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This paper develops optimal portfolio choice and market equilibrium when investors behave
according to a generalized lexicographic safety-first rule. We show that the mutual fund separa-
tion property holds for the optimal portfolio choice of a risk-averse safety-first investor. We
also derive an explicit valuation formula for the equilibrium value of assets. The valuation
formula reduces to the well-known two-parameter capital asset pricing model (CAPM) when
investors approximatc the tail of the portfolio distribution using Tchebychev’s inequality or
when the assets have normal or stable Paretian distributions, This shows the robustness of
the CAPM to safety-first investors under traditional distributional assumptions. In addition,
we indicatc how additional information about the portfolio distribution can be incorporated
to the safety-first valuation formula to obtain alternative empirically testable models.

1. Introduction

This paper studies portfolio choice and market equilibrium when investors
behave according to a generalized lexicographic form of the safety-first principles
introduced by Roy (1952) and Telser (1955). The literature on this subject is
limited. Notably, Pyle and Turnovsky (1970, 1971) studicd the portfolio problem
under safety-first preferences when the assets are normally distributed. Chipman
(1971) gave a clear statement of the axiomatic characteristics of safety-first in
his study of lexicographic prefercnces. More recently, Bawa (1976a,b) studied
the use of safety-first rules to obtain stochastically undominated portfolios. The
analysis of this paper, which is mostly distribution-free, focuses on the equili-
brium value of assets. Specifically, we study the implications of behavior repre-
sented by the following lexicographic form of the safety-first principle:

max (, p), 1)
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where
r=1, if P=Pr{Y<s}<a2
= [—P, otherwise,
and
u = E(Y).

Y is the random value of final wealth in a single-period choice situation, £ is the
expectation operator, s is the critical level of wealth, and « is the admissible
probability of failure. (1) orders any two assets lexicographically according
to m and g, that is, the asset with the higher 7 is the preferred one. If n is the same
for both assets, the order is based upon p. Two assets with the same = and y are
equally preferred.

The reason for studying the lexicographic form (1) instead of the original
criteria proposed by Roy (1952) and Telser (1955) is that these original criteria
fail to order risky assets which are unambiguously ordered by the principle of
absolute preference.! It is casy to verify that (1) produces a complete ordering of
all risky assets with finite mean and satisfies absolute prefercnce. Moreover, (1)
includes the lexicographic form of Roy’s principle suggested by Chipman
(1971) and, when the chance constraint is satisfied and = = 1, it becomes the
original criterion of Telser.?

In the present formulation the investor is concerned about safety only when
the probability of failure exceeds the admissible level a. In such a case (1)
becomes Roy's principle and the investor minimizes the probability of failure.
However, following Telser, we assume that the investor neglects what he considers
to be admissible risks of failurc and that, within this class, he maximizes expected
wealth. In other words, whenever feasible, the investor maximizes expected
wealth subject to the constraint that the probability of failure does not exceed
the critical level. [t is shown below that this choice criterion is reasonable in that
it implies desirable attitudes toward risk according to the Arrow (1971) — Pratt
(1964) theory of risk aversion.

'The principle of absolute preference [Massé and Morlat (1953)], a reasonable restriction
on economic choice under uncertainty, says that a distribution G is preferred to a distribution £
if G(x) S F(x) for all x € X, and G(x) < F(x) for some x € X, where X is the set of possible
monetary outcomes,

2In addition to these criteria, Pyle and Turnovsky (1970) considered a criterion originally
proposed by Kataoka (1963) requiring the maximization of the a-fractile of the final wealth
distribution (the a-fractife s is defined by Pr{ Y < s} = a). It can be verified that this criterion
has the undesirable property that the individual, no matter how wealthy he is, will never buy
any part of an actuarially favorable asset with negative a-fractile of return.
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We note that (1) is incompatible with the axiom of continuity and, when
a > 0, it is also incompatible with the axiom of independence.®* This means
that safety-first represents the preferences of investors other than expected
utility maximizers. A review of the now classic pros and cons given on continuity
and independence, which will not be repeated here [see Allais (1953), Arrow
(1971, ch. 2), Chipman (1971), Savage (1954), and Thrall (1954)], reveals that
they are not compelling restrictions on economic choices, and we find no
sufficient a priori or empirical basis for preferring safety-first to expected utility
or vice versa. Thus, it seems reasonable to consider both principles comple-
mentary, and to develop a theory of assets which allow for the existence of both
types of investors.

