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Abstract

In a single commodity setting with changing tastes, an individual’s consump-
tion plan can be obtained using naive or sophisticated choice. We provide two
sufficient conditions for when (i) the solutions are unique and agree and (ii) the
common plan is representable by a non-changing tastes utility. Because the solu-
tion is not revised over time, the plan and associated preferences are referred to
as being effectively consistent. Afriat-style revealed preference tests are derived.
The assumption of effective consistency can mitigate the problems of vulnerability
to Dutch Books, non-existence of a competitive equilibrium and the aggregation
of heterogeneous agents with changing tastes. JEL Codes: D01, D11, D50, D90.

KEYWORDS. Naive choice, sophisticated choice, effective consistency, revealed pref-
erence, Dutch book, competitive equilibrium and aggregation.

Almost 60 years after the publication of Strotz’s (1956) classic paper, there continues
to be considerable interest in the question of changing tastes.! Following the appear-

ance of behavioural studies showing that changing taste models can do a better job of
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2 a number of diverse applications and theoretical exten-

predicting individuals’ actions,
sions have appeared.® The changing tastes optimisation problem can most simply be
framed in a three period certainty setting with a single consumption good ¢; (t = 1,2, 3)
in each period t. Assume preferences in period one are defined over (c1, cs, c3) triples
and represented by UM, Preferences in period two defined over (cy,c3) pairs, which
can depend on c;, are represented by U®). For a fixed ¢; = ¢, UM(E, ¢z, ¢c3) and
U®)(cy, c3]y) differ by more than a strictly increasing transform. To determine an
optimal plan, an individual can follow naive choice by using U™ to make the period
one consumption decision and then in period two given remaining resources, use U®
to make the allocation between ¢, and c3. Alternatively, she could follow sophisticated
choice and solve the problem recursively using U® to make the allocation between c,
and c3 conditional on ¢; and then use UM to select ¢;.

In general, there is no reason to suppose that the resulting naive and sophisticated
consumption plans should agree, and so the consumer confronts the problem of which
process to follow.* However, as Pollak (1968) observed, there is no conflict in the very
special case where the changing tastes UM and U® both take the form of additively
separable logarithmic utility (with arbitrary discounting). Although the consumer
changes her plans with the passage of time, the naive and sophisticated plans always
agree. Donaldson and Selden (1981) showed that for these preferences, the common
consumption plan can be rationalised by a non-changing tastes utility U. We refer to
this common plan as being effectively consistent, since when obtained by maximising
U, rather than U® and U®, the plan will not be revised over time. This result
seems to contradict the general view that there exists an intertemporal utility which
rationalises sophisticated choice only if preferences take the strongly recursive form
UN(cy,c9,c3) =U (017U(2) (c2,c30c1)) .

In this paper we show that the existence of an effectively consistent plan does not
require preferences to be logarithmic, additively separable or homothetic. Two mutually

exclusive sufficient conditions are given for when naive and sophisticated choice are

2See, for example, Ainslie (1992), Laibson (1997) and Frederick, et al. (2002). Mulligan (1996)
provides an interesting critique.
3Examples of the former include Diamond and Koszegi (2003) and of the latter Luttmer and Mariotti

(2006, 2007).
4Phelps and Pollak (1968) and Peleg and Yaari (1973) argue that one should think of the problem

as being equivalent to a game between two divergent individuals, myself today and myself tomorrow.
Harris and Laibson (2001) assume sophisticated quasi-hyperbolic consumers. Caplin and Leahy (2006)

argue that the sophisticated approach is preferable to the game theoretic models.
See Remark 2 below.



unique and agree and the common plan can be rationalised by a non-changing tastes U.
Specific formulas are derived for constructing U from the assumed changing tastes U")
and U®. One of the sufficient conditions assumes that U® and U® take the myopic
separable form introduced in Kannai, et al. (2014). This form of utility implies that
the consumer exhibits a strong form of two stage budgeting where the choice among
commodities in a group is based on within group prices and income (the expenditure
on the group becomes independent of prices of goods not in the group).® Concrete
non-additive examples of effectively consistent preferences are provided which are of
particular interest due to the widely held aversion to assuming that intertemporal utility
is additively separable.” The second sufficient condition requires the period utilities to
take a quasilinear form. For our two forms of effectively consistent preferences, we
derive revealed preference tests in the spirit of Afriat (1967) and Varian (1983) such
that observed demand-price pairs are consistent with maximising U.5*

We demonstrate that for a popular form of the quasi-hyperbolic discounted util-
ity model of changing tastes,!’ the optimal consumption plan is effectively consistent.
Although the resulting U is an additively separable discounted utility, the discount
function is neither quasi-hyperbolic nor exponential in form. U is shown to discount
the current period more heavily than the exponential case but not as strongly as the
quasi-hyperbolic utility.

While the hypothesis that an individual’s future tastes can be different from those
currently assumed or perceived is both intuitively plausible and in some instances, such
as the case of quasi-hyperbolic discounted utility, consistent with behavioural data, it
nevertheless can pose a number of challenging problems for standard economic analyses.
We consider three different complications and show how the assumption of effective

consistency can mitigate these challenges. First given the changing tastes U™ and

6See Deaton and Muellbauer (1980, ch.5) for a discussion of the weaker form of two stage budgeting

considered by Strotz (1957, 1959) and Gorman (1959).
"See Fisher (1930), Hicks (1965) and Lucas and Stokey (1984).
8Since, as emphasised by Kubler (2004) and discussed in Section 4 below, only spot demands and

prices (and incomes) are observed over time in the form of a single "extended" observation, our tests
which require more observations would need to be performed in a laboratory setting such as in Choi,
et al. (2007).

90ne cannot determine whether a consumer’s preferences correspond to U™ and U®) or U based
solely on observed consumption demands, since they are the same. However if the consumption
optimisation problem is reformulated as a consumption-bond optimisation where there are both one
and two period bonds, then it is possible to distinguish the consumer’s naive consumption and bond

purchases from those based on U (see the online Appendix I).
10See, for instance, Phelps and Pollak (1968) and Laibson (1997).



U®, a consumer in general is vulnerable to a Dutch book or money pump sequence
of trades. However if the consumer’s preferences are effectively consistent, then in a
market setting she cannot be manipulated to impoverish herself. This result can be
viewed as an alternative to the requirement in Laibson and Yariv (2007) that both
UM and U® must be time separable. A second complication is that in the absence
of transitive intertemporal preferences, Gabrieli and Ghosal (2013) have shown that a
representative agent competitive equilibrium can fail to exist. Luttmer and Mariotti
(2006, 2007) avoid this problem by assuming the intertemporal utilities U") and U®
are both additively separable. Alternatively for the case where a representative agent U
exists, one can accommodate changing tastes without having to confront the possibility

11 Moreover given the existence of a

of the nonexistence of a competitive equilibrium.
U , one can often significantly simplify the characterisation of the equilibrium by using
the first order conditions based on U. Third in economies where tastes do not change,
well-known conditions exist such that the aggregate demands for a collection of agents

2 Tt is natural

can be rationalised by a well-behaved utility function or aggregator.!
to ask whether the aggregate naive or sophisticated demands of consumers exhibiting
changing tastes can be rationalised by an aggregator. We provide sufficient conditions
such that effectively consistent preferences of the individual agents can be aggregated
for both the myopically separable and quasilinear cases. Moreover, we provide explicit
formulas for constructing the aggregator from the changing tastes U and U® of the
individual agents.

The rest of the paper is organised as follows. In the next section, notation and some
preliminary definitions are given. Section 2 provides a motivating example. In Section
3, we derive two sufficient conditions for effectively consistent plans. Section 4 gives
a revealed preference test for the myopic separable utility associated with effectively
consistent preferences. Section 5 considers quasi-hyperbolic discounted utilities. In
Section 6, we consider (i) the existence of Dutch Books or money pumps, (ii) naive
and sophisticated equilibria and (iii) aggregation where consumers exhibit changing
tastes. The last section contains concluding comments. Selected proofs are provided
in the Appendix of this paper and the remaining proofs and supplemental materials are

available in an online Appendix.

"Herings and Rohde (2006) propose specific modifications of the classic general equilibrium and
Pareto Optimality notions to accommodate changing tastes.
12See the classic papers of Gorman (1953) and Chipman (1974) as well as the discussion of more

contemporary work in Chipman (2006) and Chiappori and Ekeland (2011).



1. Preliminaries: Changing Tastes

Assume a single consumption good, certainty setting in which a consumer is endowed
with income or initial wealth of y; which she seeks to allocate over time periods ¢ =
1,2,3.13 Let ¢; and p; denote, respectively, consumption in period ¢ and the present
value price in period one of consumption in period ¢. Preferences for periods one and

two are represented respectively by
U(l)(Cl,CQ,C;g) : Cl X 02 X Cg — R

and!*

U(z)(02703| 61)102X03—>R, V01€C’1,

where C; denotes the set of possible consumption values in period ¢, which is (a subset
of) Ry. Both UM and U® are assumed to satisfy the following property throughout
this paper.

PROPERTY 1. The utility U is (i) a real-valued function defined on (a subset of) the
positive orthant of a Euclidean space, (ii) C?, (iii) strictly increasing in each of its

arguments and (iv) strictly quasiconcave.
At the heart of time inconsistency is the notion of changing tastes.

DEFINITION 1. A consumer’s tastes will be said to have changed if and only there exists

a ¢, € C such that for every strictly increasing transformation T
U(2)(CQ, 03| 51) 7& T(U(l)(El, Co, Cg)).

