returns, probabilities and prices.

11
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[3]) challenging the Arrow assumption of increasing relative risk aversion. It should also be
noted that Meyer and Meyer [11] have recently proposed employing a multiperiod version of
(27) as an alternative to the standard (internal) habit formation representation in try to resolve
the equity premium puzzle. Both the standard NM habit utility and (27) exhibit decreasing

relative risk aversion.

The next Example, based on non-HARA utility functions, illustrates that when the sign

of 7', varies, the sign of % can vary in both the ny > 0 and ny < 0 regions.

EXAMPLE 4 Assume
W(ez) = —=—(ca +a)™% 4 ¢y. (28)

where a > 0, §; > —1. We have 7'y < 0 and 7', doesn't have a definite sign. An expansion
path and Engel curves are illustrated in Figure 6. It can be seen that the consumer shorts the
risk free asset at low income levels and again beginning at intermediate income levels. But
% is positive at low income levels and negative at high income level. At intermediate income
levels, the consumer is long the risk free asset but ny is not monotone in I. It can be also seen
from Figure 6(b) that there are three I* for this utility. Two correspond to ny = 0 and one

0
corresponds to % =0.12

12 As suggested by this Example, the utility (28) may offer interesting potential in providing a partial
response to Hart’s [8] query as to what assumptions are required to get meaningful comparative statics
findings for the risk free asset when the utility function does not exhibit the portfolio separation property
implied by the HARA class.

13



3 Giffen Good Behavior

3.1 Law of Demand Violations and Risk Free Asset Giffen Behavior

Given our findings that the risk free asset can become an inferior good, it is natural to
wonder if it can also be a Giffen good, i.e., the risk free asset can violate the (own good)
LOD (Law of Demand) g—;; > 0. To see that shorting is allowed by this definition, note first

that if ny < 0, when the price ps increases, the effective cost of borrowing % will decrease.
And if the consumer responds to the decreased cost of borrowing by the increasing borrowing
when ny < 0, then borrowing satisfies the LOD. On the other hand, if the consumer reduces
the borrowing, when the cost decreases the risk free asset becomes a Giffen good.

It is well known that if one of the goods is a Giffen good, then the LOD is violated.
However, violation of the LOD is only a necessary and not a sufficient condition for Giffen
good behavior. Moreover, Quah ([13], Proposition 1) has shown that the LOD is violated
in the financial securities setting, if and only if it is also violated in the contingent claims
setting. Since in the contingent claims setting, both contingent claims commodities are
normal goods, one may wonder whether Giffen good behavior can ever occur in the complex
security setting. In the next Subsection, we provide two examples illustrating that the risk

free asset can indeed be a Giffen good.!?

3.2 Giffen Behavior: Income and Price Regions

Next we show for both the HARA utility used in Example 3 and the non-HARA utility
in Example 4 that by choosing the appropriate parameter values, the risk free asset can
become a Giffen good. Also for the former, we characterize regions in the (ps, I) parameter
space corresponding to normal, inferior and Giffen behavior.

First it should be noted that for Example 5 since the demand function is linear in income

ny = a(py) + Bps)l, (29)

one can compute the break-even income for Giffen behavior I by solving the equation

Ing 0 as follows

" 9)
o (py
16 =~ : 30
B'(py) (30)
EXAMPLE 5 Assume the following specialization of the Example 3 HARA utility
N6
W(e) = G 5a) ; (31)

3Due to the equivalence of the LOD between the contingent claims setting and complex security setting,

these examples show that the LOD can be violated even when both goods are normal.

14
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Figure 7:

where a > 0.'* Assume the parameters a = 2, p = 1, §r =1, 8 = 1.2, {9 = 0.8 and
wo1 = 0.7. When 0 < O¢ritical, the risk free asset will exhibit regions of normal good, inferior
good and Giffen good. See Figure 7. We have I, = %. It is clear from Figure 7 that there

are two separate normal good regions. To understand why, note that

Op21 Op22 ok

— <0 and >0 = — < 0. 32
Opy Opy Opy (32)

Therefore, for 0 critical = % — 1, we have
O critical o 1 ok < 0. (33)

3pf B kln(522/‘521)377f

When py is small, dcriticat < 6 and the risk free asset is always a normal good. When py is
large enough such that d..iticar > 6, I* becomes positive, implying inferior good behavior when
I < I* and normal good behavior when I > I*. In terms of the Figure, as py approaches 0.98

from above, 0 riticar — 0 and I* — oo.