2. Portfolio choice with safety-first preferences

2.1. The portfolio problem

Consider the single-period portfolio problem. Let ¥, denote the initial
market value of asset j, X, the random final value, and X; = E(X,). The
individual's initial wealth is denoted by W. He can buy any fractions (7)) =
(¥1s 72, . - -) of the risky assets (including short sales), and borrow any amount
b at the constant interest rate r—1 (b < 0 represents lending).

As usual, a portfolio is defined as a combination of assets with return distri-
bution independent of scale changes. The portfolio problem of a safety-first
investor is

max (m, p) subjectto ) y,V;—b =W, 1)
(rs):8 ]

where

=1, if P=Pr{ZyJXj—br_S_s}§a,
f)

1—-P otherwise,

3Here we refer to the standard axioms of utility theory as stated, for example, in Arrow
(1971, ch. 2) or Chipman (1971), A choice criterion is said to satisfy or to be compatible with
a given axiom when it fulfills the requircments imposed by the axiom in all possible choice
situations.

“Incompatibility is shown by the following example: Let Fy, F;, and F, denote risky assets,
X = {r,t,u, v, w} be a sct of monctary outcomes such that r < t < wu < v < w, (w—u)/
(u—1) > al(l—a) > 0, where u is the critical wealth level and « is the admissible probability
of failure. Let F, generate r with probability one, F; generate v and v with probabilities a and
1 —a, respectively, and F, generate ¢ and w with probabilities x and | —a, respectively. Now
consider the random mixture F, = [pF;, (1—p)F,]. It can be verified that (1) implics
Fy> F, Fa> Fofor p > 0, and Fs = [pF,, (1 —p)F:]>= F. for p S a, where > denotes
preference. This contradicts continuity which requires that F,>> F; for some p > 0, and
contradicts strong independence which requires that F > Fs for any p < 1. Weak indepen-
dence is contradicted when (w—w)/(u—t) = af(1 ~a).
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and

n= ; 71Xj_br.

Since risk aversion seems pervasive in financial markets, we are interested in
the solution to (1) for risk-averse safety-first (RASF) investors.

2.2. Characterization of risk-averse safety-first behavior

Following Arrow (1971, ch. 3), the choice among simple portfolios composed
of a fraction of a single risky asset and a secure asset is studied in this section,
Thus, subscripts can be omitted and the budget constraint becomes yV—b = W.

An investor is said to exhibit risk aversion if he prefers a secure asset to an
actuarially fair risky asset. It can be verified that the critical level of wealth of
a RASF investor is smaller than his secure final wealth Wr.*> Also, a RASF
investor will be indifferent about holding a secure asset or a fair risky asset such
that

Pr{yX—-br<ss}=aq (2)

since thent = 1 and p = Wrforany y > Osatisfying (2). These assets represent
negligible risks for RASF investors and are evaluated in the same way as secure
asscts, i.c., in terms of g only. It is convenicent to define a material risk as an
assct not satisfying (2). Taking into account the budget constraint yV'—b = W
we can write

s+b - Wi
Pr{yX—br < s} =Pr {X < —Y—+——r-} = Pr {R =< r+s r},

V=W+b W+b

where R = X[V is the return on the risky asset. Thus, letting g,(R) denote the
o fractile of the return distribution (i.c., Pr {R < ¢,(R)} = a) we have the
following equivalent, but more uscful characterization of a material risk:

s—Wr
———, 3
qa(R)<r+W+b (3)

The definition of a material risk implies that RASF investors will never buy
an actuarially favorable material risk. However, investors can make the risk