It is clear from this definition that whether or not preferences change is the absence

or presence of a very special nesting of U® in UM,

PROPOSITION 1. (Blackorby, et al., 1973) Given preferences corresponding to UM (¢, ¢, c3)
and UP(cy, c3| ¢1), the necessary and sufficient condition for tastes not to change in
the sense of Definition 1 is that for any given ¢; € C4, there exists a strictly increasing

transformation T such that

U(l)(zla 027 C3) = T (U(2)(027 C3| El)) : (1)

13The assumption of three periods is made for simplicity. The general T period case is discussed in
the online Appendix G.
HGince U® can depend on ¢; as a fixed parameter, we use U(Z)(CQ7 cs| ¢1) for the general case. For

situations where U(?) is independent of ¢1, U®) (cy, c3) is used.



To define consistent choice or planning, suppose the consumer faces the following

two optimisation problems:'?

P max UV (e co,c3) ST yy > prey + pacy + pacs (2)
C1,C2,C3
and
P max U(2)(02,03| ¢1)  ST. y; — pic1 > paco + pscs. (3)
C2,C3

Let ¢® = (¢9, 3, ¢3) denote the optimal three period consumption plan for P;. Applying
terminology from Machina (1989) and McClennen (1990), the ¢ plan is said to be
resolute if and only if the consumer does not modify her (5, ¢§) plan even if her tastes
change.

The naive and sophisticated choice models for solving these two problems, where
no assumption is being made about whether or not preferences change, are defined as

follows.

DEFINITION 2. P; and P» are said to be solved by naive choice if Py is solved for optimal

c; = ¢} and then optimal c; and ci are solved via Py conditional on cj.

DEFINITION 3. P, and P, are said to be solved by sophisticated choice if Py is solved
for conditionally optimal c5*(c1) and c§*(c1) and then optimal ci* is determined from

solving Py conditional on ¢5*(c1) and c5*(cq).

The vectors ¢* = (cf, 3, ¢3) and ¢™ = (cf*, 5", ¢5*) denote respectively the solutions
resulting from the naive and sophisticated choice procedures.! Given the assumptions
on UM and U®), whereas c* will be unique ¢** need not be (see Blackorby, et al., 1973,

p. 245). A time consistent plan is defined as follows.

DEFINITION 4. A consumption plan (c3, c3) which optimises Py is said to be consistent

if and only if (c3, ¢5) = (c3, ¢5) for any (p1, p2, ps, y1)-

Together Definitions 1 and 4 imply that in a certainty setting, a consumption plan
will be consistent if and only if the U™ and U® used to solve P, and P, are equivalent

up to an increasing transform.

15 Although here the investment element of a consumption plan is ignored, in Subsection 6.2 we

modify the budget constraints to allow for the investment in one and two period bonds.
16 As pointed out by Peleg and Yaari (1973), the sophisticated choice process need not always generate

an optimal plan. This problem arises when substitution of the P, solution into the P; optimisation
results in U™ not being concave in ¢;. Consistent with Peleg and Yaari (1973, fn.1), it follows from
Blackorby, et al. (1978) that a sufficient condition for a sophisticated solution to exist is that U is
homothetic.



PROPOSITION 2. (Blackorby, et al., 1973) Assume a consumer confronts choice prob-

lems Py and Py. Then her consumption plan will be consistent if and only if UV and
U® satisfy eqn. (1).

In standard intertemporal choice problems only U™ is specified and since the con-

tinuation of U™ can be viewed as the period two utility U®), tastes do not change.

2. Definitions and Motivating Example

Based on the definitions in the prior subsection, if the consumption plan is consistent,
then c¢* = c**.!7 However, it follows from the changing tastes examples in Pollak
(1968) and Donaldson and Selden (1981), where U") and U® are log additive but with
different discount functions, that the consistency of a consumption plan is sufficient
but not necessary for (i) ¢* = ¢** and (ii) the existence of a non-changing tastes utility

which rationalises the common plan.'® Consider the following definition.

DEFINITION 5. Given (U(l), U(Q)), iof there exists a unique naive and sophisticated pair

(c*,c*) as characterised in Definitions 2 and 3 which for every (p1, ps, ps,y1) satisfies

* k%

c* = ¢ and is rationalisable by a non-changing tastes U satisfying Property 1, i.e.,

*

¢’ = ¢ = argmax (7(01, ca,c3) ST. y1 > picy + paco + pacs,

C1,€2,C3

then this common plan is said to be effectively consistent. Otherwise, the plan is

effectively inconsistent. 192

The reason for referring to c* and c** as being effectively consistent is that if a non-

changing tastes U exists, the agent will never revise her period one plan based on U in

17Tt should be noted that if the consumption plan is consistent, then since U(") is strictly quasicon-

cave, it follows from Blackorby, et al. (1973, Theorem 6) that c¢** is unique and ¢** = c*.
18 Although Pollak (1968) realised the consistency of a consumption plan is not necessary for ¢* = c**,
he never discussed the existence of a non-changing tastes utility which rationalises the common plan.
19Given our assumption that UM and U®) are strictly quasiconcave, the naive plan always exists and
is unique. The uniqueness of the sophisticated plan follows from the definition of effective consistency.
If the sophisticated plan is not unique, then the plan is said to be effectively inconsistent. This is
analogous to the case of consistent plans where non-uniqueness of sophisticated plans is associated

with inconsistency (see Blackorby, et al., 1973, Theorem 6).
200ur notion of effectively consistent plans is very different from Hammond’s (1976) concept of

essentially consistent preferences. Hammond in effect argues that consistency and essential consistency
are almost equivalent when he states "It seems that an essential inconsistency is almost certain to occur
unless ... the dynamic utility function ... [is] ... fully consistent’. (Hammond 1976, p. 171)
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period two. If the plan is consistent, ¢* and ¢** can be rationalised by U®) and hence
the plan is also effectively consistent. If the plan is inconsistent, one may still be able
to rationalise ¢* and ¢** implying that the plan is effectively consistent as illustrated

below.

EXAMPLE 1. Assume the following period one and two utilities
1
U (c1, 2, ¢3) = (c1c2) + y/eica,

UP(cy,05) = —2- — 2 §>—1, §#0,

where both satisfy Property 1. Considering naive choice first, it follows from the first

1

i
—9 ( n ) Pz)
2p1 %]

implying that c¢§ and c§ are nonlinear in income. Solving problem P,, one obtains

order conditions for problem Py that

Y

cg=c = g and (c5)
2 o)
P1 (c3)

o=

* _ N _
cy = : and cy =

2 {P2 + p3 (i—i) Hé}

which are linear in income. Therefore, we have (c3,¢3) # (c5, ¢3) and the consumption

plan is inconsistent. Next to apply the sophisticated choice strategy, solve Py resulting

i the period two conditional demands

ca(cr) = Y~ hia - and  c3(c1) = -

45
P2 +p3 (1%) " P2 + D3 (%ﬁ)

Mazimising

4 +5
(1h —ma) e <£_§) (1h — 1) &

p2 ) T
P2+ p3 <p3)

=

UW (1, ca(c1), e5(er)) =

with respect to ¢y yields




Thus even though the consumption plan is inconsistent, because c* = c** it is effectively
consistent. Moreover, it is straightforward to verify that the common naive and sophis-
ticated demand functions can be rationalised by the following non-changing tastes three

period utility function

Sl

(7(01702703) =0 (02_5 + 056)_ ) (5)

which satisfies Property 1.

3. Effective Consistency: Sufficient Conditions

Building on Example 1, we next derive a general sufficient condition for the consumer’s
plan to be effectively consistent. But first note that in the example, optimal cj is
independent of (p,, p3) which corresponds to the standard notion of a myopic plan
(Kurz 1987, p. 579).2!

DEFINITION 6. Given the pair (UM, U®)) and the budget constraint

Y1 = pi1C1 + paca + p3cs,

optimal period one consumption, c3, ¢ or ci*, is said to be myopic if and only if it is

independent of py and ps.

The following provides the necessary and sufficient restriction on U™ such that

period one consumption is myopic in the sense of Definition 6.

PROPOSITION 3. (Kannai, et al., 2014) Assume the optimisation problems are defined
by P, and Py. Then ¢S (c&) is myopic if and only if UM takes the following myopic
separable form

UD(er, e0,05) = f (g (er) e2, 9 (e1) ¢3), (6)

where f and g satisfy Property 1 and g > 0.

The utility (6) is referred to as being myopic separable since it is separable in ¢;
and results in myopic c¢;-demand. It will be noted that in Example 1, ¢] and ¢] are
myopic.

Using this result, the following provides a sufficient condition for when a consump-

tion plan will be effectively consistent.

21 Although Strotz (1956) and Hammond (1976), among others, use the terms myopic and naive

planning interchangeably, we distinguish these notions using Definition 6.



PROPOSITION 4. Given the optimisation problems Py and P, assume

v (c1,¢2,03) = f(l) (9 (c1) ca, g (c1)cs) (7)
and

U(Q)(Cz> c3| 1) = f(z) (9 (c1) ez, 9(c1)es), (8)
where f@ (i =1,2) and g satisfy Property 1 and g > 0. Then there exists a unique

c*™ satisfying, for any (p1,pe,ps,y1), ¢ = c*, where the common plan is effectively

consistent and can be rationalised by

U (c1,c,c3) = f(2) (g (c1)ca,g(c1)es), (9)
which satisfies Property 1.2

Several observations should be made relating to the utility functions in Proposition
4.  First, it will be noted that in Example 1, fO) (z,y) = T+ VY @ (2,y) =
(x"s + y"s)f% and g (c1) = ¢;. Second, the period two utility (8) depends on period
one consumption ¢; implying that in general the marginal rate of substitution between
period two and three consumption depends on the consumption history. Third if UM
and U® correspond to different preferences and exhibit changing tastes, the functions
f® and f@ must differ by more than a transform, f® # To f) where 7" > 0. Fourth,
it follows from the proof of the proposition that when solving P;, the c¢;-value which

maximises the period one utility (7) satisfies

pig(c)
B — y17
g (c1)

which is independent of the form of f®) and U® and of (py,ps). Thus consistent

pic1 +

with Proposition 3, the consumer can simplify her period one consumption decision by
ignoring (ps,p3) and U® and just optimising U™ with regard to ¢;. The resulting
c1-value corresponds to both optimal naive and sophisticated choice and is optimal with
regard to U.