Given that in Example 5 the contingent claims are normal goods, it is natural to ask
why the risk free asset can be a Giffen good. As in the typical potato Giffen story, the
consumer’s income is only slightly above I, and cos is close to the subsistence level a. It

is clear from Figure 5(a) that most of her income is invested in the risk free rather than

Y1t can be shown that when a < 0, the risk free asset can exhibit Giffen good behavior for appropriate

parameters.
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the risky asset. In this case, safety from starvation is provided by the risk free asset rather
than potatoes. Now if py increases, the return on the asset f)—; falls and the substitution
effect tends to drive the consumer to reduce her holdings of the risk free asset. But if she
does, since % < f)—;, oo will decline!® and she will face a greater risk of starvation and
hence the associated income effect outweighs the substitution effect leading her to actually
increases her demand for risk free asset. In other cases, the risk free asset can be a Giffen
good at income levels not necessarily close to Iny, and the impact of the price change on
the consumer’s risk aversion and desire for safety are the keys to explaining the behavior.
Quite surprisingly, as we show next for the Example 5 (and 3) HARA utility, it is
possible to find a region in the price, income space where the risk free asset exhibits Giffen
behavior for any value of the risk aversion parameter § and for any distribution of the risky

asset’s returns.

PROPOSITION 1 Assume the NM HARA utility in eqn. (31). Then for any a > 0, § >
—1,7m91,m22 and {51,899 > 0, there exists an income level I and a specific range of py such

that the risk free asset becomes a Giffen good.

REMARK 5 The intuition for this result can be seen in terms of Figure 7. When 0 critical = 9,
which corresponds to the vertical at py ~ 0.98, the IG curve and the Iy, line will always
intersect at a point on the vertical. At this point, the slope of the IC curve is greater than the
Iin line. Hence, there will always be a Giffen region as shown in the Figure to the right of the
intersection point on the vertical.

We conclude this Section by showing that for non-HARA preferences, Giffen good be-

havior can occur over multiple regions of income.

EXAMPLE 6 Assume

-9
Wi(e2) = —(CQ+§'2) + c2, (34)

Figure 8 illustrates that there exist two regions of income where g%’ > 0 . Giffen behavior for

the intermediate income range 3.93 < I < 4.94 is clear from Figure 8(a). The lower range is

shown in the magnified view in Figure 8(b).

4 Two Period Setting

In this Section, we will extend our analysis to a two period setting. Consider maximizing

EW (61752) =W (Cl) + w1 Wo (021) + oo W (022) (35)
5Noticing that
ACQQZfzzAnJr{fAnf:pfAnf (%f%),

if Any <0, we have A c22 < 0.
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with respect to c1, co1 and cgo subject to
pic1 + p21c21 + paacee = 1. (36)

Because W (cy, c) is additively separable, it is clear that conditional on a fixed ¢; one can
optimize mo1Wa (c21) + m22Wa (c22) for co1 and cog independent of Wi(cp) resulting in the

first order condition for the conditional optimization

Mala) _y, (37)

W3 (c22)
which is identical to that obtained in the single period case. Given the conditionally
optimal ca; and cg2 demands, (35)-(36) can then be solved for optimal c¢;. It should be
stressed that if we go from the single period W(cz) in Section 2 to the current two period
W(er,c2) = Wi(er) + Wa(ez) then all of the Lemmas, Theorems and Corollaries in Section
2 continue to hold except that the condition for ¢; > 0 must be added to the no bankruptcy
restriction. The reason is as follows. The comparative statics results in Section 2 are based
on a comparison of dcg1 /01 and dcga /01, which can be obtained from differentiation of the
first order condition and the budget constraint. As argued above, the first order condition
remains the same in the two period setting. Although the budget constraint changes, this

change does not affect our comparison results.
Although we can find the Giffen good behavior for the risk free asset in the two period
setting when choose the appropriate parameters, it is important to note that the above

argument does not imply that the risk free asset is a Giffen good in the two period case
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whenever it is in the one period case. To see this, note that the price of the risk free asset

affects demand both directly and indirectly

dng _ Onyg(pc1) | Ony(ps,c1) Oer
dpf 8pf Jdcy 8pf'

(38)

The first term on the right hand side is the direct effect of py on n; through the conditional
portfolio optimization while the second term is the impact through optimal period one con-
sumption. Suppose that for the income after period one consumption, I —pjci, the risk free
asset is a Giffen good, then %fl) > 0. This Giffen behavior is reinforced (diminished)
depending on whether the second term is positive (negative). It is straightforward to show
that %g’cl) has the same sign as —% which is positive if the risk free asset is a

Giffen good. But since g% can be positive or negative, the sign of % is uncertain.