3In fact, a RASF investor will not hold a fair risky asset that is too risky for him. More
preciscly, when s < Wr, P = Pr{yX~br < 5} = 0 for y = 0 and b = — W. Therefore, pure
lending will be preferred to a portfolio having any fraction y of a fair risky asset (X/¥ = r)
such that P > a. On the other hand, when s 2 Wr pure lending cannot exceed the critical
wealth level (P = 1) and the investor will prefer to hold a fair risky asset giving P < 1.
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of any divisible asset negligible by investing sufficiently little on it. Thus, we have
proved the following:

Lemma. A RASF investor will always buy some part of a divisible favorable
risk and the amount bought will be the maximum satisfying (W+b)q,(R)—br = s,

or®

s—Wr

Wb = "1
qa(R)—r

4)

This is the counterpart of Arrow’s (1971, ch. 3) result for risk-averse expected-
utility maximizers. It says that a RASF individual invests in a favorable risky
asset up to the point where it becomes a material risk. It then follows that
favorable risks cannot be negligible for all investment amounts, for otherwise
W+b = co. This rules out ¢,(R) = r for favorable risks. Otherwise their market
values would increase up to the point where they become fair assets, indistingui-
shable from the riskless asset.

It follows from (4) that RASF investors exhibit decreasing absolute risk
aversion [Arrow (1971, ch. 3), Pratt (1964)]. In fact, (4) implies that the amount
invested in favorable risks increases with wealth. We note that the relative 1isk
aversion of a RASF investor, which can be measured by the proportion of his
wealth (W+b)/W invested in risky assets, can be increasing (s < 0), constant
(s = 0), or decreasing (s > 0).”

2.3. The separation property

We now consider the portfolio problem with several risky asscts formulated
in subsection 2.1. The return on the risky part of the portfolio is

&= (3n)/(5m) ®

with R = E(R). Also, using (5) and the budget constraint Y, y,V, = W+b,
we can write the final value of the portfolio as

Y 9, X;=br = (W+b)R—br = Wr+(W+b)(R—r).
J

SThe investor will buy a positive amount of a favorable material risk if and only if .(R) >
- 00, which is a minor restriction on the class of risky assets. It excludes asscts unbounded
from below when a = 0,

TThis distribution-free result generalizes Pyle and Turnovsky's (1971, pp. 220-222) con-
clusion that Telser investors exhibit decreasing relative aversion when s > 0,
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When favorable assets are available, the solution to the portfolio problem
(1) can be obtained from

max u = Wr+(W+b)R-r),
()b

among those portfolios exceeding the critical level of wealth with probability
1—q, i.e., those satisfying (4). Using (4), the optimization problem reduces to

R—r
l(";l;)l'): = ”I‘—(S—’VI')(’.—_m). (6)

Thus, a RASF investor can solve his portfolio problem in two stages. First, he
maximizes the ratio of the risk premium to the return opportunity loss that he
can incur with probability a,

0)

R—r
max —————,
op r—49(R)

and determines the optimal fractions (y;) up to scale constant. Note that (7)
is indcpendent of proportional changes in (y;) because R and, therefore, R and
g are zero-homogenous functions of (y,). In a sccond stage the investor finds
the scale of the risky part of his portfolio from (4), and the amount to be
borrowed from the budget constraint.

Therefore, we have obtained the following separation property:

Theorem 1. The portfolio problem of a RASF investor can be separated into
two problems: (1) The choice of the optimal risky asset proportions, which are
independent of wealth and borrowing, and (2) the choice of the scale of the risky
portfolio and the amount borrowed.

Theorem | extends the class of preferences admitting separability in portfolio
allocation. Of course, this extension can only be made outside the domain of
expected utility theory for which the resufts of Hakansson (1969) and Cass and
Stiglitz (1970) are definitive.

A unique solution to (7) implies that under homogeneous beliefs the risky
portfolios will be identical up to a scale constant for all investors with the same
. These are strong but not unrcasonable requirements. Observe that investors
focusing on the same probability of failure « do not have to have the same pre-
ferences. Individual variation is allowed for by wealth and critical levels. @ unique-
ly determines the a-fractile of each portfolio, g,(R), which is an intrinsic character-
istic of the portfolio distribution and, as such, is independent of individual
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preferences. Furthermore, the a-fractile is intuitively a better measure of risk
than the second moment since it is based upon leftward deviations only.