Although in general U® in Proposition 4 depends on ¢;, we next consider whether
it is possible for U® to be independent of ¢;. This can be achieved when f® is

homogeneous. Assuming f® is homogeneous of degree o, we have

U(Q)(C% c3| c1) = f@) (9 (c1)ca,9(c1)es) = [g(cr)]” f(z) (c2,c3),

which is affinely equivalent to f® (cy,c3). Before formally stating this result as a

corollary, it will prove convenient to introduce the following definition.

22Unless indicated otherwise, proofs are provided in the Appendix to this article.
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DEFINITION 7. For any homothetic utility function U, Ly is the strictly increasing

transformation of U which results in Ly o U being homogeneous of degree 1.

COROLLARY 1. Given the optimisation problems P, and P, assume

g (c1,c2,¢3) = f(g(c1) ca,g(cr)es),

where f and g satisfy Property 1 and g > 0. If U® (cy,c3) is homothetic, then there

exists a unique c** satisfying, for any (p1,pa, p3,y1), ¢** = c*.  The common plan is

effectively consistent and can be rationalised by

~

U ey, ca,c3) = g (cr) u®(ca, c3), (10)
where u® = L) 0 U® and U satisfies Property 1.

REMARK 1. [t should be emphasised that U® (cy, c3) in Corollary 1 is assumed to be in-
dependent of ¢;. Otherwise, when solving P, using sophisticated choice the assumption
that U is homothetic in cy and cs may not ensure that ci* anfl c5* are proportional
to y1 — pici*. To see this, suppose UP (ca,c3] ¢1) = \Je1¢0 + ¢} V/¢3, which is homo-
thetic 2711 (co,c3).  Computing the first order condition for P, and rearranging yields

c3 = ¢, 2 (pa/ps)” co.  Substituting this expression into the Py budget constraint yields
Y1 —pia
_1 » 2
p2 +ps3cy ? (;2)

Cy =

which is not proportional to y; — picy since the denominator depends on cy. Thus below

whenever U® (cy, c3) is homothetic, the utility will be assumed to be independent of c;.

The Corollary 1 special case of Proposition 4 where U is assumed to be homothetic
is of particular interest given the wide spread use of homotheticity in many economic
applications. We next give a necessary condition for effective consistency assuming
U® is homothetic.

PROPOSITION 5. For the optimisation problems P, and Py, if U (cy,c3) is indepen-
dent of ¢1 and is homothetic, then the sophisticated solution c** is unique and can be
rationalised by some utility function Us only if it satisfies for any (p1, p2, P3,y1),>
ocy* ocy*
= =0 . 11
’ Ip2 ? Ops (1)

23Similarly, the naive solution c* can be rationalised only if c5dc;/Ops = c50ct /Ops.

11



Fig. 1. Geometry for Myopic Separable Effective Consistency

We can consider two cases satisfying (11). The first is where U is nested in U,
In this instance since the optimal plan is consistent, the Slutsky symmetry condition
is satisfied implying that (11) holds. (This can be shown using the indirect utility of
U™ and Roy’s identity.) The second case where (11) holds is when the sophisticated
period one demand is independent of period two and three prices
ot o
Ip2 Ips '
It follows immediately from Proposition 3 and Corollary 1 that the plan will be
effectively consistent if resolute (naive) period one demand is myopic in the sense of
Definition 6 and period two preferences are homothetic. Moreover in this case since

2

u® is homogeneous of degree one, eqn. (10) can be written as

(7(01, C2, 03) =g (01) U(2)(C27 C3) = U(Q)(9(01)02,9(01)C3),

implying that the optimal period one consumption solved from U is also myopic.2*
We next discuss the geometric intuition associated with ¢; being myopic using Figure
1. Assume the conditions in Corollary 1 hold.?> Consider the two unshaded budget
planes characterised by the same y; and p;, but different prices p, and ps. The budget
lines AB and C'D are drawn, respectively, on the upper and lower planes. Given that
UM takes the form of (6), it follows from Proposition 3 that ¢ = ¢} is myopic implying
that ¢$ is independent of py and ps. Thus U™ determines a vertical shaded plane
corresponding to ¢; = cj, which intersects the two budget planes. The period two

utility U® defines a set of indifference curves on the vertical plane. Tangent points

24Tt can be easily verified that when U™ takes the quasilinear form in Proposition 6 below, the

optimal naive period one demand is not myopic.
2>The same discussion can also be applied to Proposition 4.
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on AB and CD correspond to the naive solutions for the two budget planes.?® On
the other hand if the consumer follows sophisticated choice, then on each vertical c¢;
plane there exist tangent points on the respective budget lines. Given that c¢j* equals
¢}, it also is myopic, and UM determines the same shaded vertical plane corresponding
to c; = ¢f = ¢;* independent of how the budget plane shifts with changing p, and
ps. Given that there exists a U which rationalises sophisticated (or naive) choice, U
generates the same set of indifference curves as U on each ¢; plane and selects the
same ¢; = ¢& = ¢i* vertical plane as U") 27

Given that the Proposition 4 sufficient condition for effective consistency is based
on UM and U® being myopic separable, is it also the case that myopic separability is
necessary? The following, based on a quasilinear U)) and U®, demonstrates that this

is not the case.?®

PROPOSITION 6. Given the optimisation problems Py and Ps, assume that
U(l) (017 Ca, C3) = f(l) (Cl) + g(l) (02) +c3
and
U (cy,¢3) = 9@ (¢3) + e,
where U, ¢ and ¢ satisfy Property 1.2 Then there exists a unique c** satisfying,

fOT any (p17p27p37y1)7 c*
can be rationalised by

* = c*, where the common plan is effectively consistent and

U(c1,e0,5) = fO (e1) + 9@ (2) + cs.

REMARK 2. Blackorby, et al. (1973, Theorem 6, p. 247) state that ’an intertemporal
utility function which generates the demand functions of a sophisticated society exists
if and only if the society preferences are strongly recursive with a consistent representa-

tion’.3° The sufficiency part is not surprising since if preferences are strongly recursive

26Tf the plan is consistent, then U generates the same set of indifference curves as U on each
budget plane. Otherwise, U") produces another set of indifference curves, where the different tangent
points on AB and C'D correspond to the resolute solution for the two budget constraints.

27Tf as in Proposition 6 below U() and U®?) are quasilinear in c3, then the optimal ¢* (= ¢}) does
not stay on the same vertical ¢; plane when shifting the budget plane with changing ps and p3 since
et (¢}) is not myopic.

28See the online Appendix F for a discussion of normal good behaviour for changing tastes including
the myopic separable and quasilinear forms of effectively consistent preferences.

29Tt should be noted that it is not necessary for UM to be quasilinear in ¢3. If U®) is quasilinear
in ¢y, then the optimal plan is effectively consistent when U is quasilinear in c,.

30A similar assertion can be also found in Blackorby, et al. (1978, Theorem 10.5), where they

introduce additional assumptions but seem to reach essentially the same conclusion.
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(i.e., satisfy eqn. (1) in Proposition 1 above) with a consistent representation, then
sophisticated choice can be rationalised by a U=UDY. On the other hand, the neces-
sity part seems to suggest that when sophisticated choice can be rationalised, preferences

must be consistent. But this is contradicted by Propositions 4 and 6 and FExample 1.

REMARK 3. Although the sufficient conditions for effective consistency provided by
Propositions 4 and 6 are mutually exclusive,®' both require period one demand to be
rationalisable by at least two different utility functions. In general this is necessary
for the plan to be effectively consistent but not consistent. That is, given UV and
a (resolute) optimal consumption vector (ci,c5,c5), one needs to find another vector
(¢S, ca, c3) with the same period one demand function but different period two and three
demands that is generated by a U. Since there is total freedom to choose the form of the
¢y demand function (with the optimal c3 being determined from the budget constraint),
one might think that it would not be difficult to find such a demand function and utility.
However for a U to exist, the requirement that the Slutsky matriz of the new demand
system be symmetric seems quite difficult to satisfy. In Propositions 4 and 6, the
period one demand is either independent of both period two and three prices or inde-
pendent of income and period two prices. This seems to give more freedom to satisfy
the Slutsky matrix restriction. It remains an open question whether in the presence of
changing tastes, the UV forms in Propositions 4 and 6 together are also necessary for

the existence of an effectively consistent plan.

Based on the results in this section, it seems natural to conjecture the following

although we have not been able to prove it.

CONJECTURE 1. Agreement of the naive and sophisticated solutions is mecessary and
sufficient for (i) the naive plan to be rationalised by UN and (ii) for the sophisticated
plan to be rationalised by Us. Moreover, the resulting UN and US are ordinally equiv-

alent.>?

31To see this, note that if U(l)(cl,62,03) is quasilinear in c3 as in Proposition 6, it cannot also be

myopic separable as assumed in Proposition 4.