5 Concluding Comments

In this paper, Arrow’s seminal single period results on the relation between asset demand,
risk aversion and income are extended by dropping his restrictive assumption that the risk
free asset is held long. When shorting is allowed, even for well-behaved utility functions
satisfying Arrow’s assumptions that 7/; < 0 and 77, > 0, the risk free asset can not only
become an inferior good but also a Giffen good. The sign of 7/, plays a critical role in
determining whether inferior and Giffen behavior occurs when the risk free asset is held
long or short. We investigate when Giffen good behavior occurs and the relation between
its occurrence in one and two period settings. In addition to providing general results, we

illustrate them with numerous examples based on HARA and non-HARA utility functions.

Appendix

A  Proof of Lemma 1

From the definition of ny, we have

nf>0@%>€ﬂ. (39)
e o

Using the first order condition, we will obtain
ny >0« W’(Cgl) < kW’(§22621) (40)
21

for any co; > 0. Since a similar argument can be applied to the other cases, we can conclude

3]

np =0 Wie) = kW’(521

c2) for any co > 0. (41)
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B Proof of Theorem 1

0 0
Differentiating the FOC with respect to the income I yields W” (021)% = kW" (022)%.
Differentiating the budget constraint with respect to the income I, we obtain pgl% +
pggaac? = 1. Combining the two equations above yields
7a(c21)
0ca1 _ 1 and Ocao _ 7a(c22) : (42)
ol Ta(c21) ol TA(c21)
D21 + P22 D21 + P22
Ta(c22) 7a(c22)
"
where we have used W //(021) = TA(C21). Noticing that
EW"(ca2)  Tal(ca2)
Oca B Ocao <p21 1 pas TA(021)>
on _ o1 oI _ Ta(c22) (1 B TA(C21)> (43)
oI §o1 — S22 (€1 — 522)5f TA(c22)
and co1 > c99, we have
) > on <
Also notice that
dcaz dcar <p21 + pag Ta(c21) ) -
ony _ 521781 _522481 _ 7 a(co2) (5 ¢ TA(022)> (45)
o1 (§o1 — 522)ff (€1 — 522)§f 2 & Ta(c21)
Therefore, we have
> ony >
Enalen) Z Entalen) & 57 20, (46)
Finally, since
1
e T (47)
we have d(ny /1) B(n s /n) 5 5
TLf > TLf n) > nf n >
i =0« i <0<:>nal nf8]<0 (48)
Noticing that
-1
TA(621)>
+ c
o on_ (i) [ome)
oI fal (€n —522)§f TR(C21)
and co1 > co9 > 0, we have
> Js > Ons/l) >
ThZ06 220 81} 20 (50)
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C Proof of Theorem 2

If /5 > 0, it follows from Theorem 1(iii) that

d(ny/I) Ong _ ny
a1 YT ar T

(51)

If ny > 0, then the risk free asset is a normal good. Therefore, the risk free asset can

become an inferior good only when ny < 0. The other cases can be proved similarly.

D Proof of Proposition 1
It can be verified that the optimal demand for the risk free asset is given by
ny = a(pr) + B,

where

521"5%*5 — &2 .
(P21 +p22km> (§21 — &€22) &

apy) = ——LPLgp;) and B(py) =
& &

Since

o (o) — (@B pg) , apsB (py)
(pf) = <€f + ; >

It follows from eqn. (30) that

6 _pp) _ aBlpy) | apy
5,(pf) ffﬁl (py) ff

And we can also calculate that

)81 o

1% af' (py) L 9B y) 7B ) @ 20 aB(pg) T8 (es)

Opy B ffﬁl (pf) ff Opy ff ff §f Opy

It follows from eqn. (15) that when 6 = dopiticals

1
§o1kTH —&59 =0 = B(py) = 0.
Therefore, we have

oI¢ _ 2a a Ol min

= api == Imln and
&

= "= .
Opy & & Ops

IG

(55)

(58)

Denoting the critical py corresponding to 6 = dcritical as p‘]i, due to the continuity of I G and

I'nin, we can conclude that there exists an € > 0 such that if p; € (pjc,pff + e), we have

IG > Inin, implying that the risk free asset is a Giffen good.
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