Alternative to the assumption that investors focus on the same a-fractile is to
assume that

7.(R) = R—g(@)h((y,), S), ®)

where g > 0, g’ <0, A > 0, and S is the parameter set of the return distri-
bution of the risky assets. In such a case (7) is equivalent to

®

R—r
max N
(rs) h

which, under homogeneous belief, implies that (y;) is identical up to a scale
constant for all investors no matter what probability of failure they focus on.
The appeal of (8) is reinforced by the fact that it holds exactly in two important
cases: (1) when the portfolio distribution (F) is normal, stable with common
characteristic exponent in the open interval (1,2) and common skewness
parameter not necessarily zero, or Student’s ¢, and (2) when investors obtain
q.(R) using Tchebychev's incquality, as suggested by Roy and Telser. g = F~ )
in the first casc, and g = a~! in the second case [sce (16) in subsection 4.1
below]. /i equals the dispersion of the portfolio in both cases.

3. Equilibrium in a safety-first market

Let us now consider the value of assets in a market of RASF investors focusing
on the same a and holding homogencous belicfs. A new subscript / is added to
distinguish among investors. Thus, the risky part of the portfolio of investor £ will
be characterized by its expected value Y, y,X, and its a-fractile Q' = Q@
(Yi1» Vi2s - - ), where y;; is the fraction of asset j held by investor i and Q'is
defined by

Pr {Z YyX; S Q‘} = q.
7

According to (7) each investor selects its risky portfolio to maximize (R —r)/
(r—q'), where now

¥ = (g (30
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and

‘1‘ = Qi()'ll» Yiz» - - )/(; ')’UVJ),

and, therefore,

Ri—r - ,
=(§ Yij(Xj"Vj))/(’;YUV/—Q>- (10)

r—q'

The first-order conditions for the maximum of (10) are
a i i .
_(R —'f')/("—q)=o, j=1)21'--- (11)
97

Since the separation property (Theorem 1) and the assumption of homo-
geneous beliefs imply y;;/yu = v;;/yu for any two investors i and /, and at
equilibrium Y, v, = Y, 4y = 1, we have y;; = y, for all j and i. This property
allows us to reduce (11) after some simple manipulations to

X]—r'VI _Xm_er
Xj—aQ‘/a}'U XM_Q‘/YI’

ji=12..., (12)

where

X"':le and V’":ZV/'
J J

It follows from y,; = y, and the definition of Q' that Q'[y, is the same for
all investors and cquals the a-fractile of the total market value, that is,

Pr {; YyX; = Q‘} = Pr {; X, = Q'/)’:} = a.

Therefore, we can write Q,, = Q'/y, for all i. Also, since ¢' is zero homogencous,
Q' is linearly homogencous and, therefore, 2Q'/ay,; is zero-homogeneous and
invariant to scale changes. Thus, we can write Q; = 9Q'/8y)| (= for all i.
Furthermore, Q, can be interpreted as the contribution of asset j to the a-
fractile of the total market value. That is, from the linear homogeneity of Q!
and y;; = y;, we have

i 1 aQI
Qm=—=—z7’i
Yi7y

Yi - Z 2

ayU (r1g)=(v1)
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Taking into account these properties we can rewrite (12) to obtain the equili-
brium market value of asset j,

1o XuerV. _
v, = ;[X,—ﬁ(xpg,)], (13)

and the equilibrium expected return,

m—7T

r—qm

R, =r+ (r—q;), (14)

where

RJ=XJ/VJ and R,,,=X,,,/Vm,

Qj/Vj and Im = Qm/Vm‘

q;

The results of this section are summarized by the following:

Theorem 2. The value of a risky asset in a RASF market is equal to its
certainty equivalent future value discounted at the riskless rate of interest. The
certainty equivalent adjustment is equal to the spread between the contribution
of the asset to the expected value of the market and its contribution to the
a-fractile of the market multiplicd by the market premium per unit spread.