32Donaldson and Selden (1981) prove that if U(1) and U® are homothetic and the distribution of
income between periods one and two is price and aggregate income independent, then the naive and
sophisticated solutions can be generated by UN and US , respectively. They comment in their Remark
3 that this conclusion does not ensure that the naive solution and the sophisticated solution will give
the same demand functions. To the contrary, Conjecture 1 states that one can never find a UN that

isn’t also a U° and vice versa.
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To extend Proposition 6 to the T' (> 3) period case,* one can simply assume that
U@ (i =1,2,..,T — 1) is additively separable and quasilinear in ¢. Then the optimal
plan is effectively consistent and U is also quasilinear in ¢;. The extension of Propo-
sition 4 is more complicated and is provided in the online Appendix G. There we also

generalise Propositions 4 and 6 to the case of more than one good in each period.

4. Revealed Preference Tests

In this section, we derive a revealed preference test for determining whether observed
consumption and price data are consistent with the maximisation of effectively con-
sistent preferences as characterised in Proposition 4. (A separate revealed preference
test for the quasilinear effectively consistent utility in Proposition 6 and its proof are
provided in the online Appendix H.) As Kubler (2004) notes, if only spot demands
and prices (and incomes) are observed over time, then in principle one can only obtain
a single ("extended") observation unless one uses experimental data.** To observe
sequential choices with the same preferences but different prices and demands over a
T period horizon, one can either (i) assume that the market starts over again after T
periods or (ii) conduct laboratory tests where the subjects are asked to choose consump-
tion streams in a set of scenarios characterised by different prices. In order to discuss
the revealed preference test for the effectively consistent form of utility in Proposition 4
(and 6 in the online Appendix H), it will be assumed that N (N > 1) different data sets
are observed and the revealed preference test is performed in an laboratory setting.®

The utilities in both Propositions 4 and 6 should probably be referred to as "semi-
parametric" rather than non-parameteric as in Varian (1983). Moreover in our test for
the myopic separable form of effective consistency, we must assume ¢ (¢;) is concave in
order to ensure that the utility (9) is strictly quasiconcave for any concave f function
as required by the revealed preference test derived below.

Assume there are N observations of demands and prices (c’, p*)); with ¢! € R?
and p' € R?, for each i = 1,..., N. Following the non-parametric approaches of Afriat
(1967) and Varian (1983), we first review the standard definitions of the revealed pref-

erence relations, GARP (generalised axiom of revealed preference) and SARP (strong

33We assume the natural extension of decision problems P; and P to T periods and assume that

Property 1 is satisfied by each period’s utility function.
34 Also see Crawford and Polisson (2014).
35See Choi, et al. (2007) for an example of the use of laboratory tests to implement revealed

preference tests in a static uncertainty setting.
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axiom of revealed preference).

DEFINITION 8. An observation c' is directly revealed preferred to a bundle c, writ-
ten c'Rc, if p* - ¢t > p'-c. An observation c is revealed preferred to a bundle
c, written ¢'Rc, if there is some sequence of bundles (c7,c", ...,c') such that ¢'R%¢,
c/Ro*, ..., c!RCc.

DEFINITION 9. The data (c',p")Y, satisfies GARP if c'Rc? implies p’ - c' > p’ - ¢/.

DEFINITION 10. The data (c',p®)Y, satisfies SARP if assuming c'Rc¢? and ¢’ # ¢/,
then ¢/ Rc® is impossible.

The next proposition characterises when observed demand behaviour is consistent
with myopic separable effectively consistent preferences. Since the following test is not
only a test of whether demand is consistent with maximising the effectively consistent
utility U in Proposition 4, but also the general myopic separable form, we state the

result in terms of the general myopic separable utility u given by (12) below.

PROPOSITION 7. The following three conditions are equivalent:

(1) There exists a continuous, non-satiated utility function

u(c1,c2,03) = f(g(c1)ca, g(er)cs), (12)

where letting x = g(c1)ce and y = g(c1)cs, f(x,y) is strictly increasing and
concave i (x,y) and g (x1) is strictly increasing and concave in x1 such that for
alli=1,...N

(c’l,czz,cg) € argmax u(cy, Co, C3) ST. p'-c<p'-c.
ceR3 |

(ii) There exist real numbers (F') , (G~ > 0 and (Al)l]\i

_, > 0 such that for all
i,je{1,2,..,N}

)

. 4 (G . G )
P v (G- o) + 3 (G - )

and
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(iii) The data (G'cy, G'ck; ph /G, p /G satisfy GARP for some choice of G that sat-
1sfies
P (ci— i)
Pich + e
In the proof of Proposition 7, we construct the following utility (see eqns. (E.6) -
(E.7) in Appendix E)

G'< G |1+

Fla(en) g len)ca) = min (4 a0 | 25— | gy | 20es - ),

where

P + Pl

Note that this utility used to rationalise the given demand data is piecewise nonlinear

J

g (c1) = min (Gj

rather than taking the following piecewise linear form derived in the traditional Afriat’s

approach (see, for example, Varian 1983)
u(cy, ¢, 03) = min (U 4+ X'pi (e1 — ¢}) + N'ph (ca — &) + A'pl (e — b)) -

Since the indifference curves of the constructed utility f(g(c1)c2,g(c1)cs) do not
have the linear segments, if the conditions in Proposition 7 are satisfied, the data
(¢}, ey, cs;pl, pb, pg)i]\il must satisfy SARP which is stronger than GARP.%¢

It should be emphasised that the revealed preference test provided above can only
verify whether a given set of demand data is consistent with maximising our form of
effectively consistent utility. The test cannot in general distinguish between the cases
where U rationalises the consumer’s demands based on U and U® versus the case

.37 However if one

where her optimal demands are based on U and she is consisten
reformulates the intertemporal consumption decision problem P; as an optimisation
problem of allocating initial income among period one consumption and the holdings of
zero coupon bonds with one and two period maturities, we show in the online Appendix
I that it is possible to distinguish inconsistent naive and consistent choice.

Finally, one caveat should be noted on the use of revealed preference tests. Such

analyses can only establish that observed demand data is or is not consistent with

36The Expected Utility test in the recent paper of Kubler, et al. (2014) is also a SARP test.
37In a quite interesting recent paper, Blow, et al. (2014) derive non-parametric revealed preference

tests for the cases of time consistent exponential and time inconsistent quasi-hyperbolic discounted
utility (for a formal characterisation of the latter, see Section 5 below). However their approach of
formulating the problem as a game among intertemporal selves is different from the analysis considered

in this paper.
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the maximisation of a utility function with some non-parameteric or semi-parametric
property. If the data is inconsistent with a particular form of utility such as the
utility in Proposition 7, then one can conclude that the consumer’s preferences are not
represented by a utility of the hypothesised form. However, one can never tell if the
utility function constructed following a revealed preference test really represents the
consumer’s preferences. This observation has implications for the possibility of using
revealed preference tests to prove or disprove Conjecture 1 discussed above in Section
3. Suppose one finds that price and demand data corresponding to naive choice (or
sophisticated choice) satisfy GARP and thus are consistent with maximisation of v (or
Us ). This does not imply the existence of Uv (or Us ) and violation of our conjecture,

since adding one more observation might be inconsistent with the existence of the utility.

5. Quasi-hyperbolic Discounted Utility

In this section, we discuss the implications of effective consistency for the quasi-hyperbolic
discounted utility model first introduced by Phelps and Pollak (1968). Assume the pe-

riod one utility function takes the following form

3

where D (t) is the discount function and the ratio D (¢) /D (t — 1) is the discount fac-
tor.?® The period two utility U exhibits the same discounting pattern

3
(g, c3) Z D(t—1)u(c).
t=2

Following Strotz (1956), the plan is consistent if and only if the discount function is
exponential D (t) = '~!. However, empirical studies suggest that the decision making
behaviour of individuals is not compatible with exponential discounted utility, as they
tend to overweight the current time period relative to future periods.?® This has led to

the development of quasi-hyperbolic discounted utilities which in the 7' = 3 case take

38 As is standard, the discount rate p,_; (¢t > 1) is defined by

PO == o= (o) -

398ee, for instance, the extensive survey of Frederick, et al. (2002).
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the following form
3

UW (¢, ¢q,¢3) = uley) + 3 nytflu (¢r) (13)
=2
and
UP (cy,c3) = u(ca) + Bryu(cs), (14)

where 0 < 3,7 < 1. (The discount function D(t) = 1ift = 1 and D(t) = gy~ if t > 1
and the discount factor between periods one and two is 5+ and between periods two
and three ). Clearly eqn. (13) converges to the exponential discounted form when
g =1

When 3 # 1, U® cannot be nested in U™, implying that (13) and (14) exhibit
changing tastes. The economic implications of the quasi-hyperbolic discounted form
have been studied extensively (Laibson 1997 and Diamond and Koszegi 2003). The
naive and sophisticated plans diverge and in general neither can be rationalised by
a utility function. However as illustrated next, when the quasi-hyperbolic naive and
sophisticated plans converge and the common plan is effectively consistent, the common
plan is optimal relative to U.

EXAMPLE 2. Assume the following period one and two quasi-hyperbolic discounted util-
ities
UW (¢1,¢9,¢3) =Iney + Bylney, + B2 Incy (15)
and
U (c3,¢3) =Incy + Bylnes, (16)

where 0 < B,y < 1. Given that (15) and (16) exhibit changing tastes, it is straightfor-
ward to show that the resolute and naive consumption plans for periods two and three
diverge. However since UV and U® satisfy the conditions in Proposition 4 for a plan
to be effectively consistent, naive and sophisticated choice agree. As a result, the com-
mon solution can be rationalised by a discounted additive logarithmic U. To see this,

note that applying Corollary 1

1 1
g(c) = cf”*‘”Q and u® (ca,c3) = (cgc§7> e ,

implying

1 1
7 — BYHBY? Sy ) 1+AY
U ey, ca,c3) = ¢ (0203 ) ,

which 1s ordinally equivalent to

~ By + By (By + B*) By
U(ci,c,c3) =Incy + ———Incy + In c3.
(c1,¢2,¢3) 1 1+ 6y 2 1+ 6y 3

(17)
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REMARK 4. The existence of U in this example seems to present a paradox. On the
one hand the representation (17) does not exhibit changing tastes and hence its resulting
demands are consistent, but on the other hand the form of the discount function is not
exponential. The source of this paradozx is the fact that one can either maintain the same
pattern of discounting over time or maintain the same absolute discount functions in
subsequent time periods.** To illustrate this distinction, note that the quasi-hyperbolic
utilities UM and U®), (15) and (16), preserve exactly the same discounting pattern
between periods. In this case, the consumer always overweights the current period
relative to future periods. Alternatively were the period two wutility instead to take the
form
U® (cy,¢3) = ByIncy + 77 Inc,

then the same period two and three discount functions would apply for UM and U®).
Since U®) would then be nested in UM, the optimal plan would be consistent. However
i this case, the consumer only overweights the current period relative to future periods
i period one and not in subsequent periods.  When there exists a U , the discount
functions carryover from period to period since one can take UM = U

2
v (c1,09,03) =Ineg + MIHCQ +
Y

(By + B7°) By ne
1+ 8 3

14 By

and U to be the continuation of U

2 2
) _ B+ 87, (By +57°) B |
U (c2,¢3) 115y ne;+ e ncs,

implying that the consumer necessarily changes her discounting pattern with the passage

of time.

It is demonstrated in the online Appendix J, that if U") and U® in Example 2 take
the more general (non-log) CES (constant elasticity of substitution) quasi-hyperbolic
discounted form, although U® is homothetic, U") does not satisfy the conditions in
Corollary 1, c** # c¢* and there exists no U.

We next compare the behaviour of discount functions over time corresponding to
the quasi-hyperbolic and rationalised U utility models. But first, we generalise the

above discussion to T periods (the proof is provided in the online Appendix K).

10Gee Rasmusen (2008) for a thoughtful discussion of the general distinction between maintaining

the same discount pattern or absolute discount functions.
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PROPOSITION 8. Assume in period one the following T period quasi-hyperbolic dis-

counted utility

T
U(l) (01702,...,CT) :lncl—i—BZVt_llDCt, (18)

t=2
where 0 < [B,v < 1 and in each future period utility preserves the same discounting
pattern as UV, Then (c,...,ct) = (¢, ...,c3¥) and the common solution can be ratio-

nalised by
T
U (c1,¢9y..cyer) =1Iney + Z oz In ¢,
t=2

where the discount function oy fort =2,....,T is given by

t—1
T—1
t—1 j
S 1 DUSE
— — <A (19)

[T(1+83" )

=1

ap =

For the exponential case

T
v (c1, ¢, 07) = ZVt_lhl Ct,

t=1
it follows from (18) that the quasi-hyperbolic discount function for each t = 2,..., T
will always be smaller than the exponential discount function 7'~! so long as 3 < 1.
Eqn. (19) implies that for each period ¢ € {2,...,T}, the U discount function o, will
also be less than the exponential discount function. But when ¢ > 2, the relationship
between «; and Sy'~! is ambiguous in general.

In Figure 2, we plot the value of the discount functions or discounted value per
unit of utility for the exponential, quasi-hyperbolic and U cases where v = 0.95 and
£ = 0.6. The utility U smooths the discount functions for the quasi-hyperbolic model
with the value of the U discount functions being higher in the earlier years and smaller
in the later years. Next consider limit cases. If § — 1, the discount functions for the
exponential, quasi-hyperbolic and rationalised discounted utilities all converge to the
exponential curve. If 7y — 1, the value of the discount function for the exponential
discounting model would be reflected in Figure 2 by a horizontal line at 1. Moreover,
the value of the discount function for the quasi-hyperbolic model would always be (3

except for period one, implying in Figure 2 a sharp drop followed by a flat segment. In
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this case, the smoothed time pattern of the discount function for U given by eqn. (19)

would simplify to

[T-5+8T-1)

6. Three Changing Tastes Complications

As noted earlier, changing tastes can pose a number of difficulties for standard economic

analyses. In this section we consider three specific complications.

6.1. Dutch Book Vulnerability

An individual with intransitive preferences is said to exhibit Dutch Book or money pump
behaviour if she can be induced through a sequence of trades to give up her wealth (e.g.,
Anand 1993). In a dynamic setting when tastes change since preferences are in general
intransitive, the consumer is vulnerable to a Dutch Book. This susceptibility can occur
even when the consumer’s plan is effectively consistent but not consistent due to the
intransitivity of intertemporal preferences. Although the consumer is vulnerable to a

sequence of carefully chosen trades, Laibson and Yariv (2007) prove that in a market
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setting, Dutch Books cannot occur if current and future spot prices are known and fixed
and preferences in each period are time separable. Assume there are H consumers,
indexed by h = 1,..., H. Fort=1,2,3, let ¢, (¢,) denote consumer h's consumption
(endowment) in period ¢, p; the price of consumption in period ¢ and U }(Ll) (Ch1sCh2sCh3)
and U}(LQ) (Ch2sCns| cn1) the consumer’s period one and two utilities.

Laibson and Yariv (2007) use the game-theoretic framework and competitive equi-
librium approach of Luttmer and Mariotti (2006) and make the following price expec-

tations assumption.*!

ASSUMPTION 1. Each consumer h has rational price expectations satisfying

1 2 .
) = =p; (j=2.3),
where p§»1) and p§2) denote, respectively, the price for cp ; in periods one and two.

Laibson and Yariv (2007) prove that if each consumer’s utilities exhibit changing

tastes and take the following time separable forms
3 3
U}(ll)(ch,la Ch2,Ch3) = ZU%) (cht) and U;§2)(Ch,2, chal cni) = Z ug) (che),
t=1 t=1

where uﬁ}t) (che) and uft) (cpnt) are continuous, strictly increasing, and strictly concave,
and each consumer’s price expectations satisfy Assumption 1, then every consumer
will follow an intrapersonal equilibrium strategy at each date. And there will exist a
sequence of aggregate consumption demands and price vectors that correspond to an
intertemporal competitive equilibrium in which Dutch Books do not exist.*?

To show that a Dutch Book can exist in a competitive equilibrium if preferences
are not time separable, Laibson and Yariv (2007, Subsection 7.1) construct an example

where (adapted to our setting) a representative agent’s utilities are given by
UY (c1,c9,¢3) = c3

and
UP(cy,e5] er) =In(cr+acys+c3)+¢; (0<a<1),

41 As observed by Caplin and Leahy (2006) and Gabrieli and Ghosal (2013), a sophisticated optimum,
when it exists, will also be a subgame perfect equilibrium.
42 An example in Gabrieli and Ghosal (2013) suggests that if one does not assume time separability,

then the game-theoretic competitive equilibrium considered in Laibson and Yariv (2007) may not exist.
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where the latter utility is not time separable. The agent faces the optimisation problems

P, and P,, where her budget constraint is

P1C1 + PaCa + p3C3z = piC1 + Paca + P3cs.

If one solves P, and P, following sophisticated choice, then exactly the same solution
can be obtained as derived by Laibson and Yariv (2007) using the game-theoretic ap-
proach.*® Since it is possible to find a set of endowments, a value of o and equilibrium

prices such that the sophisticated optimum (c¢}*, c3*, ¢5*) satisfies
P1C1 + PaCa + p3C3 > picy” + pacy” + p3cy’,

it follows that the consumer is vulnerable to a Dutch Book.

Since time separability is only a sufficient condition for the nonexistence of a Dutch
Book in a competitive equilibrium, it is natural to ask whether there are other sufficient
conditions. Suppose the preferences of each consumer h € {1,2,..., H} are effectively
consistent where U ,51) and U ,52) take the form in Propositions 4 or 6. Then consumer
h’s sophisticated plan can be always rationalised by a strictly quasiconcave ﬁh. The

following proposition proves that a sophisticated equilibrium exists in which

kk kok ok -_ —_— —_
P1C1 + P2Ch o + P3Ch 3 = P1Ch1 + P2Ch2 + P3Ch3

always holds and no Dutch Book will exist (a formal proof is provided in the online
Appendix L).*

PROPOSITION 9. Assume each consumer h € {1,2,..., H} in an economy solves the the
optimisation problems Py and P,, where her utilities U,gl) and U}(Lz) take the form in
Proposition 4 or 6, and her price expectations satisfy Assumption 1. Then there exists

a sophisticated competitive equilibrium in which no Dutch Book exists.

To see the impossibility of a Dutch Book for the effective consistency case, consider

the following modification of Example 1.

431f agents are naive, then in each period ¢, they will optimise U®) according to current period prices.