4. Testable specifications of the valuation formula

4.1. A two-parameter specification

In order to derive empirically testable specifications of the safety-first valuation
formula it is necessary to specify the a-fractile of the portfolio in terms of estim-
able characteristics of the risky assets. For example, when o > 0 the Tchebychev
incquality can be used to approximate the tail of the risky portfolio distribution
from above. That is,

2
Pr {z yyX; S Ql} = U?/(Q‘—z }’1171> =, (15)
J J
where

2
gy = jz Yis7 0 jis
x
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and O is the covariance between the final values of assets j and k. For Q' <
Z.’ YUX.” (15) giVeS

l 1/2
Qi = z ')’uXJ—(- Z )’u')’uo'jk) ’ (16)
J X jx
20’ < cov(X;, X,)
== =Xl a7
i =00 I [ var (X )]'2
and
var (X,)\'/?
On=) 0= I\’—(—L——)) , (18)
7 o
where X, =, X;.
Substituting (17) and (18) into (13) gives
1 X, —rv
V] = ;[Xj—mCOV(XJ,Xm)], (19)
which can be rewritten as
R.,—r
R, = r+m cov (R;, R,), (20)

whete R, = X,/ V...

(19) and (20) are the valuation formulas derived in the two-paramecter capital
asset pricing literature assuming a quadratic utility function or normally
distributed assets [Sharpe (1964), Lintner (1965), Mossin (1966)]. (19) and (20)
also follow from (13) if the one-sided sharp extension of Tchebychev’s inequality
due to Cantelli [sec Cramer (1946, p. 256)] is used instead. They follow exactly
(not as approximations) when the asscts are normally distributed. Also, it can
be verificd that the valuation cquation derived by Fama (1971) for the
Markowitz-Sharpe diagonal model with stable Parctian assets can be obtained
from (13).

An important consequence of the results of this section is that the well-known
two-parameter CAPM holds for a market of both RASF investors and risk-
averse expected-utility maximizers: It holds exactly when the asscts are normal
or stable Parctian, and it holds approximately for arbitrary assets when
Tchebychev inequality and quadratic utility or mean-variance type approxi-
mations are used.
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4.2. More general specifications

Rather than arriving at the a-fractile of the portfolio through an approxi-
mation to the portfolio distribution, we may directly assume a plausible form
for the «-fractile. One such a form is

Q‘ = Z Vijfj“g(ai)H(()’u), S), (21

which is of the form (8) and allows «; to vary across investors. S is here the
parameter set of the final value distribution of the risky assets. Taking (9) into
account and following the derivation of section 3, we obtain

1., X,.-rV,
V)=~ [x A TOR H,(S):]. 22)

where H; = 0H|3y,}|(,.,)= ) and H, = Y ;H;. For example, for

H = H(o" S()a

27
o = o] (3o

3
513 = E[(Z ')'u(Xj"Xj))
i |

(22) becomes

where

-

and

-

1
V,= - -
I T var (X, 17 =05, \[var (X,)]7? 52

- 4,53

_[X Xm er (COV (X/» Xm) 0 j(rm)>]’ (23)
where

4,(s2) = EN(X;=X )X, —X.)*],

sm= E[(Xa—X,)],

0 = —(9H|ds)[(0H]d5)).
Ocanbeinterpreted as the marginal ratc of substitution of skewness for dispersion,
for constant expected wealth and probability of failure. Homogeneous beliefs
result in the same 0 for all investors. 4,(s,)/s2 can be interpreted as the contri-

bution of assct j to the skewncess of the market since Y, [4,(s2)/57] = sp. We
notc than when 0 = 0, (23) reduces to (19). Also, (23) can easily be expressed in
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terms of rates of return as in (14) and (20) and provides an alternative testable
hypothesis.

5. Conclusions

This paper has shown that the safety-first approach implies attitudes toward
risk, portfolio choices and market equilibrium which are comparable to those
implied by the expected utility approach. As such, our results show the robustness
of current theory to safety-first investors. Perhaps more important for the
development of a positive theory of capital markets is that the safety-first
valuation formula allows for different assumptions concerning the probabilistic
information possessed by investors and, therefore, it can be used to obtain
alternative empirically testable valuation models.
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