Since U is strictly quasiconcave, we always have
P1Ch.1 + P2Ch o + DP3Cl, 3 = P1Ch,1 + P2Ch2 + P3Ch 3,

implying that a Dutch Book cannot exist in a naive equilibrium. Therefore, we focus on the sophisti-
cated equilibrium.
44 A sophisticated competitive equilibrium is an equilibrium, where every agent follows sophisticated

choice. Refer to Definition 12 below in a consumption-bond setting.
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EXAMPLE 3. Assume a representative agent with the same period one and two utilities
as in Bxample 1. Suppose that she solves the optimisation problems Py and P,, where

the Py constraint is given by

P1C1 + PaCo + P3C3 2> P1C1 + paca + P3cs. (20)

The period one utility is not time separable but preferences are effectively consistent and
U takes the form given by (5). Then the sophisticated solution (ci*, c3*, ci*) is given by
(4), where yy is replaced by p1¢1 + paCe + p3cs. 1t follows that

P16)" 4 Pacs” + p3cy” = piCi + paCa + PsCs

and hence there is no Dutch Book in the competitive equilibrium.*®

6.2. Nawe and Sophisticated Fquilibria

In economies characterised by changing tastes, different notions of equilibrium have
been developed to accommodate naive versus sophisticated choice behaviour (see Her-
ings and Rohde 2006).® In order to examine the implications of effectively consistent
preferences for naive and sophisticated exchange equilibria, we assume the former equi-
librium is associated with a naive representative agent and latter with a sophisticated
representative agent. To compare the equilibria, it will prove convenient to assume
a consumption-bond setup where, without loss of generality, there are three time pe-

47

riods.*” Let c¢1, bio and b3 denote, respectively, period one consumption, units of a

one period bond that pays off one unit of consumption at the beginning of period two
and units of a two period bond paying off one unit of consumption at the beginning of

48

period three. The two period bond can be retraded in period two. In both peri-

ods, consumption is the numeraire. Prices at the beginning of period one for the one

45 Equilibrium prices can be derived from the first order conditions associated with maximising
ﬁ(cl, ¢2, c3) subject to (20) by assuming ¢; =¢; (i = 1,2,3).

40Luttmer and Mariotti (2006) also discuss the existence of a competitive equilibrium where each
agent has time-separable preferences and determines her optimal consumption plan using the game-
theoretic approach. However since we, like Herings and Rohde (2006), consider preferences which
are not necessarily time-separable, the equilibrium results in Luttmer and Mariotti (2006) are too

restrictive for the case of effective consistency.
4TKocherlakota (2001) employs a similar setup but differs in introducing a commitment asset and

assuming a game-theoretic solution.
48 A naive agent does not anticipate changing her period one plan in period two to reflect her changing

tastes and a sophisticated agent will not change her plan because she directly incorporates her changing

preferences into the plan. As a result, we assume in this subsection and in the revealed preference
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and two period bonds are given by, respectively, ¢12 and ¢3. In period two, the one
period bond matures. Let byz and ¢o3 denote, respectively, the period two units and
price of the two period bond with one period of remaining maturity. Let &, by and
bs denote the representative agent’s endowments of period one consumption and zero
coupon bonds maturing at the beginning of periods two and three, respectively.*’

The individual’s optimisation problems P; and Ps, (2) - (3), can be converted into
the consumption-bond problems faced by the representative agent

@1: max uw (c1,c2,c3) S.T. ¢ + qiabs + qi3bs > ¢1 + quabia + qusbis,

c1,b12,b13
S.T. Cy = b12 and C3 — b13

and
Q2 . Inax U(Q)(CQ, Cg) S.T. W2 Z Cy + QQ3b23,

c2,b23

S.T. C3 = 1)237

where in @y period two income (or wealth) W5 equals the period two value of bonds
b2+ q23b13 (bought in period one, but valued in period two). This budget constraint for
(21 is a natural extension of the constraint used in P;. The budget constraint implied

by P, can be written as

1+ quabs + qizbs — ¢1 > qio (€2 + qascs)

where the left hand side is the unconsumed wealth at the end of period one and the
right hand side is the present value of future consumption. However this constraint
cannot be used for (), since in the presence of changing tastes the equilibrium price of
the two period bond in period two ¢o3 can diverge from that based on the period one
implied forward rate, i.e., ga3 # ¢13/q12- This requires us instead to use the present
value of the bonds in period two based on g3 in the () constraint.

Given the optimisation problems (); and ()5, the naive and sophisticated represen-

tative agents will follow exactly the same solution processes described in Definitions

analysis in online Appendix I that both agents buy a portfolio of short and long term assets in period
one such that there is no expectation of having to trade again in period two. This demand behaviour
could, for instance, be motivated by the presence of transaction costs associated with trading in bonds.
(It is clear that the presence of even the smallest transaction costs will result in both agents seeking to
avoid retrading.) Without assuming this demand behaviour, the agent would be indifferent to buying
different portfolios of short and long term assets given that prices do not change, resulting in the

non-uniqueness of an optimal solution and a failure to have a unique equilibrium.
49Here we assume that ba, b3 # 0 as in Parlour, et al. (2011).
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2 and 3 where optimal demands are based on a partial equilibrium analysis in which
equilibrium prices are assumed to be given exogenously and satisfy ¢a3 = ¢13/q12.°° The
presence of bonds does not alter the fact that if preferences are effectively consistent, the
consumption plans of the naive and sophisticated agents will satisfy ¢* = ¢**. However
as we next argue, the optimal bond demands b5 and b3 for the two agents will differ
if the assumed U™ and U® exhibit changing tastes. This is key in comparing the
naive and sophisticated consumption-bond equilibria. The naive representative agent

in period one follows resolute choice in determining the bond allocation
1o =c5  and 13 = Cs. (21)

In period two given that the naive agent’s tastes have changed, the payoffs from the
one period bond holdings b7, will in general not match her desired period two optimal
consumption ¢ based on U ). As a result, she will adjust her resolute two period
bond holdings b]; (which mature at the end of period three) to meet her optimal period
two consumption requirements. The naive agent’s period three consumption c; will
always equal her revised two period bond holdings b3;. In contrast, the sophisticated
representative agent anticipates in period one that her tastes will change in period two
and chooses her bond holdings to match her desired consumption in period two and
three

bis = c5* and bj; = by = 5" (22)

The equality b5 = b33 follows from the fact that the sophisticated agent does not need
to retrade her two period bond holdings. Thus the period one bond allocations (b;2, b13)
will be different for the naive and sophisticated representative agents. Moreover given
eqn. (22), the effectively consistent U derived in Section 3 will not only rationalise
(c3*, c*, c5*) but also (cf*,b33,075). In contrast for the naive representative agent, it
follows from (21) that (c%, bS5, bS5) can be rationalised by U™ rather than U. Thus the
properties of the naive agent’s effectively consistent consumption plans such as normal
good behaviour cannot directly be translated to her period one bond holdings (b2, b13).
This key difference between the agents, results in the divergence between the naive and
sophisticated equilibria discussed below.

Next naive and sophisticated equilibria are defined following Herings and Rohde
(2006).

50Tn the general versus partial equilibrium analysis considered below, we need to take into account
the fact that the naive representative agent’s assumed equality ¢23 = ¢13/¢12 will in general fail to hold
in equilibrium. In contrast, the sophisticated agent’s assumption that it will hold is substantiated in
the sophisticated equilibrium.
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DEFINITION 11. An equilibrium (cy, bia, bis, C2, bas, q12, 13, G23) @S a naive equilibrium if
and only if the equilibrium prices are solved from Q1 and @Qo, respectively, by setting
the period one resolute demands equal to the endowments (61,52,1_73) and the period two

naiwe demands equal to (1_72,1_)3).

DEFINITION 12. An equilibrium (cy1,bia = c2,b13 = bog = €3, 12, (13, G23) 1S a Sophisti-
cated equilibrium if and only if the equilibrium prices are determined by solving (Qq
and @y and setting the sophisticated demands (ci*,cs*, c5*) equal to the endowments
(T1, b2, b3).%

If the plan is effectively consistent, implying the existence of a strictly quasiconcave
U to rationalise the sophisticated representative agent’s demands, then it follows from
Katzner (1972) that there exists a unique sophisticated equilibrium. Given U and the
exogenous supplies (61,52,53), the sophisticated equilibrium prices can be computed
directly from the first order conditions of U.%2

The following example illustrates that assuming the naive and sophisticated rep-
resentative agents’ preferences are effectively consistent and their endowments are the

same does not imply that the naive and sophisticated equilibria are also the same.
EXAMPLE 4. For the representative agent optimisation problems ()1 and (2, assume
that

v (c1,¢9,c3) =Incy +Iney +1Inecg  and U® (co,03) = ——=— — =—

where § > —1 and § # 0. It follows directly from Proposition 4 that UV and U are

effectively consistent and
U (c1, ¢9,c3) = /a1 (30 + cg‘s)_% .
Assume endowments are given by T, by and bs. Using the first order conditions for
U and UP | naive equilibrium prices satisfy
b

C1
Qi3 == # Txs T 12923-
bs b,

’Herings and Rohde (2006, p. 600) embed a condition analogous to q12¢23 = q13 in their definition
of a sophisticated equilibrium.

52The existence of a U can be of considerable value in studying the properties of a sophisticated
equilibrium. As shown in Example M1 in the online Appendix M, although one may not be able to
derive an analytic expression for equilibrium prices in terms of endowments and preference parameters
by equating demands and endowments, it may be relatively straightforward to do so from the first

order conditions using U.
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Based on the first order condition of U , sophisticated equilibrium prices satisfy

2(1+0)ver

q13 = s 5 N = (12423
- —— =6\ 73
b (b +5,)

Thus for the sophisticated equilibrium, qi12q23 = q13, whereas for the naive equilibrium

in general qioqo3 and q3 diverge.  The intuition for why the naive and sophisticated
equilibria diverge even though the representative agent’s consumption plan is effectively
consistent can be seen by comparing the naive and sophisticated agents’ demands for
the one period bond in period two. Although their consumption demands are the same,
their consumption plans for periods two and three are different, which is reflected in

their different one period bond demands

1+ quaba + quzbs — 1

b, =
2 2q12
and B B ~ -
[ ¢+ Q1252 + Q1353 - CI* - c1 + Q12b2 + qlgbg — CI
12 — 1 - 1 .
e fe
12 + q13 (gi—i) " Q12 + 13 <%§) a

6.3. Aggregation

Assume there are H consumers, indexed by h = 1,.... H. For t =1,2,3, let cp; (Cps)
denote consumer h’s consumption (endowment) in period t. To simplify the notation,
¢ will be used instead of ¢4, to denote aggregate demands. Let U }El) (¢h1,Ch2,cn3) and
U, }52) (¢h2, 3| cn1) be the consumer’s period one and period two utilities. The budget

constraint for agent h is given by

P1Ch1 + P2Ch2 + P3Ch3 = Yn1 = P1Ch1 + P2Ch2 + P3Ch 3, (23)

where yp, 1 denotes the period one income (wealth) of consumer h. As is standard in

the aggregation literature, we will make use of the following restriction on endowments.

DEFINITION 13. The endowments {Cy,...Cx} in an economy are said to be collinear if
and only if they satisfy
c,=wpc VhE€ {1,2,...,]‘]}, (24)

H _ H —
where Y ;_ wp =1 and€=>;_ Cp.

Given (23), collinearity of endowments is equivalent to consumer incomes being

proportional. It follows from Chipman (1974) that if each consumer has preferences
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which do not change over time, are homothetic and are representable by a Uy, satisfying
Property 1 and endowments are collinear, then there exists an aggregator U, which
satisfies Property 1 and rationalises the aggregate demand of the H consumers. When
considering an economy of consumers with changing tastes, each consumer is charac-
terised by the pair of utilities U}(Ll) (Cha,Cha,cn3) and U}EQ) (¢h2,cnsl cni). Then given
aggregate naive or sophisticated demands, does a non-changing tastes U, exist which
generates the sum of the demands for the naive or sophisticated consumers (where the
Ua may be different for the two cases)?

We next provide a sufficient condition such that the naive and sophisticated demands
generated by an economy of effectively consistent agents with changing tastes can be
rationalised by a common aggregator utility denoted U 4 (the proof is provided in the
online Appendix N). The resulting aggregate demands satisfy Zle cp = Zthl c;* and
the aggregator inherits the effectively consistent form of utility of the set of individual

consumer utilities {171, s (A]h, s ﬁH}
PrROPOSITION 10. In a three period heterogeneous exchange economy with H agents,
the utilities of agent h € {1,2, ..., H} are given by

U;El) (Ch1,Ch2sCh3) = f,E” (gn (cn1) ch2s gn (Cna) cns) (25)

where
gn (cn1) = ancyy (an, by > 0), (26)

U,(f) (Ch,2, cn3) is homothetic and both U}(ll) (Ch1sCh2sCh3) and U,EQ) (Ch,2, cn3) satisfy Prop-
erty 1.°3 If the endowments are collinear, i.e., eqn. (24) is satisfied, then the aggregate

demands can be rationalised by the effectively consistent aggregator

Un(ereaies) = gale) u) (ea,c3), (27)
where U (c1,ca,c3) satisfies Property 1, uf) (¢, c3) is homogeneous of degree 1 and
S
Ry

REMARK 5. It should be noted that although the aggregate demands based on naive

and sophisticated choice can be rationalised by a utility function if the conditions in

galc)=c  and b

Proposition 10 are satisfied, since U, ,El) (Ch1sCh2s cn3) need not be homothetic, there may

not exist an aggregator for aggregate resolute demands.

31t follows from the Corollary 1 that gj, (ch1) being a power function implies that, for each agent
h, there exists a ﬁh which is homothetic.

30



Given the specific form of the period one utility (25) - (26) in Proposition 10, what
economic intuition can be given for the parameter b,? To address this question, note

that maximising eqns. (25) - (26) subject to (23) yields the following period one demand

function B B B
th1 = wh(p1€1 + p2021 + p303)7 (28)
pi(l+3)
where
Wh(P1C1 + P2C2 + P3C3) = Yn,1 = P1Ch,1 + D2Ch2 + P3Ch3 (29)

corresponds to period one income for agent h. Combining eqns. (28) and (29) and

solving for b, yields
P1Cr1

P2Ch2 + P3chs’
implying that b, is the ratio of the expenditure on period one consumption to the

by =

expenditure on period two and three consumption.
The process for finding the aggregator U, corresponding to (25) - (26) in Proposition
10 is illustrated by the following example (supporting calculations are provided in the

online Appendix O).

EXAMPLE 5. Assume two consumers h = 1,2 satisfying the effective consistency con-

ditions in Proposition 4. For consumer 1,

1
O (ens 1 1) = <Cilcl’2> <Cl 161 3) and U (c1,013) = Veiz ++/Ci3
[] 2
Ul (Cl,la C1,2, 01,3) = 4/C11 (\/0172 =+ /6173)

and for consumer 2,

W=

1
Uz(l) (€21, C22,C23) = (C21C22)% + (c21C23) and U2(2) (c22,c23) =Incos+1Incag

[72(02,1, C2,2, 02,3) = C2,14/C2,2C2 3.

The utilities U}(LU, h = 1,2, take the form required by Proposition 10, where gy(cp1) =
cz}jl and by = 1/2 and by = 1. Each consumer h considers the optimisation problems
Py and P, with the modified budget constraint (23). Assume the special form of pro-
portional endowments, ¢, = ¢c3. To construct U A4 using eqn. (27) in Proposition 10, it
is first necessary to derive uf) (¢, c3) and the by used in ga(cy) = A After solving
for the aggregate demand functions, one can follow the Hurwicz and Uzawa (1971) in-
tegration process to obtain uf) (co,c3). First, it can be verified that the corresponding
indirect utility aggregator is

m

vff) (c2,c3) = —;
pi (1+p)

4
7
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where p = py/p3 and m = T (p1¢1 + pata + p3cs) / (12ps) are the normalised price and
income, respectively. Second, the direct utility function uf) (co,c3) can be obtained by
solving for the inverse demand functions p (cz,c3) and m(cq,c3) and then substituting

them into Uf) (ca,¢3). The function ga (c1) takes the form ga (cy) = 24, where

111 +1 1 1 N 1
1~ o5 LY T J
L= 2145 21+ 2(1+2)  2(1+41)

5
implying that ga (c1) = ¢f . Since uf) (co,c3) is homogeneous of degree 1, it can be
substituted into (27) yielding

5 /0.2 2
2 | 3(ea—c2)++/9¢5+9c3+466c2c3
cy [ 23 + c3

22

Ui (01, Co, 03) = (30)

Jun
.
S

-~

22co 22co

|f’>(c;gC2)+\/963+90§+4660203:| L |:1 + 3(03Cz)+\/905+90§+4660203:| B

Thus the aggregate demands can be obtained by maximising the aggregator (30) subject
to the aggregate version of the budget constraint (23).

For the case of heterogeneous quasilinear effectively consistent consumers, a similar
aggregation result holds except that no restriction is required on the distribution of

initial endowments. (See the online Appendix P.)

7. Concluding Comments

In this paper assuming changing tastes, we provide two different restrictions on prefer-
ences which are sufficient for plans to be effectively consistent. Revealed preference tests
for the utility forms associated with effective consistency are derived and the changing
tastes complications associated with Dutch Books, naive and sophisticated equilibria
and aggregation are investigated. A number of open questions remain. First, are
there other forms of utility beyond those specified in Propositions 4 and 6 which result
in effectively consistent plans? Second, is our conjecture correct that naive and so-
phisticated choices must agree when either optimal plan can be rationalised? Third, is
it possible to derive other conditions for aggregation when consumers exhibit changing
tastes? Fourth, does the notion of effective consistency extend to uncertainty settings
and how is this related to the literature on inconsistency associated with various forms

of non-Expected Utility preferences?

Appendix
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A. Proof of Proposition 4

Consider naive choice. Define z = g (¢1) ¢ and y = g (¢1) c3. The first order conditions

are given by

g(c) fs _P (A1)
¢ (@) (S0 + file) P
and W
Lo _ P2 (A.2)

fy(l) Py
where f = 0f® /0z and fV = f1 /0y. Substituting eqn. (A.2) into eqn. (A.1),

yields
g(c1) 1 p1g (c1)
= — & pacy + P33 = — 2,
g (c1) (p2c2 +p3c3) 1 2 T g (c1)

implying that p1c; + p1g (c1) /¢’ (¢1) = y1. Denote the solution to the above equation

as cj. Next consider sophisticated choice. The first order condition in period two is

2 pe
1Y ps

(A.3)

Combining the above equation with the budget constraint y; — p1c; > pace + pscs, one
can solve for co and c3 as functions of ¢;. Since ¢} is also the unique solution to the
following optimisation problem

max f@) (g(c1)c2,9(cr)es) ST.y1 > prcy + paca + pscs,

C1,C2,C3
it follows that

dc

/ dc /
féZ) g (c1)co+ a—cig (Cl)] + f7§2) |:g (c1)cs + a—cjg (Cl):|

c1=cj

Next we want to argue that

, 0
=g(e)estoogle) =0,

, 0
g (c1)e2 + = (c1) e,

801

c1=c} ca=c}

If that were not the case, when ¢; = ¢, it would follow that

_f1(’2) _ g (c1)cs + g—ﬁj’g (c1)
ff) g (c1) 2 + 3—29 (c1)
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Taking the derivative on both sides of (A.3) with respect to ¢y yields

@) _ 1P 4(2) .
v =yl gl (e) e+ 52g(a)

() oc: .
L_fd_ 2 g (a)e+gag(a)
Y

Therefore, when ¢; = ¢}, we have

2
fxx - (2) :gy) fqu)

/@ O
(2) yy fmy fy

or equivalently
2
(F2) 12+ (52) 13 = 212 1255 =0,
which violates the assumption that () is strictly quasiconcave. Therefore, there must
exist a unique ¢} such that

862

g (c1) 2 + 9e (c1)

Jdcs

=g (1) s+ g ()

= 0.
dca

c1=cj c1=c}

Hence

50| e+ G2aten] + 10 [ e+ G2aen] =0

if and only if ¢; = ¢j, implying that ¢} is also the unique solution for sophisticated
choice. Thus there exists a unique c¢** such that ¢* = c¢**. If one takes U (c1,co,c3) =
U® (cy,c3), it can be easily verified that the common plan can be rationalised by U.

Since U® satisfies Property 1, U also satisfies Property 1.

B. Proof of Corollary 1

Effective consistency directly follows from Proposition 4. We only need to prove that

U (c1,¢,¢3) = g (c1) u® (ca,¢3). The first order conditions yield

g (c1)u® (e, c P Ou? (cy,c3) prg (e
( 1) 8u(2>((cz CS;;) — —1 <~ Co 6( 2 3) 1/ ( 1) :p202u(2) (62703) (B.l)
g(cr) POG@s) " py o g
and
'(e1) u® (ca, p Ou'? (ca,c3) pry (c
g (c1) 8u(2)((cz 63;’)) LRI Cs a( 2, C3) 1/9( 1) :p363u(2) (cz,c3). (B.2)
g(ey) 200l py s g
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Since u® (¢, c3) is homogenous of degree 1, Euler’s equation gives that

ou? (cy, c3) ou? (ca, c3)
+c3
002 863

Co = u® (¢, ¢3). (B.3)

Adding eqns. (B.1) and (B.2) together and using (B.3), one can obtain p1g (¢1) /¢’ (¢1) =
p2C2 + p3cs. Substituting this expression into the budget constraint yields pic; +
pg(c1) /g (¢1) = y1. Therefore, maximising U results in the same demands as naive
and sophisticated choice.

C. Proof of Proposition 5

First since we assume that U is homothetic, it follows from Blackorby, et al. (1973,
Theorem 5) that sophisticated choice is unique. To simplify notation in this proof,
(€1, €9, c3) is used instead of (¢f*, 3", ¢5*) to denote the optimal demands from sophis-
ticated choice. Since U® (g, 3) is homothetic, following sophisticated choice results
in co =, (y1 — p1c1) and c3 = v5 (y1 — p1c1), where v, > 0 and 5 > 0 are functions of
(p2,p3). It can be verified that

Ops 28y1 8p Yo \Y1 — P11 8y1

9cr 0 _ <0cl+ 061)
Ip1 18yl P opy 183/1

If the demands can be rationalised, the Slutsky matrix is symmetric, implying that
0c1/0ps + c20¢1 /0y = Dca /Opy + €10¢2 /0y, or equivalently

and

801 801 061 661
L +c— . 1
8p + 7 (?J p1€1) s P172 ( D C1 ) (C )

Noticing that the ¢; demand function is homogeneous of degree zero in prices and
income, it follows from Euler’s Theorem that

a 8 C1 661 601

=0
3 D1 +p23 2+p38p Y 3% ’

which is equivalent to

% 1 < 801 861 661)

_ +p 4oy — C.2
op1 3 P2 3]73 yla% ( )
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Substituting (C.2) into (C.1), results in
801 801 801
— = — 4+ p3— ). C.3
o (gt + e (©3)
Given that pscs + pscs = (p2ys + P373) (Y1 — prc1) = y1 — pica, it follows that

DP2Ye + P37y = 1.

Combining this equation with (C.3) yields 7y30¢1/0p2 = 750c1/0ps, or equivalently
c3*0ct* [ Opy = ¢5*0ct* [ Ops.

D. Proof of Proposition 6

For naive choice, it can be verified that 0fM)/0c; = pi/ps and 9g® /Ocy = py/ps,
which will be recognised to be the first order conditions associated with maximising
Ulcr,ea,e3) = fO (1) + g (c2) + ¢5. This implies that naive choice agrees with
the optimal demands for U. For sophisticated choice, it follows from the first order
condition associated with maximising U that 9g® /Ocy = py/ps, implying that c}* is

independent of ¢;* and ;. Therefore conditional on the optimal ¢;, one must have

0 oUW _ ofM 0 (?h — P11 —p202> _ofw _n

801 801 801

and thus sophisticated choice also agrees with the optimal demands for U. Since UW
and U® satisfy Property 1, clearly U also satisfies Property 1. Thus maximising U

has a unique solution implying that optimal sophisticated demands are also unique.

E. Proof of Proposition 7

To see that (i) implies (ii), first compute the first order conditions
(fo (9 (1) crg (1) ) o+ fy (9 (1) b, 9 (1) &) e3) 9" (1) = N'my,
fa(9(c1) 3.9 (61) c5) g (1) = A'ph
and
fu(g(ch) &g (ch) ) g (1) = AN'ph,

which imply




AL

o) o (d) ) = 28 (£2)
and
: \'p g(ch)p;
(i 1 1) P1
g\&a)= i\ G N A\ N i N AN i 3 4 E3
(1) fe (g (cy)ch,g(ch)cs)cy+ fy(g(ch)ch,g(ch)cy) ey pheh + phes (E3)

Defining G* = g (¢}) (i = 1,2, ..., N), since f and g are both strictly increasing, we have
(Gi)ﬁ\il > 0 and ()\i)jil > 0. Because f and g are both concave,

Fg(c) chg(ch) )

< flo(ad)chg(d)a)+
fo (9 () g () &) [g9(ch) b —g () ] +
folg(c) g () a) g () & —g () &

and

g(ct) <g(c) +9'(cd) (¢ = ).
Substituting eqns. (E.1) - (E.3) into the above two inequalities and denoting F* =
flg(cd)ch,g(ch)cy) and G = g(c}) (i =1,2,...,N) yields

. . e . e .
F* < F7 4+ Np} (acé — c%) + Npj (@cg — cé) (E.4)
and : ,
. , L — ¢
@§031+%EL7Q. (E.5)
Pcs + p3cy

To see that (ii) implies (i), assume that there exist real numbers (F i)f\il, (Gi)f\il >0
and (/\i)l.]\;1 > 0 such that the inequalities (E.4) and (E.5) hold. Then one can assume
the following utility functions
) (©.6)
g(c1)

f(g(cr)ca,g(c1)es) = miin (FZ + \'pj [ Gi 2T Clz} + A'py [ggil)cz - CE]) - (E7)

1+ﬁ£11ﬁ
Phey + 3ch

g (¢1) = min (Gj

J

and

Note that (Gi)f\il > 0 and ()\i)iil > 0, g(c1) and f(g(c1)ca,9(c1)cs) are strictly
increasing. Define x = g(¢1) 2 and y = ¢(c¢1)cs.  Since the utility function (E.6)
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is piecewise linear in ¢; and the utility function (E.7) is piecewise linear in (z,y), it
is straightforward to show that they are non-satiated and concave in ¢; and (z,y),
respectively. Next we want to argue the utility function (E.7) can rationalise the data.
It is straightforward to verify that f (g (c{) cé,g (c{) cé) = FJ for all j = 1,2,...,N.
Now suppose that

pich + phes + pisch > pher + phe + phes.

Then
f(g (01)02,9(01)03)
(1AL )
i )\z i J P33 tP3C3 i
F* + Do Gi C2 — G
= min p . _
g min | GJ 1+pjl-(?li,c-{)-
i d J Pyed+piel i
+A'ps el c3 — 4
\
) !
1 pi(c1i—c l pi\c1—¢
GHL+ H G+ %
! 11 22P33_ ) 11 PaCyTP3C3 !
< F '+ Xp, el Ca —Cy p + A i C3 — Cy

c1 — cll) (pécz +p§)03) + [plz (62 — clg) +pé (63 — cé)} (pécé + pgcé)
Phch + phh
= F'4 N [ph (e =) + 0 (ca — ) + 9l (5 — )]
ph e =) [th (2 = ) + 7 (e~ &)

7 7
DaCy + P3C3

— Fl+)\lpl1(

If pic + phel + phek = phey + phes + phes, then
P (e = ch) = = [P (e2 = c3) +p5 (s — &3)]
implying that
P (er = &) [ph (e — &) + 9 (s = )] = = [ (1 = )" < 0
and hence

flgle)engle)es) < Fa N [pll (a1 — cl1) + ph (c2 — clz) + b (5 — cg)]
= F=f(9(a)cg(c)es).
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If pic + phel + pheh > pler + phes + phes, then one can always find a (cq, ¢z, ¢3) such
that plcl + pheh + phch = plep + phea + phed. Since ¢§ > ez and f (g (c1) 2, g (1) c3) is
a strictly increasing function, we have

Flgler)ea,gle)es) < f(g(er)cagle)d)

< Fl —|—/\l [ (01 —cll) + ) (02 — 02) + pl (cg —cé)]

= f (9 (1) ezg(h) es)
Therefore f (g (c1)c2,g(c1)c f(g(c))ch,g(ch)cs) always holds. Finally to see
that (ii) and (iii) are equlvalent, note that the inequality (E.4) can be rewritten as

F'<F + A]@ (G'cy — G7d)) + )\]@ (G'ey — G7dl),

which can be viewed as the traditional Afriat (1967) inequality corresponding to the
demands (G'ch, G'cy) and prices (ph /G, pi/G"). Since the traditional Afriat inequal-
ity is equivalent to GARP, inequality (E.4) is equivalent to (G'ch, Gict; pb /G, pi/G?)
satisfying GARP.

Columbia University and University of Pennsylvania

Unwversity of Pennsylvania
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